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PREFACE

The objective of this book is to provide the techniques
necessary to study the motion of machines. A focus is placed on
the application of kinematic theories to real-world machinery.
It is intended to bridge the gap between a theoretical study of
kinematics and the application to practical mechanisms.
Students completing a course of study using this book should
be able to determine the motion characteristics of a machine.
The topics presented in this book are critical in machine design
process as such analyses should be performed on design con-
cepts to optimize the motion of a machine arrangement.

This fourth edition incorporates much of the feedback
received from instructors and students who used the first three
editions. Some enhancements include a section introducing
special-purpose mechanisms; expanding the descriptions of
kinematic properties to more precisely define the property;
clearly identifying vector quantities through standard boldface
notation; including timing charts; presenting analytical
synthesis methods; clarifying the tables describing cam fol-
lower motion; and adding a standard table used for selection of
chain pitch. The end-of-chapter problems have been reviewed.
In addition, many new problems have been included.

It is expected that students using this book will have a
good background in technical drawing, college algebra, and
trigonometry. Concepts from elementary calculus are
mentioned, but a background in calculus is not required.
Also, knowledge of vectors, mechanics, and computer
application software, such as spreadsheets, will be useful.
However, these concepts are also introduced in the book.

The approach of applying theoretical developments to
practical problems is consistent with the philosophy of
engineering technology programs. This book is primarily
oriented toward mechanical- and manufacturing-related
engineering technology programs. It can be used in either
associate or baccalaureate degree programs.

Following are some distinctive features of this book:

1. Pictures and sketches of machinery that contain
mechanisms are incorporated throughout the text.

2. The focus is on the application of kinematic theories to
common and practical mechanisms.

3. Both graphical techniques and analytical methods are
used in the analysis of mechanisms.

4. An examination copy of Working Model®, a commer-
cially available dynamic software package (see Section 2.3
on page 32 for ordering information), is extensively used
in this book. Tutorials and problems that utilize this
software are integrated into the book.

5. Suggestions for implementing the graphical techniques
on computer-aided design (CAD) systems are included
and illustrated throughout the book.

6. Every chapter concludes with at least one case study.
Each case illustrates a mechanism that is used on
industrial equipment and challenges the student to
discuss the rationale behind the design and suggest
improvements.

7. Both static and dynamic mechanism force analysis
methods are introduced.

8. Every major concept is followed by an example
problem to illustrate the application of the
concept.

9. Every Example Problem begins with an introduction
of a real machine that relies on the mechanism being
analyzed.

10. Numerous end-of-chapter problems are consistent
with the application approach of the text. Every
concept introduced in the chapter has at least one
associated problem. Most of these problems include
the machine that relies on the mechanism being
analyzed.

11. Where applicable, end-of-chapter problems are
provided that utilize the analytical methods and are
best suited for programmable devices (calculators,
spreadsheets, math software, etc.).

Initially, I developed this textbook after teaching mech-
anisms for several semesters and noticing that students did
not always see the practical applications of the material. To
this end, I have grown quite fond of the case study problems
and begin each class with one. The students refer to this as
the “mechanism of the day.” I find this to be an excellent
opportunity to focus attention on operating machinery.
Additionally, it promotes dialogue and creates a learning
community in the classroom.

Finally, the purpose of any textbook is to guide the
students through a learning experience in an effective
manner. [ sincerely hope that this book will fulfill this inten-
tion. I welcome all suggestions and comments and can be
reached at dmyszka@udayton.edu.
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CHAPTER
ONE

INTRODUCTION TO MECHANISMS
AND KINEMATICS

OBJECTIVES

Upon completion of this chapter, the student will
be able to:

1. Explain the need for kinematic analysis of
mechanisms.

2. Define the basic components that comprise a
mechanism.

3. Draw a kinematic diagram from a view of a complex
machine.

4. Compute the number of degrees of freedom of a
mechanism.

5. Identify a four-bar mechanism and classify it according
to its possible motion.

6. Identify a slider-crank mechanism.

1.1 INTRODUCTION

Imagine being on a design and development team. The team
is responsible for the design of an automotive windshield
wiper system. The proposed vehicle is a sports model with
an aerodynamic look and a sloped windshield. Of course, the
purpose of this wiper system is to clean water and debris
from the windshield, giving clear vision to the driver.
Typically, this is accomplished by sweeping a pair of wipers
across the glass.

One of the first design tasks is determining appropriate
movements of the wipers. The movements must be suffi-
cient to ensure that critical portions of the windshield are
cleared. Exhaustive statistical studies reveal the view ranges

of different drivers. This information sets guidelines for the
required movement of the wipers. Fundamental decisions
must be made on whether a tandem or opposed wipe pat-
tern better fits the vehicle. Other decisions include the
amount of driver- and passenger-side wipe angles and the
location of pivots. Figure 1.1 illustrates a design concept,
incorporating an opposed wiper movement pattern.

Once the desired movement has been established, an
assembly of components must be configured to move the
wipers along that pattern. Subsequent tasks include analyz-
ing other motion issues such as timing of the wipers and
whipping tendencies. For this wiper system, like most
machines, understanding and analyzing the motion is neces-
sary for proper operation. These types of movement and
motion analyses are the focus of this textbook.

Another major task in designing machinery is deter-
mining the effect of the forces acting in the machine. These
forces dictate the type of power source that is required to
operate the machine. The forces also dictate the required
strength of the components. For instance, the wiper system
must withstand the friction created when the windshield is
coated with sap after the car has been parked under a tree.
This type of force analysis is a major topic in the latter
portion of this text.

1.2 MACHINES AND MECHANISMS

Machines are devices used to alter, transmit, and direct forces
to accomplish a specific objective. A chain saw is a familiar
machine that directs forces to the chain with the objective of
cutting wood. A mechanism is the mechanical portion of a

FIGURE 1.1 Proposed windshield wiper movements.
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FIGURE 1.2 Adjustable height platform (Courtesy
Advance Lifts).

machine that has the function of transferring motion and
forces from a power source to an output. It is the heart of a
machine. For the chain saw, the mechanism takes power from
a small engine and delivers it to the cutting edge of the chain.

Figure 1.2 illustrates an adjustable height platform that
is driven by hydraulic cylinders. Although the entire device
could be called a machine, the parts that take the power from
the cylinders and drive the raising and lowering of the plat-
form comprise the mechanism.

A mechanism can be considered rigid parts that are
arranged and connected so that they produce the desired
motion of the machine. The purpose of the mechanism in
Figure 1.2 is to lift the platform and any objects that are
placed upon it. Synthesis is the process of developing a mech-
anism to satisfy a set of performance requirements for the
machine. Analysis ensures that the mechanism will exhibit
motion that will accomplish the set of requirements.

1.3 KINEMATICS

Kinematics deals with the way things move. It is the study of
the geometry of motion. Kinematic analysis involves deter-
mination of position, displacement, rotation, speed, velocity,
and acceleration of a mechanism.

To illustrate the importance of such analysis, refer to the
lift platform in Figure 1.2. Kinematic analysis provides
insight into significant design questions, such as:

B What is the significance of the length of the legs that
support the platform?

B s it necessary for the support legs to cross and be con-
nected at their midspan, or is it better to arrange the so
that they cross closer to the platform?

B How far must the cylinder extend to raise the
platform 8 in.?

As a second step, dynamic force analysis of the platform
could provide insight into another set of important design
questions:

® What capacity (maximum force) is required of the
hydraulic cylinder?

® s the platform free of any tendency to tip over?

®  What cross-sectional size and material are required of
the support legs so they don’t fail?

A majority of mechanisms exhibit motion such that the
parts move in parallel planes. For the device in Figure 1.2, two
identical mechanisms are used on opposite sides of the plat-
form for stability. However, the motion of these mechanisms
is strictly in the vertical plane. Therefore, these mechanisms
are called planar mechanisms because their motion is limited
to two-dimensional space. Most commercially produced
mechanisms are planar and are the focus of this book.

1.4 MECHANISM TERMINOLOGY

As stated, mechanisms consist of connected parts with the
objective of transferring motion and force from a power
source to an output. A linkage is a mechanism where rigid
parts are connected together to form a chain. One part is
designated the frame because it serves as the frame of refer-
ence for the motion of all other parts. The frame is typically
a part that exhibits no motion. A popular elliptical trainer
exercise machine is shown in Figure 1.3. In this machine, two
planar linkages are configured to operate out-of-phase to
simulate walking motion, including the movement of arms.
Since the base sits on the ground and remains stationary
during operation, the base is considered the frame.

Links are the individual parts of the mechanism. They
are considered rigid bodies and are connected with other
links to transmit motion and forces. Theoretically, a true
rigid body does not change shape during motion. Although
a true rigid body does not exist, mechanism links are
designed to minimally deform and are considered rigid. The
footrests and arm handles on the exercise machine comprise
different links and, along with connecting links, are inter-
connected to produce constrained motion.

Elastic parts, such as springs, are not rigid and, there-
fore, are not considered links. They have no effect on the
kinematics of a mechanism and are usually ignored during

FIGURE 1.3 Elliptical trainer exercise machine (photo from
WWW.precor.com).
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kinematic analysis. They do supply forces and must be
included during the dynamic force portion of analysis.

A joint is a movable connection between links and allows
relative motion between the links. The two primary joints, also
called full joints, are the revolute and sliding joints. The
revolute joint is also called a pin or hinge joint. It allows pure
rotation between the two links that it connects. The sliding
joint is also called a piston or prismatic joint. It allows linear
sliding between the links that it connects. Figure 1.4 illustrates

these two primary joints.

Link 2

(a) Pin

A cam joint is shown in Figure 1.5a. It allows for both
rotation and sliding between the two links that it connects.
Because of the complex motion permitted, the cam connec-
tion is called a higher-order joint, also called half joint. A gear
connection also allows rotation and sliding between two
gears as their teeth mesh. This arrangement is shown in
Figure 1.5b. The gear connection is also a higher-order joint.

A simple link is a rigid body that contains only two
joints, which connect it to other links. Figure 1.6a illustrates
a simple link. A crank is a simple link that is able to complete

Link 2

(b) Sliding

FIGURE 1.4 Primary joints: (a) Pin and (b) Sliding.

Link 1

(a) Cam joint

(b) Gear joint

FIGURE 1.5 Higher-order joints: (a) Cam joint and (b) Gear joint.

~

(a) Simple link

A

(b) Complex link

FIGURE 1.6 Links: (a) Simple link and (b) Complex link.
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a full rotation about a fixed center. A rocker is a simple link
that oscillates through an angle, reversing its direction at cer-
tain intervals.

A complex link is a rigid body that contains more than
two joints. Figure 1.6b illustrates a complex link. A rocker
arm is a complex link, containing three joints, that is pivoted
near its center. A bellcrank is similar to a rocker arm, but is
bent in the center. The complex link shown in Figure 1.6b is
a bellcrank.

A point of interest is a point on a link where the motion
is of special interest. The end of the windshield wiper, previ-
ously discussed, would be considered a point of interest.
Once kinematic analysis is performed, the displacement,
velocity, and accelerations of that point are determined.

The last general component of a mechanism is the
actuator. An actuator is the component that drives the
mechanism. Common actuators include motors (electric
and hydraulic), engines, cylinders (hydraulic and pneu-
matic), ball-screw motors, and solenoids. Manually oper-
ated machines utilize human motion, such as turning a
crank, as the actuator. Actuators will be discussed further in
Section 1.7.

Linkages can be either open or closed chains. Each link in
a closed-loop kinematic chain is connected to two or more
other links. The lift in Figure 1.2 and the elliptical trainer of
Figure 1.3 are closed-loop chains. An open-loop chain will
have at least one link that is connected to only one other
link. Common open-loop linkages are robotic arms as
shown in Figure 1.7 and other “reaching” machines such as
backhoes and cranes.

1.5 KINEMATIC DIAGRAMS

In analyzing the motion of a machine, it is often difficult to
visualize the movement of the components in a full assembly
drawing. Figure 1.8 shows a machine that is used to handle

FIGURE 1.7 Articulated robot (Courtesy of Motoman Inc.).

parts on an assembly line. A motor produces rotational power,
which drives a mechanism that moves the arms back and forth
in a synchronous fashion. As can be seen in Figure 1.8, a picto-
rial of the entire machine becomes complex, and it is difficult
to focus on the motion of the mechanism under consideration.

(This item omitted from WebBook edition)

FIGURE 1.8 Two-armed synchro loader (Courtesy PickOmatic Systems,

Ferguson Machine Co.).
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It is easier to represent the parts in skeleton form so that
only the dimensions that influence the motion of the
mechanism are shown. These “stripped-down” sketches of
mechanisms are often referred to as kinematic diagrams. The
purpose of these diagrams is similar to electrical circuit
schematic or piping diagrams in that they represent vari-
ables that affect the primary function of the mechanism.

TABLE 1.1 Symbols Used in Kinematic Diagrams

Component Typical Form

Table 1.1 shows typical conventions used in creating kine-
matic diagrams.

A kinematic diagram should be drawn to a scale pro-
portional to the actual mechanism. For convenient refer-
ence, the links are numbered, starting with the frame as
link number 1. To avoid confusion, the joints should be
lettered.

Kinematic Representation

Simple Link

Simple Link
(with point
of interest)

Complex Link

Pin Joint

i
MQ/
P
.

(continued)
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TABLE 1.1 (Continued)

Component Typical Form Kinematic Representation

Slider Joint

Link 1

Cam Joint

Gear Joint

EXAMPLE PROBLEM 1.1

Figure 1.9 shows a shear that is used to cut and trim electronic circuit board laminates. Draw a kinematic
diagram.

]

FIGURE 1.9 Shear press for Example Problem 1.1.

SOLUTION: 1.  Identify the Frame

The first step in constructing a kinematic diagram is to decide the part that will be designated as the frame.
The motion of all other links will be determined relative to the frame. In some cases, its selection is obvious as
the frame is firmly attached to the ground.

In this problem, the large base that is bolted to the table is designated as the frame. The motion of all other
links is determined relative to the base. The base is numbered as link 1.
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Identify All Other Links

Careful observation reveals three other moving parts:
Link 2: Handle
Link 3: Cutting blade
Link 4: Bar that connects the cutter with the handle

Identify the Joints

Pin joints are used to connect link 1 to 2, link 2 to 3, and link 3 to 4. These joints are lettered A through C. In
addition, the cutter slides up and down, along the base. This sliding joint connects link 4 to 1, and is lettered D.

Identify Any Points of Interest
Finally, the motion of the end of the handle is desired. This is designated as point of interest X.
Draw the Kinematic Diagram

The kinematic diagram is given in Figure 1.10.

S

FIGURE 1.10 Kinematic diagram for Example Problem 1.1.

EXAMPLE PROBLEM 1.2

SOLUTION:

Figure 1.11 shows a pair of vise grips. Draw a kinematic diagram.

FIGURE 1.11 Vise grips for Example Problem 1.2.

Identify the Frame

The first step is to decide the part that will be designated as the frame. In this problem, no parts are attached to
the ground. Therefore, the selection of the frame is rather arbitrary.

The top handle is designated as the frame. The motion of all other links is determined relative to the top
handle. The top handle is numbered as link 1.

Identify All Other Links

Careful observation reveals three other moving parts:
Link 2: Bottom handle
Link 3: Bottom jaw
Link 4: Bar that connects the top and bottom handle

Identify the Joints

Four pin joints are used to connect these different links (link 1 to 2, 2 to 3, 3 to 4, and 4 to 1). These joints are
lettered A through D.

Identify Any Points of Interest

The motion of the end of the bottom jaw is desired. This is designated as point of interest X. Finally, the motion
of the end of the lower handle is also desired. This is designated as point of interest Y.
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5. Draw the Kinematic Diagram

The kinematic diagram is given in Figure 1.12.

<ot

cQ® B

FIGURE 1.12 Kinematic diagram for Example Problem 1.2.

1.6 KINEMATIC INVERSION

Absolute motion is measured with respect to a stationary
frame. Relative motion is measured for one point or link
with respect to another link. As seen in the previous exam-
ples, the first step in drawing a kinematic diagram is
selecting a member to serve as the frame. In some cases,
the selection of a frame is arbitrary, as in the vise grips
from Example Problem 1.2. As different links are chosen as
a frame, the relative motion of the links is not altered, but
the absolute motion can be drastically different. For
machines without a stationary link, relative motion is
often the desired result of kinematic analysis.

In Example Problem 1.2, an important result of kine-
matic analysis is the distance that the handle must be moved
in order to open the jaw. This is a question of relative posi-
tion of the links: the handle and jaw. Because the relative
motion of the links does not change with the selection of a
frame, the choice of a frame link is often not important.
Utilizing alternate links to serve as the fixed link is termed
kinematic inversion.

1.7 MOBILITY

An important property in mechanism analysis is the number of
degrees of freedom of the linkage. The degree of freedom is the
number of independent inputs required to precisely position
all links of the mechanism with respect to the ground. It can
also be defined as the number of actuators needed to operate
the mechanism. A mechanism actuator could be manually
moving one link to another position, connecting a motor to the
shaft of one link, or pushing a piston of a hydraulic cylinder.

The number of degrees of freedom of a mechanism is
also called the mobility, and it is given the symbol M. When

the configuration of a mechanism is completely defined by
positioning one link, that system has one degree of freedom.
Most commercially produced mechanisms have one degree
of freedom. In constrast, robotic arms can have three, or
more, degrees of freedom.

1.7.1 Gruebler’s Equation

Degrees of freedom for planar linkages joined with common
joints can be calculated through Gruebler’s equation:

M = degrees of freedom = 3(n — 1) — 2j, — j,
where:

n = total number of links in the mechanism

Jp = total number of primary joints (pins or sliding joints)

Jjn = total number of higher-order joints (cam or gear joints)

As mentioned, most linkages used in machines have one
degree of freedom. A single degree-of-freedom linkage is
shown in Figure 1.13a.

Linkages with zero, or negative, degrees of freedom are
termed locked mechanisms. These mechanisms are unable
to move and form a structure. A fruss is a structure com-
posed of simple links and connected with pin joints and
zero degrees of freedom. A locked mechanism is shown in
Figure 1.13b.

Linkages with multiple degrees of freedom need more
than one driver to precisely operate them. Common
multi-degree-of-freedom mechanisms are open-loop
kinematic chains used for reaching and positioning, such
as robotic arms and backhoes. In general, multi-degree-of-
freedom linkages offer greater ability to precisely position
a link. A multi-degree-of-freedom mechanism is shown in
Figure 1.13c.

(a) Single degree-of-freedom (M = 1)

(b) Locked mechanism (M = 0)

(c) Multi-degree-of-freedom (M = 2)

FIGURE 1.13 Mechanisms and structures with varying mobility.
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EXAMPLE PROBLEM 1.3

SOLUTION:

Figure 1.14 shows a toggle clamp. Draw a kinematic diagram, using the clamping jaw and the handle as points of
interest. Also compute the degrees of freedom for the clamp.

FIGURE 1.14 Toggle clamp for Example Problem 1.3.

Identify the Frame

The component that is bolted to the table is designated as the frame. The motion of all other links is determined
relative to this frame. The frame is numbered as link 1.

Identify All Other Links

Careful observation reveals three other moving parts:
Link 2: Handle
Link 3: Arm that serves as the clamping jaw
Link 4: Bar that connects the clamping arm and handle

Identify the Joints

Four pin joints are used to connect these different links (link 1 to 2, 2 to 3, 3 to 4, and 4 to 1). These joints are
lettered A through D.

Identify Any Points of Interest

The motion of the clamping jaw is desired. This is designated as point of interest X. Finally, the motion of the
end of the handle is also desired. This is designated as point of interest Y.

Draw the Kinematic Diagram

The kinematic diagram is detailed in Figure 1.15.

X

FIGURE 1.15 Kinematic diagram for Example Problem 1.3.

Calculate Mobility

Having four links and four pin joints,

n=4,j, = 4pins, j, =0
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and
M=3n—-1) —2j, = jh=34—-1) —24) —0=1

With one degree of freedom, the clamp mechanism is constrained. Moving only one link, the handle, precisely
positions all other links in the clamp.

EXAMPLE PROBLEM 1.4

Figure 1.16 shows a beverage can crusher used to reduce the size of cans for easier storage prior to recycling. Draw a
kinematic diagram, using the end of the handle as a point of interest. Also compute the degrees of freedom for
the device.

FIGURE 1.16 Can crusher for Example Problem 1.4.

SOLUTION: 1. Identify the Frame

The back portion of the device serves as a base and can be attached to a wall. This component is designated
as the frame. The motion of all other links is determined relative to this frame. The frame is numbered as
link 1.

2. Identify All Other Links

Careful observation shows a planar mechanism with three other moving parts:
Link 2: Handle
Link 3: Block that serves as the crushing surface
Link 4: Bar that connects the crushing block and handle

3. Identify the Joints

Three pin joints are used to connect these different parts. One pin connects the handle to the base. This joint is
labeled as A. A second pin is used to connect link 4 to the handle. This joint is labeled B. The third pin connects
the crushing block and link 4. This joint is labeled C.

The crushing block slides vertically during operation; therefore, a sliding joint connects the crushing block
to the base. This joint is labeled D.

4. Identify Any Points of Interest
The motion of the handle end is desired. This is designated as point of interest X.
5. Draw the Kinematic Diagram

The kinematic diagram is given in Figure 1.17.

X

FIGURE 1.17 Kinematic diagram for Example Problem 1.4.
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6. Calculate Mobility

It was determined that there are four links in this mechanism. There are also three pin joints and one slider joint.
Therefore,

n=4,jp= (3 pins + Islider) = 4,7, = 0
and
M=3n—-1) —2j, - jp=34—-1) —24) —0=1

With one degree of freedom, the can crusher mechanism is constrained. Moving only one link, the handle, precisely
positions all other links and crushes a beverage can placed under the crushing block.

EXAMPLE PROBLEM 1.5

Figure 1.18 shows another device that can be used to shear material. Draw a kinematic diagram, using the
end of the handle and the cutting edge as points of interest. Also, compute the degrees of freedom for the
shear press.

FIGURE 1.18 Shear press for Example Problem 1.5.

SOLUTION: 1. Identify the Frame

The base is bolted to a working surface and can be designated as the frame. The motion of all other links is de-
termined relative to this frame. The frame is numbered as link 1.

2. Identify All Other Links

Careful observation reveals two other moving parts:
Link 2: Gear/handle
Link 3: Cutting lever
3. Identify the Joints

Two pin joints are used to connect these different parts. One pin connects the cutting lever to the frame.
This joint is labeled as A. A second pin is used to connect the gear/handle to the cutting lever. This joint is
labeled B.

The gear/handle is also connected to the frame with a gear joint. This higher-order joint is
labeled C.

4.  Identify Any Points of Interest

The motion of the handle end is desired and is designated as point of interest X. The motion of the cutting surface is
also desired and is designated as point of interest Y.

5. Draw the Kinematic Diagram

The kinematic diagram is given in Figure 1.19.
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FIGURE 1.19 Kinematic diagram for Example Problem 1.5.

6. Calculate Mobility

To calculate the mobility, it was determined that there are three links in this mechanism. There are also two pin

joints and one gear joint. Therefore,

n=3 j,= (2pins) =2 j, = (1gear connection) = 1

and

M=3n—-1) -2, jn=33-1-22) -1=1

With one degree of freedom, the shear press mechanism is constrained. Moving only one link, the handle,

precisely positions all other links and brings the cutting edge onto the work piece.

1.7.2 Actuators and Drivers

In order to operate a mechanism, an actuator, or driver
device, is required to provide the input motion and energy.
To precisely operate a mechanism, one driver is required for
each degree of freedom exhibited. Many different actuators
are used in industrial and commercial machines and mecha-
nisms. Some of the more common ones are given below:

Electric motors (AC) provide the least expensive way
to generate continuous rotary motion. However,
they are limited to a few standard speeds that are a
function of the electric line frequency. In North
America the line frequency is 60 Hz, which corre-
sponds to achievable speeds of 3600, 1800, 900, 720,
and 600 rpm. Single-phase motors are used in resi-
dential applications and are available from 1/50 to
2 hp. Three-phase motors are more efficient, but
mostly limited to industrial applications because
they require three-phase power service. They are
available from 1/4 to 500 hp.

Electric motors (DC) also produce continuous rotary
motion. The speed and direction of the motion can
be readily altered, but they require power from a gen-
erator or a battery. DC motors can achieve extremely
high speeds—up to 30,000 rpm. These motors are
most often used in vehicles, cordless devices, or in
applications where multiple speeds and directional
control are required, such as a sewing machine.

Engines also generate continuous rotary motion. The

speed of an engine can be throttled within a range
of approximately 1000 to 8000 rpm. They are a
popular and highly portable driver for high-power
applications. Because they rely on the combustion
of fuel, engines are used to drive machines that
operate outdoors.

Servomotors are motors that are coupled with a con-

troller to produce a programmed motion or hold a
fixed position. The controller requires sensors on the
link being moved to provide feedback information on
its position, velocity, and acceleration. These motors
have lower power capacity than nonservomotors and
are significantly more expensive, but they can be used
for machines demanding precisely guided motion,
such as robots.

Air or hydraulic motors also produce continuous

rotary motion and are similar to electric motors, but
have more limited applications. This is due to the
need for compressed air or a hydraulic source. These
drive devices are mostly used within machines, such
as construction equipment and aircraft, where high-
pressure hydraulic fluid is available.

Hydraulic or pneumatic cylinders are common com-

ponents used to drive a mechanism with a limited
linear stroke. Figure 1.20a illustrates a hydraulic
cylinder. Figure 1.20b shows the common kinematic
representation for the cylinder unit.
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Piston Rod

Cylinder

(a)

Pin joint

Link B

Sliding (piston/rod)
joint

Link A
(cylinder)

(b)

FIGURE 1.20 Hydraulic cylinder.

The cylinder unit contains a rod and piston assembly
that slides relative to a cylinder. For kinematic pur-
poses, these are two links (piston/rod and cylinder),
connected with a sliding joint. In addition, the
cylinder and rod end usually have provisions for pin
joints.

Screw actuators also produce a limited linear stroke.
These actuators consist of a motor, rotating a screw. A
mating nut provides the linear motion. Screw actua-
tors can be accurately controlled and can directly
replace cylinders. However, they are considerably

more expensive than cylinders if air or hydraulic
sources are available. Similar to cylinders, screw actu-
ators also have provisions for pin joints at the two
ends. Therefore, the kinematic diagram is identical to
Figure 1.20b.

Manual, or hand-operated, mechanisms comprise a large
number of machines, or hand tools. The motions
expected from human “actuators” can be quite com-
plex. However, if the expected motions are repetitive,
caution should be taken against possible fatigue and
stain injuries.

EXAMPLE PROBLEM 1.6

SOLUTION:

Figure 1.21 shows an outrigger foot to stabilize a utility truck. Draw a kinematic diagram, using the bottom of the sta-
bilizing foot as a point of interest. Also compute the degrees of freedom.

FIGURE 1.21 Outrigger for Example Problem 1.6.

1. Identify the Frame

During operation of the outriggers, the utility truck is stationary. Therefore, the truck is designated
as the frame. The motion of all other links is determined relative to the truck. The frame is numbered as
link 1.

2. Identify All Other Links

Careful observation reveals three other moving parts:
Link 2: Outrigger leg
Link 3: Cylinder
Link 4: Piston/rod

3. Identify the Joints

Three pin joints are used to connect these different parts. One connects the outrigger leg with the truck frame.
This is labeled as joint A. Another connects the outrigger leg with the cylinder rod and is labeled as joint B. The
last pin joint connects the cylinder to the truck frame and is labeled as joint C.

One sliding joint is present in the cylinder unit. This connects the piston/rod with the cylinder. It is labeled
as joint D.
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4.  Identify Any Points of Interest

The stabilizer foot is part of link 2, and a point of interest located on the bottom of the foot is labeled as point of

interest X.

5. Draw the Kinematic Diagram

The resulting kinematic diagram is given in Figure 1.22.

FIGURE 1.22 Kinematic diagram for Example Problem 1.6.

6. Calculate Mobility

To calculate the mobility, it was determined that there are four links in this mechanism, as well as three pin joints

and one slider joint. Therefore,

n=4,j, = (3pins + Lslider) = 4,j;, = 0

and

M=3n-1)—2j,—jh=34—1)—24) —0=1

With one degree of freedom, the outrigger mechanism is constrained. Moving only one link, the piston,

precisely positions all other links in the outrigger, placing the stabilizing foot on the ground.

1.8 COMMONLY USED LINKS
AND JOINTS

1.8.1 Eccentric Crank

On many mechanisms, the required length of a crank is so
short that it is not feasible to fit suitably sized bearings at the
two pin joints. A common solution is to design the link as an
eccentric crankshaft, as shown in Figure 1.23a. This is the
design used in most engines and compressors.

The pin, on the moving end of the link, is enlarged
such that it contains the entire link. The outside circumfer-
ence of the circular lobe on the crankshaft becomes the
moving pin joint, as shown in Figure 1.23b. The location of
the fixed bearing, or bearings, is offset from the eccentric
lobe. This eccentricity of the crankshaft, e, is the effective
length of the crank. Figure 1.23c illustrates a kinematic

A
-\

AN

(a) Eccentric crankshaft

(b) Eccentric crank

model of the eccentric crank. The advantage of the eccen-
tric crank is the large surface area of the moving pin, which
reduces wear.

1.8.2 Pin-in-a-Slot Joint

A common connection between links is a pin-in-a-slot
joint, as shown in Figure 1.24a. This is a higher-order joint
because it permits the two links to rotate and slide relative
to each other. To simplify the kinematic analysis, primary
joints can be used to model this higher-order joint. The
pin-in-a-slot joint becomes a combination of a pin joint
and a sliding joint, as in Figure 1.24b. Note that this
involves adding an extra link to the mechanism. In both
cases, the relative motion between the links is the same.
However, using a kinematic model with primary joints
facilitates the analysis.

e

N

(c) Eccentric crank model

FIGURE 1.23 Eccentric crank.
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EEEN

(a) Actual pin-in-a-slot joint (b) Pin-in-a-slot model

FIGURE 1.24 Pin-in-a-slot joint.

(a) Actual screw joint

1.8.3 Screw Joint

A screw joint, as shown in Figure 1.25a, is another common
connection between links. Screw mechanisms are discussed
in detail in Chapter 12. To start with, a screw joint permits
two relative, but dependent, motions between the links being
joined. A specific rotation of one link will cause an associ-
ated relative translation between the two links. For example,
turning the screw one revolution may move the nut along
the screw threads a distance of 0.1 in. Thus, only one inde-
pendent motion is introduced.

(b) Screw modeled as a slider

FIGURE 1.25 Screw joint.

A screw joint is typically modeled with a sliding joint, as
shown in Figure 1.25b. It must be understood that out-of-
plane rotation occurs. However, only the relative translation
between the screw and nut is considered in planar kinematic
analysis.

An actuator, such as a hand crank, typically produces
the out-of-plane rotation. A certain amount of rotation will
cause a corresponding relative translation between the links
being joined by the screw joint. This relative translation is
used as the “driver” in subsequent kinematic analyses.

e —
EXAMPLE PROBLEM 1.7

Figure 1.26 presents a lift table used to adjust the working height of different objects. Draw a kinematic diagram and

compute the degrees of freedom.

FIGURE 1.26 Lift table for Example Problem 1.7.

SOLUTION:

—_

Identify the Frame

The bottom base plate rests on a fixed surface. Thus, the base plate will be designated as the frame. The bearing
at the bottom right of Figure 1.26 is bolted to the base plate. Likewise, the two bearings that support the screw on

the left are bolted to the base plate.

From the discussion in the previous section, the out-of-plane rotation of the screw will not be considered.
Only the relative translation of the nut will be included in the kinematic model. Therefore, the screw will also
be considered as part of the frame. The motion of all other links will be determined relative to this bottom base

plate, which will be numbered as link 1.



16

CHAPTER ONE

2. Identify All Other Links

Careful observation reveals five other moving parts:
Link 2: Nut
Link 3: Support arm that ties the nut to the table
Link 4: Support arm that ties the fixed bearing to the slot in the table
Link 5: Table
Link 6: Extra link used to model the pin in slot joint with separate pin and slider joints

3. Identify the Joints

A sliding joint is used to model the motion between the screw and the nut. A pin joint, designated as point A,
connects the nut to the support arm identified as link 3. A pin joint, designated as point B, connects the two sup-
port arms—Ilink 3 and link 4. Another pin joint, designated as point C, connects link 3 to link 6. A sliding joint
joins link 6 to the table, link 5. A pin, designated as point D, connects the table to the support arm, link 3. Lastly,
a pin joint, designated as point E, is used to connect the base to the support arm, link 4.

4. Draw the Kinematic Diagram

The kinematic diagram is given in Figure 1.27.

fop
o

o

FIGURE 1.27 Kinematic diagram for Example Problem 1.7.

5. Calculate Mobility

To calculate the mobility, it was determined that there are six links in this mechanism. There are also five pin

joints and two slider joints. Therefore

n==6 jP: (5pins + 2sliders) =7 j, =0

and

M=3n—-1) —2j,—jh=36-1)—207)—0=15—-14=1

With one degree of freedom, the lift table has constrained motion. Moving one link, the handle that rotates

the screw, will precisely position all other links in the device, raising or lowering the table.

1.9 SPECIAL CASES OF THE MOBILITY
EQUATION

Mobility is an extremely important property of a mecha-
nism. Among other facets, it gives insight into the number of
actuators required to operate a mechanism. However, to
obtain correct results, special care must be taken in using the
Gruebler’s equation. Some special conditions are presented
next.

1.9.1 Coincident Joints

Some mechanisms have three links that are all connected at a
common pin joint, as shown in Figure 1.28. This situation
brings some confusion to kinematic modeling. Physically,

(a) Three rotating links (b) Two rotating and one sliding link

FIGURE 1.28 Three links connected at a common pin joint.

one pin may be used to connect all three links. However, by
definition, a pin joint connects two links.

For kinematic analysis, this configuration must be mathe-
matically modeled as two separate joints. One joint will
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connect the first and second links. The second joint will then ~ come together at a common pin, the joint must be modeled as
connect the second and third links. Therefore, when three links ~ two pins. This scenario is illustrated in Example Problem 1.8.

EXAMPLE PROBLEM 1.8

Figure 1.29 shows a mechanical press used to exert large forces to insert a small part into a larger one.
Draw a kinematic diagram, using the end of the handle as a point of interest. Also compute the degrees of
freedom.

FIGURE 1.29 Mechanical press for Example Problem 1.8.

SOLUTION: 1. Identify the Frame

The bottom base for the mechanical press sits on a workbench and remains stationary during operation.
Therefore, this bottom base is designated as the frame. The motion of all other links is determined relative to the
bottom base. The frame is numbered as link 1.

2. Identify All Other Links

Careful observation reveals five other moving parts:
Link 2: Handle
Link 3: Arm that connects the handle to the other arms
Link 4: Arm that connects the base to the other arms
Link 5: Press head
Link 6: Arm that connects the head to the other arms

3. Identify the Joints

Pin joints are used to connect the several different parts. One connects the handle to the base and is labeled
as joint A. Another connects link 3 to the handle and is labeled as joint B. Another connects link 4 to the
base and is labeled as C. Another connects link 6 to the press head and is labeled as D.

It appears that a pin is used to connect the three arms—Iinks 3, 4, and 6—together. Because three
separate links are joined at a common point, this must be modeled as two separate joints. They are labeled as
Eand F.

A sliding joint connects the press head with the base. This joint is labeled as G.

4.  Identify Any Points of Interest

Motion of the end of the handle is desired and is labeled as point of interest X.
5. Draw the Kinematic Diagram

The kinematic diagram is given in Figure 1.30.
6. Calculate Mobility

To calculate the mobility, it was determined that there are six links in this mechanism, as well as six pin joints and
one slider joint. Therefore,

n = 6,j, = (6 pins + Lslider) = 7,j, = 0
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FIGURE 1.30 Kinematic diagram for Example Problem 1.8.

and

M=3n—1) =2, —jh=36-1)—207) —0=15—-14=1

With one degree of freedom, the mechanical press mechanism is constrained. Moving only one link,

the handle, precisely positions all other links in the press, sliding the press head onto the work piece.

1.9.2 Exceptions to the Gruebler’s
Equation

Another special mobility situation must be mentioned.
Because the Gruebler’s equation does not account for link
geometry, in rare instances it can lead to misleading results.
One such instance is shown in Figure 1.31.

Notice that this linkage contains five links and six pin
joints. Using Gruebler’s equation, this linkage has zero
degrees of freedom. Of course, this suggests that the mecha-
nism is locked. However, if all pivoted links were the same
size, and the distance between the joints on the frame and
coupler were identical, this mechanism would be capable of
motion, with one degree of freedom. The center link is

/77

FIGURE 1.31 Mechanism that violates the Gruebler’s equation.

redundant, and because it is identical in length to the other
two links attached to the frame, it does not alter the action of
the linkage.

There are other examples of mechanisms that violate
the Gruebler’s equation because of unique geometry. A
designer must be aware that the mobility equation can, at
times, lead to inconsistencies.

1.9.3 Idle Degrees of Freedom

In some mechanisms, links exhibit motion which does not
influence the input and output relationship of the mecha-
nism. These idle degrees of freedom present another situa-
tion where Gruebler’s equation gives misleading results.
An example is a cam with a roller follower as shown in
Figure 1.32. Gruebler’s equation specifies two degrees of
freedom (4 links, 3 pins, 1 higher-order joint). With an
actuated cam rotation, the pivoted link oscillates while the
roller follower rotates about its center. Yet, only the motion
of the pivoted link serves as the output of the mechanism.

The roller rotation is an idle degree of freedom and not
intended to affect the output motion of the mechanism.
It is a design feature which reduces friction and wear on the
surface of the cam. While Gruebler’s equation specifies that
a cam mechanism with a roller follower has a mobility of
two, the designer is typically only interested in a single
degree of freedom. Several other mechanisms contain
similar idle degrees of freedom.

FIGURE 1.32 A cam with a roller follower.
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1.10 THE FOUR-BAR MECHANISM

The simplest and most common linkage is the four-bar
linkage. It is a combination of four links, one being desig-
nated as the frame and connected by four pin joints.

Because it is encountered so often, further exploration is
in order.

The mechanism for an automotive rear-window wiper
system is shown in Figure 1.33a. The kinematic diagram is
shown in Figure 1.33b. Notice that this is a four-bar mechanism

FIGURE 1.33 Rear-window wiper mechanism.

because it is comprised of four links connected by four pin
joints and one link is unable to move.

The mobility of a four-bar mechanism consists of the
following:

n=4,jp=4pins,jh=0
and
M=3n—1) -2, = jh=34-1 —24) —0=1

Because the four-bar mechanism has one degree of
freedom, it is constrained or fully operated with one driver.
The wiper system in Figure 1.33 is activated by a single DC
electric motor.

Of course, the link that is unable to move is referred
to as the frame. Typically, the pivoted link that is con-
nected to the driver or power source is called the input
link. The other pivoted link that is attached to the frame is
designated the output link or follower. The coupler or
connecting arm “couples” the motion of the input link to
the output link.

1.10.1 Grashof’s Criterion

The following nomenclature is used to describe the length of
the four links.

s = length of the shortest link

I = length of the longest link
p = length of one of the intermediate length links
q = length of the other intermediate length links

Grashof’s theorem states that a four-bar mechanism has at
least one revolving link if:

stl=p+qg
Conversely, the three nonfixed links will merely rock if:
stIl>p+qg

All four-bar mechanisms fall into one of the five categories
listed in Table 1.2.

TABLE 1.2 Categories of Four-Bar Mechanisms

Case Criteria Shortest Link Category

1 stl<p+tgqg Frame Double crank
2 stIl<p+gqg Side Crank-rocker
3 stIl<p+tqg Coupler Double rocker
4 stl=p+q Any Change point
5 stl>p+gq Any Triple rocker




20 CHAPTER ONE

(a) Double crank

(d) Change point

(e) Triple rocker

FIGURE 1.34 Categories of four-bar mechanisms.

The different categories are illustrated in Figure 1.34
and described in the following sections.

1.10.2 Double Crank

A double crank, or crank-crank, is shown in Figure 1.34a. As
specified in the criteria of Case 1 of Table 1.2, it has the shortest
link of the four-bar mechanism configured as the frame. If one
of the pivoted links is rotated continuously, the other pivoted
link will also rotate continuously. Thus, the two pivoted links, 2
and 4, are both able to rotate through a full revolution. The
double crank mechanism is also called a drag link mechanism.

1.10.3 Crank-Rocker

A crank-rocker is shown in Figure 1.34b. As specified in the
criteria of Case 2 of Table 1.2, it has the shortest link of the
four-bar mechanism configured adjacent to the frame. If this
shortest link is continuously rotated, the output link will
oscillate between limits. Thus, the shortest link is called the
crank, and the output link is called the rocker. The wiper system
in Figure 1.33 is designed to be a crank-rocker. As the motor
continuously rotates the input link, the output link oscillates,
or “rocks” The wiper arm and blade are firmly attached to the
output link, oscillating the wiper across a windshield.

1.10.4 Double Rocker

The double rocker, or rocker-rocker, is shown in Figure
1.34c. As specified in the criteria of Case 3 of Table 1.2, it

has the link opposite the shortest link of the four-bar mech-
anism configured as the frame. In this configuration,
neither link connected to the frame will be able to complete
a full revolution. Thus, both input and output links are con-
strained to oscillate between limits, and are called rockers.
However, the coupler is able to complete a full revolution.

1.10.5 Change Point Mechanism

A change point mechanism is shown in Figure 1.34d. As
specified in the criteria of Case 4 of Table 1.2, the sum of two
sides is the same as the sum of the other two. Having this
equality, the change point mechanism can be positioned
such that all the links become collinear. The most familiar
type of change point mechanism is a parallelogram linkage.
The frame and coupler are the same length, and so are the
two pivoting links. Thus, the four links will overlap each
other. In that collinear configuration, the motion becomes
indeterminate. The motion may remain in a parallelogram
arrangement, or cross into an antiparallelogram, or butter-
fly, arrangement. For this reason, the change point is called a
singularity configuration.

1.10.6 Triple Rocker

A triple rocker linkage is shown in Figure 1.34e. Exhibiting
the criteria in Case 5 of Table 1.2, the triple rocker has no
links that are able to complete a full revolution. Thus, all
three moving links rock.

EXAMPLE PROBLEM 1.9

A nosewheel assembly for a small aircraft is shown in Figure 1.35. Classify the motion of this four-bar mechanism

based on the configuration of the links.
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SOLUTION:

1.

32"

26" 30"

/

FIGURE 1.35 Nosewheel assembly for Example Problem 1.9.

Distinguish the Links Based on Length

In an analysis that focuses on the landing gear, the motion of the wheel assembly would be determined relative
to the body of the aircraft. Therefore, the aircraft body will be designated as the frame. Figure 1.36 shows the
kinematic diagram for the wheel assembly, numbering and labeling the links. The tip of the wheel was desig-

nated as point of interest X.

X

FIGURE 1.36 Kinematic diagram for Example Problem 1.9.

The lengths of the links are:

s=12in; /= 32in.;p = 30in.; g = 26 in.

Compare to Criteria

The shortest link is a side, or adjacent to the frame. According to the criteria in Table 1.2, this mechanism can be ei-
ther a crank-rocker, change point, or a triple rocker. The criteria for the different categories of four-bar mechanisms

should be reviewed.
Check the Crank-Rocker (Case 2) Criteria
Is:

stIl<p+tgqg
(12 + 32) < (30 + 26)
44 <56 — {yes}

Because the criteria for a crank-rocker are valid, the nosewheel assembly is a crank-rocker mechanism.
I
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1.11 SLIDER-CRANK
MECHANISM

Another mechanism that is commonly encountered is a
slider-crank. This mechanism also consists of a combination
of four links, with one being designated as the frame. This

(a)

mechanism, however, is connected by three pin joints and
one sliding joint.

A mechanism that drives a manual water pump is
shown in Figure 1.37a. The corresponding kinematic dia-
gram is given in Figure 1.37b.

(b)

FIGURE 1.37 Pump mechanism for a manual water pump: (a) Mechanism and

(b) Kinematic diagram.

The mobility of a slider-crank mechanism is repre-
sented by the following:

n=4,j, = (3pins + 1sliding) = 4,j, = 0
and
M=3n—-1 -2, jh=34—-1) —24) —0=1

Because the slider-crank mechanism has one degree of
freedom, it is constrained or fully operated with one driver.
The pump in Figure 1.37 is activated manually by pushing
on the handle (link 3).

In general, the pivoted link connected to the frame is
called the crank. This link is not always capable of complet-
ing a full revolution. The link that translates is called the
slider. This link is the piston/rod of the pump in Figure 1.37.

(a)

The coupler or connecting rod “couples” the motion of the
crank to the slider.

1.12 SPECIAL PURPOSE
MECHANISMS

1.12.1 Straight-Line Mechanisms

Straight-line mechanisms cause a point to travel in a straight
line without being guided by a flat surface. Historically, qual-
ity prismatic joints that permit straight, smooth motion
without backlash have been difficult to manufacture. Several
mechanisms have been conceived that create straight-line
(or nearly straight-line) motion with revolute joints and
rotational actuation. Figure 1.38a shows a Watt linkage and
Figure. 1.38b shows a Peaucellier-Lipkin linkage.

(b)

FIGURE 1.38 Straight-line mechanisms

1.12.2 Parallelogram Mechanisms

Mechanisms are often comprised of links that form parallel-
ograms to move an object without altering its pitch. These
mechanisms create parallel motion for applications such as

balance scales, glider swings, and jalousie windows. Two
types of parallelogram linkages are given in Figure 1.39a
which shows a scissor linkage and Figurel.39b which shows
a drafting machine linkage.
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(a)

(b)

FIGURE 1.39 Parallelogram mechanisms.

1.12.3 Quick-Return Mechanisms

Quick-return mechanisms exhibit a faster stroke in one direc-
tion than the other when driven at constant speed with a rota-
tional actuator. They are commonly used on machine tools

that require a slow cutting stroke and a fast return stroke. The
kinematic diagrams of two different quick-return mechanisms
are given in Figure 1.40a which shows an offset slider-crank
linkage and Figure 1.40b which shows a crank-shaper linkage.

FIGURE 1.40 Quick-return mechanisms.

1.12.4 Scotch Yoke Mechanism

A scotch yoke mechanism is a common mechanism that
converts rotational motion to linear sliding motion, or vice
versa. As shown in Figure 1.41, a pin on a rotating link is
engaged in the slot of a sliding yoke. With regards to the

(a) Actual mechanism

input and output motion, the scotch yoke is similar to a
slider-crank, but the linear sliding motion is pure sinusoidal.
In comparison to the slider-crank, the scotch yoke has the
advantage of smaller size and fewer moving parts, but can
experience rapid wear in the slot.

]

(b) Kinematic diagram

FIGURE 1.41 Scotch yoke mechanism.

1.13 TECHNIQUES OF MECHANISM
ANALYSIS
Most of the analysis of mechanisms involves geometry. Often,

graphical methods are employed so that the motion of the
mechanism can be clearly visualized. Graphical solutions

involve drawing “scaled” lines at specific angles. One example
is the drawing of a kinematic diagram. A graphical solution
involves preparing a drawing where all links are shown at a
proportional scale to the actual mechanism. The orientation of
the links must also be shown at the same angles as on the actual
mechanism.
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This graphical approach has the merits of ease and solu-
tion visualization. However, accuracy must be a serious con-
cern to achieve results that are consistent with analytical
techniques. For several decades, mechanism analysis was pri-
marily completed using graphical approaches. Despite its
popularity, many scorned graphical techniques as being
imprecise. However, the development of computer-aided
design (CAD) systems has allowed the graphical approach to
be applied with precision. This text attempts to illustrate the
most common methods used in the practical analysis of
mechanisms. Each of these methods is briefly introduced in
the following sections.

1.13.1 Traditional Drafting Techniques

Over the past decades, all graphical analysis was performed
using traditional drawing techniques. Drafting equipment
was used to draw the needed scaled lines at specific angles.
The equipment used to perform these analyses included
triangles, parallel straight edges, compasses, protractors,
and engineering scales. As mentioned, this method was
often criticized as being imprecise. However, with proper
attention to detail, accurate solutions can be obtained.

It was the rapid adoption of CAD software over the past
several years that limited the use of traditional graphical
techniques. Even with the lack of industrial application,
many believe that traditional drafting techniques can still be
used by students to illustrate the concepts behind graphical
mechanism analysis. Of course, these concepts are identical
to those used in graphical analysis using a CAD system. But
by using traditional drawing techniques, the student can
concentrate on the kinematic theories and will not be
“bogged down” with learning CAD commands.

1.13.2 CAD Systems

As mentioned, graphical analysis may be performed using
traditional drawing procedures or a CAD system, as is com-
monly practiced in industry. Any one of the numerous com-
mercially available CAD systems can be used for mechanism
analysis. The most common two-dimensional CAD system
is AutoCAD. Although the commands differ between CAD
systems, all have the capability to draw highly accurate lines
at designated lengths and angles. This is exactly the capabil-
ity required for graphical mechanism analysis. Besides
increased accuracy, another benefit of CAD is that the lines
do not need to be scaled to fit on a piece of drawing paper.
On the computer, lines are drawn on “virtual” paper that is
of infinite size.

Additionally, the constraint-based sketching mode in
solid modeling systems, such as Inventor, SolidWorks, and
ProEngineer, can be extremely useful for planar kinematic
analysis. Geometric constraints, such as length, perpendicu-
larity, and parallelism, need to be enforced when performing
kinematic analysis. These constraints are automatically exe-
cuted in the solid modeler’s sketching mode.

This text does not attempt to thoroughly discuss the
system-specific commands used to draw the lines, but

several of the example problems are solved using a CAD
system. The main goal of this text is to instill an understand-
ing of the concepts of mechanism analysis. This goal can be
realized regardless of the specific CAD system incorporated.
Therefore, the student should not be overly concerned with
the CAD system used for accomplishing graphical analysis.
For that matter, the student should not be concerned
whether manual or computer graphics are used to learn
mechanism analysis.

1.13.3 Analytical Techniques

Analytical methods can also be used to achieve precise
results. Advanced analytical techniques often involve
intense mathematical functions, which are beyond the
scope of this text and of routine mechanism analysis. In
addition, the significance of the calculations is often diffi-
cult to visualize.

The analytical techniques incorporated in this text couple
the theories of geometry, trigonometry, and graphical mecha-
nism analysis. This approach will achieve accurate solutions,
yet the graphical theories allow the solutions to be visualized.
This approach does have the pitfall of laborious calculations
for more complex mechanisms. Still, a significant portion of
this text is dedicated to these analytical techniques.

1.13.4 Computer Methods

As more accurate analytical solutions are desired for several
positions of a mechanism, the number of calculations can
become unwieldy. In these situations, the use of computer
solutions is appropriate. Computer solutions are also valu-
able when several design iterations must be analyzed.

A computer approach to mechanism analysis can take
several forms:

B Spreadsheets are very popular for routine mechanism
problems. An important feature of the spreadsheet is that
as a cell containing input data is changed, all other results
are updated. This allows design iterations to be completed
with ease. As problems become more complex, they can be
difficult to manage on a spreadsheet. Nonetheless, spread-
sheets are used in problem solution throughout the text.

8 Commercially available dynamic analysis programs, such
as Working Model, ADAMS (Automatic Dynamic
Analysis of Mechanical Systems), or Dynamic Designer,
are available. Dynamic models of systems can be created
from menus of general components. Limited versions of
dynamic analysis programs are solid modeling systems.
Full software packages are available and best suited
when kinematic and dynamic analysis is a large compo-
nent of the job. Chapter 2 is dedicated to dynamic
analysis programs.

®  User-written computer programs in a high-level language,
such as Matlab, Mathematica, VisualBasic, or C++, can
be created. The programming language selected must
have direct availability to trigonometric and inverse
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trigonometric functions. Due to the time and effort 1-4. A foot pump that can be used to fill bike tires, toys,
required to write special programs, they are most effec- and so forth is shown in Figure P1.4. Draw a kine-
tive when a complex, yet not commonly encountered, matic diagram of the pump mechanism. The foot
problem needs to be solved. Some simple algorithms are pad should be identified as a point of interest.

provided for elementary kinematic analysis in Chapter 8.

PROBLEMS

Problems in Sketching Kinematic Diagrams

1-1. A mechanism is used to open the door of a heat- -
treating furnace and is shown in Figure P1.1. Draw a c - Tttt o T N
kinematic diagram of the mechanism. The end of FIGURE P1.4 Problems 4 and 29.

the handle should be identified as a point of interest.

1-5. A pair of pliers is shown in Figure P1.5. Draw a
kinematic diagram of the mechanism.

LL L FIGUREP1.5 Problems 5 and 30.

FIGURE P1.1 Problems 1 and 26.

1-6. Another configuration for a pair of pliers is shown
1-2. A pair of bolt cutters is shown in Figure P1.2. Draw in Figure P1.6. Draw a kinematic diagram of the
a kinematic diagram of the mechanism, selecting mechanism.
the lower handle as the frame. The end of the upper
handle and the cutting surface of the jaws should be
identified as points of interest.

FIGUREP1.6 Problems 6 and 31.

1-7. A mechanism for a window is shown in Figure P1.7.
FIGUREP1.2 Problems 2 and 27. Draw a kinematic diagram of the mechanism.

1-3. A folding chair that is commonly used in stadiums is
shown in Figure P1.3. Draw a kinematic diagram of
the folding mechanism.

FIGUREP1.7 Problems 7 and 32.

1-8. Another mechanism for a window is shown in
Figure P1.8. Draw a kinematic diagram of the
FIGURE P1.3 Problems 3 and 28. mechanism.
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FIGURE P1.11 Problems 11 and 36.

1-12. A small front loader is shown in Figure P1.12. Draw
a kinematic diagram of the mechanism.

Sill
FIGURE P1.8 Problems 8 and 33.
1-9. A toggle clamp used for holding a work piece while

it is being machined is shown in Figure P1.9. Draw a
kinematic diagram of the mechanism.

FIGURE P1.12 Problems 12 and 37.

1-13. A sketch of a microwave oven carrier used to assist
people in wheelchairs is shown in Figure P1.13.
Draw a kinematic diagram of the mechanism.

FIGUREP1.9 Problems 9 and 34.

1-10. A child’s digging toy that is common at many
municipal sandboxes is shown in Figure P1.10. Draw a
kinematic diagram of the mechanism.

Microwave Linear actuator
oven carrier

FIGURE P1.10 Problems 10 and 35.

FIGURE P1.13 Problems 13 and 38.

1-11. A reciprocating saw, or saws all, is shown in
Figure P1.11. Draw a kinematic diagram of the 1-14. A sketch of a truck used to deliver supplies to passen-
mechanism that produces the reciprocating ger jets is shown in Figure P1.14. Draw a kinematic
motion. diagram of the mechanism.
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1-18. A sketch of a backhoe is shown in Figure P1.18.
‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ Draw a kinematic diagram of the mechanism.

 E— o T — |

o

———
o o
o

FIGURE P1.14 Problems 14 and 39.

1-15. A sketch of a device to move packages from an assem-

bly bench to a conveyor is shown in Figure P1.15. FIGUREP1.18 Problems 18 and 43.
Draw a kinematic diagram of the mechanism.

1-19. A sketch of a front loader is shown in Figure P1.19.
Draw a kinematic diagram of the mechanism.

FIGURE P1.15 Problems 15 and 40.

1-16. A sketch of a lift platform is shown in Figure P1.16.
Draw a kinematic diagram of the mechanism.

FIGURE P1.19 Problems 19 and 44.

1-20. A sketch of an adjustable-height platform used
to load and unload freight trucks is shown in
Figure P1.20. Draw a kinematic diagram of the
mechanism.

FIGURE P1.16 Problems 16 and 41.

1-17. A sketch of a lift platform is shown in Figure P1.17.
Draw a kinematic diagram of the mechanism.

[ —— f.
7 ———{p~TL
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&

FIGURE P1.20 Problems 20 and 45.

1-21. A sketch of a kitchen appliance carrier, used for
undercounter storage, is shown in Figure P1.21.
Draw a kinematic diagram of the mechanism.

FIGURE P1.17 Problems 17 and 42.
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Microwave

oven

Counter

FIGURE P1.21 Problems 21 and 46.

1-22. An automotive power window mechanism is shown
in Figure P1.22. Draw a kinematic diagram of the
mechanism.

FIGURE P1.22 Problems 22 and 47.

1-23. A sketch of a device to close the top flaps of boxes is
shown in Figure P1.23. Draw a kinematic diagram
of the mechanism.

1-24. A sketch of a sewing machine is shown in Figure P1.24.
Draw a kinematic diagram of the mechanism.

= =0

FIGURE P1.23 Problems 23 and 48.

sssss AN
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FIGURE P1.24 Problems 24 and 49.

1-25. A sketch of a wear test fixture is shown in Figure P1.25.
Draw a kinematic diagram of the mechanism.

Test
specimen

FIGURE P1.25 Problems 25 and 50.
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Problems in Calculating Mobility

Specify the number of links and the number of joints and calculate
the mobility for the mechanism shown in the figure.

1-26. Use Figure P1.1
1-27. Use Figure P1.2
1-28. Use Figure P1.3
1-29. Use Figure P1.4
1-30. Use Figure P1.5
1-31. Use Figure P1.6
1-32. Use Figure P1.7
1-33. Use Figure P1.8
1-34. Use Figure P1.9
1-35. Use Figure P1.10
1-36. Use Figure P1.11
1-37. Use Figure P1.12
1-38. Use Figure P1.13
1-39. Use Figure P1.14
1-40. Use Figure P1.15
1-41. Use Figure P1.16
1-42. Use Figure P1.17
1-43. Use Figure P1.18
1-44. Use Figure P1.19
1-45. Use Figure P1.20
1-46. Use Figure P1.21
1-47. Use Figure P1.22
1-48. Use Figure P1.23
1-49. Use Figure P1.24
1-50. Use Figure P1.25

Problems in Classifying Four-Bar

Mechanisms

1-51. A mechanism to spray water onto vehicles at an
automated car wash is shown in Figure P1.51.

FIGURE P1.51 Problems 51 to 54.

1-53.

1-54.

motion, when the lengths of the links are a = 12in.,
b = 5in.,c = 12in.,and d = 4in.

For the water spray mechanism in Figure P1.51, clas-
sify the four-bar mechanism, based on its possible
motion, when the lengths of the links are a = 12in.,
b = 3in.,c = 8in.,and d = 4in.

For the water spray mechanism in Figure P1.51, clas-
sify the four-bar mechanism, based on its possible
motion, when the lengths of the links are a = 12in.,
b = 3in.,c = 12in.,and d = 5in.

CASE STUDIES

1-52.

Classify the four-bar mechanism, based on its possi-
ble motion, when the lengths of the links are
a = 12in.,b = 1.5in.,, ¢ = 14in.,and d = 4in.

For the water spray mechanism in Figure P1.51, clas-
sify the four-bar mechanism, based on its possible

1-1.

The mechanism shown in Figure CI.1 has been
taken from a feed device for an automated ball bear-
ing assembly machine. An electric motor is attached
to link A as shown. Carefully examine the configura-
tion of the components in the mechanism. Then
answer the following leading questions to gain
insight into the operation of the mechanism.

FIGUREC1.1 (Courtesy Industrial Press, Inc.).

. As link A rotates clockwise 90°, what will happen to

slide C?

. What happens to the ball trapped in slide C when it

is at this position?

. As link A continues another 90° clockwise, what

action occurs?

What is the purpose of this device?

Why are there chamfers at the entry of slide C?
Why do you suppose there is a need for such a
device?

Figure C1.2 shows a mechanism that is typical in the
tank of a water closet. Note that flapper Cis hollow
and filled with trapped air. Carefully examine the
configuration of the components in the mechanism.
Then answer the following leading questions to gain
insight into the operation of the mechanism.

. As the handle A is rotated counterclockwise, what is

the motion of flapper C?

When flapper Cis raised, what effect is seen?

When flapper C is lifted, it tends to remain in an
upward position for a period of time. What causes
this tendency to keep the flapper lifted?

. When will this tendency (to keep flapper C lifted)

cease?
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FIGURE C1.3 (Courtesy Industrial Press, Inc.).
in a short time interval; therefore, it is desirable to use two
¢ reels in alternation. This mechanism has been designed to
feed the rods to the reels.
FIGURE C1.2 (Courtesy Industrial Press, Inc.). Buckets By and B, have holes in the bottom. The water
flow from the supply is greater than the amount that can
. . escape from the holes. Carefully examine the configuration
3. What effec.t will cause item Dto move?. o of the components in the mechanism, then answer the fol-
6. Asitem D is moved in a counterclockwise direction, lowing leading questions to gain insight into the operation
what happens to item F? of the mechanism.
7. What does item F control?
8. What is the overall operation of these mechanisms? 1. In the shown configuration, what is happening to
9. Why is there a need for this mechanism and a need the level of water in bucket B;?
to store water in this tank? 2. In the shown configuration, what is happening to
the level of water in bucket B,?
1-3. Figure C1.3 shows a mechanism that guides newly 3. What would happen to rocker arm C if bucket B,
formed steel rods to a device that rolls them were forced upward?
into reels. The rods are hot when formed, and 4. What would happen to rocker arm R if bucket B,
water is used to assist in the cooling process. The were forced upward?
rods can be up to several thousand feet long and 5. What does rocker arm R control?
slide at rates up to 25 miles per hour through 6. What is the continual motion of this device?
channel S. 7. How does this device allow two separate reels to be
Once the reel is full, the reel with the coiled rod is then used for the situation described?
removed. In order to obtain high efficiency, the rods follow 8. Why do you suppose that water is used as the power

one another very closely. It is impossible to remove the reel

source for the operation of this mechanism?



CHAPTER
TWO

BUILDING COMPUTER MODELS
OF MECHANISMS USING WORKING
MODEL® SOFTWARE

OBJECTIVES

Upon completion of this chapter, the student will be

able to:

1. Understand the use of commercially available software
for mechanism analysis.

2. Use Working Model® to build kinematic models of
mechanisms.

3. Use Working Model” to animate the motion of
mechanisms.

4. Use Working Model” to determine the kinematic values
of a mechanism.

2.1 INTRODUCTION

The rapid development of computers and software has
altered the manner in which many engineering tasks are
completed. In the study of mechanisms, software packages
have been developed that allow a designer to construct
virtual models of a mechanism. These virtual models allow
the designer to fully simulate a machine. Simulation enables
engineers to create and test product prototypes on their own
desktop computers. Design flaws can be quickly isolated and
eliminated, reducing prototyping expenses and speeding the
cycle of product development.

Software packages can solve kinematic and dynamic
equations, determine the motion, and force values of the
mechanism during operation. In addition to numerical
analysis, the software can animate the computer model of
the mechanism, allowing visualization of the design in
action.

This chapter primarily serves as a tutorial for simulating
machines and mechanisms using Working Model” simu-
lation software. Although the kinematic values generated
during the analysis may not be fully understood, the visual-
ization of the mechanism can be extremely insightful. The
material presented in the next several chapters will allow the
student to understand the numerical solutions of the
dynamic software. Proficiency in this type of mechanism-
analysis software, coupled with a solid understanding of
kinematic and dynamic analysis, will provide a strong basis
for machine design.

2.2 COMPUTER SIMULATION
OF MECHANISMS

Along with Working Model®, other dynamic analysis
programs are available. These include ADAMS” (Automatic
Dynamic Analysis of Mechanical Systems), Dynamic
Designer’, LMS Virtual.Lab, and Analytix”. All these com-
puter programs allow creation of a mechanism from menus,
or icons, of general components. The general components
include those presented in Chapter 1, such as simple links,
complex links, pin joints, sliding joints, and gear joints. The
mechanism is operated by selecting actuator components,
such as motors or cylinders, from menus.

In machine design, one of the reasons for the widespread
adoption of solid modeling is that it sets the stage for many
ancillary uses: Working drawings can be nearly automatically
created, renderings that closely resemble the real machine are
generated, and prototypes can be readily fabricated. Many
products that work with the solid modeling software are
available to analyze the structural integrity of machine com-
ponents. Similarly, studying the motion and forces of moving
mechanisms and assemblies is becoming almost an automatic
side effect of solid modeling. Figure 2.1 illustrates a solid
model design being analyzed with Dynamic Designer within
the Autodesk Inventor” Environment.

Regardless of software, the general strategy for performing
the dynamic analysis can be summarized as follows:

1. Define a set of rigid bodies (sizes, weights, and inertial
properties). These could be constructed in the solid
modeling design package.

2. Place constraints on the rigid bodies (connecting the
rigid bodies with joints).

3. Specify the input motion (define the properties of the
driving motor, cylinder, etc.) or input forces.

4. Run the analysis.

5. Review the motion of the links and forces through the
mechanism.

Of course, the specific commands will vary among the
different packages. The following sections of this chapter will
focus on the details of mechanism analysis using Working
Model 2D”. As with any software, knowledge is gained by
experimenting and performing other analyses beyond the
tutorials. Thus, the student is encouraged to explore the soft-
ware by “inventing” assorted virtual machines.

31
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FIGURE 2.1 Dynamic analysis of a solid model.

2.3 OBTAINING WORKING MODEL
SOFTWARE

Working Model 2D is created and distributed by Design
Simulation Technologies. Copies of the software can be
purchased, at substantial educational discounts, online at
http://www.workingmodel.com or http://www.design-
simulation.com. A free demonstration version of Working
Model 2D is also available for download. This demo ver-
sion enables students to create fully functioning “virtual
prototypes” of complex mechanical designs. However,
some features are disabled, most notably the Save and
Print functions. Regardless, this version can provide an
excellent introduction to building computer models of
mechanisms. Design Simulation Technologies, Inc. can be
contacted at 43311 Joy Road, #237, Canton, MI 48187,
(714) 446—6935.

As Working Model 2D is updated, the menus and icons
may appear slightly different from the tutorials in this text.
However, using some intuition, the student will be able to
adapt and successfully complete mechanism simulations.

2.4 USING WORKING MODEL
TO MODEL A FOUR-BAR MECHANISM

As mentioned, Working Model is a popular, commercially
available motion simulation package. It rapidly creates a
model on a desktop computer that represents a mechanical
system and performs dynamic analysis. This section uses
Working Model to build a model of a four-bar linkage and
run a simulation [Ref. 16]. It is intended to be a tutorial; that
is, it should be followed while actually using Working Model.
The student is then encouraged to experiment with the soft-
ware to perform other analyses.

Step 1: Open Working Model

1. Click on the Working Model program icon to start the
program.

2. Create a new Working Model document by selecting
“New” from the “File” menu.
Working Model displays the user interface. Toolbars used to
create links, joints, and mechanism actuators appear along
the sides of the screen. Tape controls, which are used to run
and view simulations, appear at the bottom of the screen.

3. Specify the units to be used in the simulation. Select
“Numbers and Units” in the “View” menu. Change the
“Unit System” to English (pounds).

The units for linear measurements will be inches, angles
will be measured in degrees, and forces will be specified in
pounds.

Step 2: Create the Links

This step creates the three moving links in a four-bar
mechanism. The background serves as the fixed, fourth link.

1. Construct the linkage by creating the three nonfixed
links. Double-click on the rectangle tool on the toolbar.
The tool is highlighted, indicating that it can be used
multiple times.

2. Using the rectangle tool, sketch out three bodies as
shown in Figure 2.2.
Rectangles are drawn by positioning the mouse at the first
corner, clicking once, then moving the mouse to the
location of the opposite corner and clicking again.
Rectangles are parametrically defined and their precise
sizes will be specified later.

3. Open the “Properties” box and “Geometry” box in the
“Window” menu.


http://www.workingmodel.com
http://www.designsimulation.com
http://www.designsimulation.com
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FIGURE 2.2 Three links sketched using the rectangle tool.

This displays information about the links and allows
editing of this information.

4. Use the “Properties” box to change the center of the
horizontal link to x = 0,y = 0,¢ = 0.
The location of the rectangle should change upon data
entry.

5. Use the “Geometry” box to change the width of the
horizontal rectangle to 8.5 and the height to 0.5 in.
The shape of the rectangle will change.

6. Likewise, use the “Properties” box and “Geometry” box to
change the long vertical link to be centered at x = —5,
y = —3 and have a width of 0.5 and a height of 3. Also
change the short vertical link to be centered at x = 5,
y = —3 and have a width of 0.5 and a height of 1.5.
Again, the shape and location of the rectangle should
change upon data entry.

7. Close both the “Properties” box and “Geometry” box
windows.

8. The zoom icon (magnifying glass) can be used to
properly view the links.

Step 3: Place Points of Interest on the Links

This step teaches the usage of the “Object Snap” tool to
place points precisely. The “Object Snap” tool highlights
commonly used positions, like the center of a side, with an
“X. When a point is placed using “Object Snap,” the
point’s position is automatically defined with parametric
equations. These equations ensure that the point main-
tains its relative location even after resizing or other
adjustments.

1. Double-click on the point tool. The icon is a small circle.
The point tool is highlighted, indicating that it can be
used multiple times without needing to be reselected be-
fore each new point is sketched.

2. Move the cursor over one of the links.
Notice that an “X” appears around the pointer when it is
centered on a side, over a corner, or over the center of a
rectangle. This feature is called “Object Snap” and high-
lights the commonly used parts of a link.

3. Place the cursor over the upper portion of one of the
vertical links. When an “X” appears around the pointer
(Figure 2.3), click the mouse button.

4. Place additional points as shown in Figure 2.3.
Make sure that each of these points is placed at a “snap
point” as evidenced by the “X” appearing at the pointer.

5. Select the pointer tool. The icon is an arrow pointed up
and to the left.

6. Double-click on one of the points that were sketched in
steps 3 or 4 to open the “Properties” window.

7. Notice that the points “snapped” to a distance of half
the body width from the three edges. This will result in
effective link length of 8.0, 2.5, and 1.0 in.

Step 4: Connect the Points to Form Pin Joints

This step joins the points to create pin joints. A pin joint acts
as a hinge between two bodies. The SmartEditor prevents
joints from breaking during a drag operation.

1. Select the anchor tool.

2. Click on the horizontal link to anchor the link down.
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FIGURE 2.3 Point locations.
An anchor is used to tell the SmartEditor not to move this mouse button, and the two points should now be high-
body during construction. After the pin joints have been lighted (darkened).
created, the anchor will be deleted. This method of selecting objects is called “box select.” Any
3. Select the pointer tool. object that is contained completely within the box when
4. With the pointer tool selected, click and drag on the the mouse is released is highlighted.

background to make a selection box that surrounds the 5.

two left points as shown in Figure 2.4. Release the
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Click on the “Join” button in the toolbar, merging the
two points into a pin joint.
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FIGURE 2.4 Select two points to join as a pin joint.
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10.

11.

The SmartEditor creates a pin joint between the two points
selected, moving the unanchored link into place. The moved
link may no longer be vertical. This is fixed in a moment.

Perform steps 4 and 5 for the two right points to create
another pin joint.

Once again, the horizontal link remains in this original
position, and the SmartEditor moves the vertical link to
create the pin joint.

Select the left vertical link by clicking on it with the
point tool.

Four black boxes appear around the link, indicating that
it has been selected. The boxes are called handles and can
be dragged to resize an object.

Using the coordinates bar at the bottom of the screen,
enter a “0” in the ¢ (rotation) field.

The coordinates fields at the bottom of the screen are
useful to obtain information on Working Model objects.
These fields can also be used to edit object information.
Changing the rotation to 0° adjusts the bar back to its
original, vertical position.

If needed, complete steps 7 and 8 on the right vertical link.

Select the anchor used to keep the horizontal link in posi-
tion during building, and press the delete key to remove it.
The anchor is no longer needed and should be removed.

Select the “Pin Joint” tool and place a pin joint, using
the snap point, at the lower end of the left, vertical link
as indicated in Figure 2.5. The “Pin Joint” tool appears
as two links joined by a circle.

The “Pin Joint” tool is similar to the point tool used to
create the last two pin joints. The pin tool automatically
creates two points, attaches them to the bodies beneath
the cursor (or the body and the background, as in this
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case), and creates a joint in one seamless step. This pin
joint joins the rectangle to the background.

. Double-click on the pin joint to open the “Properties”

window. Verify that the pin was placed half the body
width from the lower edge. This gives an effective link
length of 2.5 in.

Step 5: Add a Motor to the Linkage

This step adds the motor to one of the links, actuating the
linkage.

1.

Click on the motor tool in the toolbox. This tool appears
as a circle, sitting on a base and with a point in its center.
The motor tool becomes shaded, indicating that it has been
selected. The cursor should now look like a small motor.

Place the cursor over the “snap point” on the lower end
of the right, vertical link. Click the mouse.

A motor appears on the four-bar linkage, as shown in
Figure 2.5. Similar to a pin joint, a motor has two attach-
ment points. A motor automatically connects the top two
bodies. If only one body were to lay beneath the motor, it
would join the body to the background. A motor would
then apply a torque between the two bodies to which it is
pinned.

Double-click on the motor to open the “Properties” box.
Verify that the pin was placed half the body width from
the lower edge. This gives an effective link length of 1.0 in.

Specify the motor velocity to be 360 deg/s. This equates
to 60 rpm.

Click on “Run” in the toolbar.
The four-bar linkage begins slowly cranking through its
range of motion.
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FIGURE 2.5 Adding the final pin joint and motor to the linkage.



. Enter a slightly larger number in the “h” (height) box of

the selected link in the Coordinates Bar at the bottom
of the screen.
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6. Click on “Reset” in the toolbar. The link resizes on the screen. Notice how the
The simulation will reset to frame 0. SmartEditor automatically resizes, repositions, and
7. Double-click on the motor to open the “Properties” box. rebuilds the model based on the parametric equations
This can also be accomplished by selecting the motor and entered for each joint location.
choosing “Properties” from the “Window” menu to open 4. Similarly, resize the other links and move the position
the “Properties” box. of the joints. Watch the SmartEditor rebuild the model.
8. Increase the velocity of the motor to 600 deg/s by Different configurations of a model can be investigated
typing this value in the “Properties” box. using Working Model’s parametric features.
Users can define a motor to apply a certain torque, to
move to a given rotational position, or to turn at a given Step 7: Measure a Point’s Position
szlocity or acceleratifm..Rotation, velocity, and accelera.- 1. Click on “Reset” in the toolbar.
tion motors have built-in control systems that automati- The simulation stops and resets to frame 0
cally calculate the torque needed. . '
. o . 2. Select the point tool from the toolbar. It appears as a
9. Click on Run' in the toolbar: ' . small, hollow circle.
Thefour-baf linkage onee again begins to crank, this time 3. Place the cursor over the horizontal link of the four-bar
at a much higher velocity. i
linkage and press the mouse button.
A point is attached to the bar. This is a single point and
Step 6: Resize the Links does not attach the bar to the background. It is simply a
This step uses the Coordinates Bar on the bottom of the pomt ofm.tere.st.
screen to adjust the size and angle of the links. This section 4. When a p91nt 1S POt already selected (darkened), select
highlights Working Model’s parametric features. Notice that it by clicking on it.
when a link is resized, all points stay in their proper positions 5. Create a meter to measure the position of this point by
and all joints stay intact. Because they were located with the choosing “Position” from the “Measure” menu.
“Object Snap,” these points are positioned with equations A new meter appears. Position meters default to display
and automatically adjust during design changes. digital (numeric) information. A digital meter can be
changed to a graph by clicking once on the arrow in the
1. If not already selected, click on the pointer tool. upper left-hand corner.
2. Click once on the vertical left-hand link to select it. 6. Click on “Run” in the toolbar.

The simulation immediately begins running and
measurement information appears in the meter, as shown
in Figure 2.6. Meter data can be “exported” as an ASCII
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FIGURE 2.6 Running a simulation with a meter.
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FIGURE 2.7 Tracing the path of a point.

file, copied onto the clipboard, and pasted into a
spreadsheet program for further analysis. In this case,
the spreadsheet would receive four columns of
information: Time, X, Y, and Rotation. One row would
appear for each integration time step calculated.

7. Modify the simulation and rerun it.
Working Model’s seamless integration between the
editing and running of the dynamics engine allows
the user to quickly investigate many different simula-
tion configurations. As an example, modify the mass
of the horizontal bar using the “Properties” box,
and rerun the simulation. The pin locations can be
modified and links resized; then the velocities and
forces can be measured. This four-bar linkage can even
be investigated in zero gravity by turning off gravity
under the “World” menu.

Step 8: Trace the Path of a Point of Interest

This step creates a trace of the movement of a selected point.

1. Select all objects using the box select method described
earlier.
All elements appear black.

2. Select the “Appearance” option in the “Window” menu.

3. In the “Appearance” window, turn off “Track Center of
Mass,” “Track Connect,” and “Track Outline.”
These features can be turned off by clicking over the
appropriate check mark.

4. Click on the background to deselect all objects.

5. Select only the point of interest created in step 7.
Only this point should appear black.

6. Select the “Appearance” option in the “Window” menu.
7. In the “Appearance” window, turn on “Track Connect.”
Make sure only the one point is selected.
This feature can be turned on by clicking over the
appropriate check mark.

Run the simulation. The screen should look like Figure 2.7.

Step 9: Apply What has been Learned

This demonstration illustrates how to create and run simple
simulations in Working Model. The student is encouraged to
experiment with this simulation or to create an original
mechanism. Working Model has an incredible array of
features that allows the creation of models to analyze the
most complex mechanical devices.

2.5 USING WORKING MODEL
TO MODEL A SLIDER-CRANK
MECHANISM

This section serves as a tutorial to create a slider-crank
mechanism. It should be followed while actually using
Working Model. Again, the student is encouraged to experi-
ment with the software to perform other analyses.

Step 1: Open Working Model as in Step 1
of the Previous Section

Step 2: Create the Links

This step creates the three moving links in the slider-crank
mechanism. Again, the background serves as the fixed,
fourth link.
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. Create a new Working Model document by selecting

“New” from the “File” menu.

Specify the units to be used in the simulation. Select
“Numbers and Units” in the “View” menu. Change the
“Unit System” to SI (degrees).

The units for linear measurement will be meters, angles
will be measured in degrees, and forces will be measured
in Newtons.

. Construct the linkage by creating the three nonfixed

links. Double-click on the rectangle tool in the toolbar.
The tool is highlighted, indicating that it can be used
multiple times.

Using the rectangle tool, sketch out three bodies as
shown in Figure 2.8.

Position the mouse at the first corner, click once, then
move the mouse to the location of the opposite corner and
click again. Rectangles are parametrically defined and
their precise sizes are specified later.

Step 3: Use the Slot Joint to Join the Sliding
Link to the Background

1.

Select the “keyed slot” joint icon. The icon appears as a
rectangle riding over a horizontal slot.

Move the cursor over the snap point at the center of the
rectangular sliding link. Click the mouse button. The
screen should look like Figure 2.9.

Select the pointer tool.

4. Double-click on the slot.

This opens the “Properties” window for the slot.
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5. Change the angle to —45°.
The incline of the slot changes.

Drag the other links until the screen appears similar to
Figure 2.10.

Step 4: Connect the Other Links to Form
Pin Joints

This step creates points and joins them to create pin joints. A
pin joint acts as a hinge between two bodies.

1. Select the anchor tool.

2. Click on the vertical link to anchor the link down.
An anchor tells the SmartEditor not to move this body
during construction. After the pin joints have been
created, the anchor will be deleted.

3. Double-click on the point tool. The icon is a small circle.
The point tool is highlighted, indicating that it can be
used multiple times without needing to be reselected
before each new point is sketched.

4. Place the cursor over the upper portion of one of the
vertical links. When an “X” appears around the pointer
(Figure 2.11), click the mouse button.

5. Place additional points at the ends of the horizontal
link, as shown in Figure 2.11.
Make sure that each of these points is placed at a “snap
point” as evidenced by the “X” appearing at the
pointer.

6. Place another point at the center of the sliding rectangle.
This point is used to create a pin joint to the coupler.
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FIGURE 2.8 Three links sketched using the rectangle tool.
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7. Select the pointer tool. 9. Click on the “Join” button in the toolbar, merging the
8. With the pointer tool selected, click on one point that two points into a pin joint.
will be connected with a pin joint. Then, holding down The SmartEdztor creates a pin joint betw?en .the two
the shift key, click on the second point that will form a selected pomlts, moving the unanchoret'i link 1r.zt0 Rlace.
pin joint. Notice that the two points should now be The moved link may no longer be vertical. This will be

highlighted (darkened). fixed in a moment.
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10. Perform steps 8 and 9 for the other two points that will 11. Click on the vertical link.
create another pin joint. The screen will appear similar Four black boxes appear around the link, indicating that

to Figure 2.12.

Once again, the vertical link remains in this original

it has been selected.

12. Select the “Move to front” option in the “Object” menu.

position, and the SmartEditor moves the vertical link to This places the vertical link in front of the connecting

create the pin joint.
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FIGURE 2.12 Adding the pin joints and motor to the linkage.
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13. Select the anchor, which is used to keep the vertical link
in position during building, and press the delete key to
remove it.

The anchor is no longer needed and should be
removed.

Step 5: Add a Motor to the Linkage

This step adds the motor to one of the links to drive the
linkage.

1. Click on the motor tool in the toolbox. This tool
appears as a circle, sitting on a base with a point in its
center.

The motor tool becomes shaded, indicating that it has
been selected. The cursor should now look like a small
motor.

2. Place the cursor over the “snap point” on the vertical
link. Click the mouse.
A motor appears on the slider-crank linkage, as
shown in Figure 2.12. Similar to a pin joint, a motor
has two attachment points. A motor automatically
connects the top two bodies. If only one body were
to lay beneath the motor, the motor would join
the body to the background. The motor then applies
a torque between the two bodies to which it is
pinned.

3. Click on “Run” in the toolbar.
The slider-crank linkage begins slowly cranking through
its range of motion.

4. Click on “Reset” in the toolbar.
The simulation resets to frame 0.

5. Double-click on the motor to open the “Properties”
box.
This can also be accomplished by selecting the motor and
choosing “Properties” from the “Window” menu to open
the “Properties” box.

6. Increase the velocity of the motor to —300 deg/s by
typing this value in the “Properties” box.
Users can define a motor to apply a certain torque, to
move to a given rotational position, or to turn at a given
velocity or acceleration. Rotation, velocity, and
acceleration motors have built-in control systems that
automatically calculate the torque needed. In this demo,
we use the velocity motor.

7. Click on “Run” in the toolbar.
The slider-crank linkage once again begins cranking, this
time at a much higher velocity.

Step 6: Apply What Has Been Learned

The student is encouraged to experiment with this simula-
tion or to create an original mechanism. Working Model
has an incredible array of features that allows for the
creation of a model to analyze most complex mechanical
devices.

PROBLEMS

Use Working Model software to generate a model of a four-
bar mechanism. Use the following values:
2-1. frame = 9in.; crank = lin.; coupler = 10in.;
follower = 3.5in.; crank speed = 200rad/s
2-2. frame = 100mm; crank = 12mm; coupler =
95mm ; follower = 24 mm; crank speed = 30rad/s
2-3. frame = 2ft; crank = 0.5ft;  coupler = 2.1ft;
follower = 0.75ft; crank speed = 25rpm
Use the Working Model software to generate a model of a
slider-crank mechanism. Use the following values:
2-4. offset = 0in.; crank = 1.45in.; coupler = 4.5in.;
crank speed = 200rad/s
2-5. offset = 0mm; crank = 95mm; coupler = 350 mm;
crank speed = 200rad/s
2-6. offset = 50mm; crank = 95mm;
350 mm; crank speed = 200rad/s
2-7. Figure P2.7 shows a mechanism that operates the land-
ing gear in a small airplane. Use the Working Model
software to generate a model of this linkage. The motor
operates clockwise at a constant rate of 20 rpm.

coupler =

30"
15°

12"

26" 30"

FIGURE P2.7 Problem 7.

2-8. Figure P2.8 shows a mechanism that operates a
coin-operated child’s amusement ride. Use the
Working Model software to generate a model of this

FIGURE P2.8 Problem 8.
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linkage. The motor operates counterclockwise at a this linkage. The cylinder extends at a constant rate of
constant rate of 60 rpm. 1 fpm.

2-9. Figure P2.9 shows a transfer mechanism that lifts 2-12. Figure P2.12 shows a mechanism that applies labels
crates from one conveyor to another. Use the to packages. Use the Working Model software to
Working Model software to generate a model of this generate a model of this linkage. The motor oper-
linkage. The motor operates counterclockwise at a ates counterclockwise at a constant rate of 300 rpm.
constant rate of 20 rpm. g

3.25" G
//
60°
9.38"
4.32"
-
11.25" “
Ink pad ‘: 6.75" !“
" /
Stamp -~ 6.0
FIGURE P2.9 Problem 9. B
(0).€
2-10. Figure P2.10 shows another transfer mechanism
that pushes crates from one conveyor to another. @
Use the Working Model software to generate a
model of this linkage. The motor operates clockwise FIGURE P2.12 Problem 12.
at a constant rate of 40 rpm.
S
] “m 2—1. The mechanism shown in Figure C2.1 is a top view
1m | 5 m 4m of a fixture in a machining operation. Carefully
J%U’ ’""""_;E{I e 6m examine the configuration of the components in the
<+ z 35° / mechanism. Then answer the following leading
-2¢m 3 m questions to gain insight into the operation of the
mechanism.
~—37 m—
FIGURE P2.10 Problem 10. _
)
. . A
2-11. Figure P2.11 shows yet another transfer mechanism E

|
)

that lowers crates from one conveyor to another. Use
the Working Model software to generate a model of

<— 45 —>

5.3
3.5

<~ 45— 3.6 —

FIGURE P2.11 Problem 11.

PN

FIGURE C2.1 Mechanism for Case Study 2.1.

. As the handle A is turned, moving the threaded

rod B to the left, describe the motion of grip C.

As the handle A is turned, moving the threaded
rod B to the left, describe the motion of grip D.
What is the purpose of this mechanism?

What action would cause link D to move upward?
What is the purpose of spring G?

Discuss the reason for the odd shape to links E and F.
What would you call such a device?

Describe the rationale behind using a rounded end
for the threaded rod B.



VECTORS

OBJECTIVES

Upon completion of this chapter, the student will be
able to:

1. Differentiate between a scalar quantity and a
vector.

2. Apply the appropriate trigonometry principles to
aright triangle.

3. Apply the appropriate trigonometry principles to
a general triangle.

4. Determine the resultant of two vectors, using both
graphical and analytical methods.

5. Resolve vector quantities into components in the
horizontal and vertical directions.

6. Subtract two vectors, using both graphical and
analytical methods.

7. Manipulate vector equations.

8. Utilize a vector equation to determine the
magnitude of two vectors.

3.1 INTRODUCTION

Mechanism analysis involves manipulating vector quantities.
Displacement, velocity, acceleration, and force are the
primary performance characteristics of a mechanism, and
are all vectors. Prior to working with mechanisms, a
thorough introduction to vectors and vector manipulation is
in order. In this chapter, both graphical and analytical
solution techniques are presented. Students who have
completed a mechanics course may omit this chapter or use
it as a reference to review vector manipulation.

3.2 SCALARS AND VECTORS

In the analysis of mechanisms, two types of quantities need
to be distinguished. A scalar is a quantity that is sufficiently
defined by simply stating a magnitude. For example, by
saying “a dozen donuts,” one describes the quantity of
donuts in a box. Because the number “12” fully defines the

CHAPTER
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amount of donuts in the box, the amount is a scalar
quantity. The following are some more examples of scalar
quantities: a board is 8 ft long, a class meets for 50 min, or
the temperature is 78°F—Ilength, time, and temperature are
all scalar quantities.

In contrast, a vector is not fully defined by stating only a
magnitude. Indicating the direction of the quantity is also
required. Stating that a golf ball traveled 200 yards does not
fully describe its path. Neglecting to express the direction of
travel hides the fact that the ball has landed in a lake. Thus,
the direction must be included to fully describe such a quan-
tity. Examples of properly stated vectors include “the crate is
being pulled to the right with 5 Ib” or “the train is traveling at
a speed of 50 mph in a northerly direction.” Displacement,
force, and velocity are vector quantities.

Vectors are distinguished from scalar quantities
through the use of boldface type (v). The common nota-
tion used to graphically represent a vector is a line
segment having an arrowhead placed at one end. With a
graphical approach to analysis, the length of the line
segment is drawn proportional to the magnitude of the
quantity that the vector describes. The direction is defined
by the arrowhead and the incline of the line with respect to
some reference axis. The direction is always measured at
its root, not at its head. Figure 3.1 shows a fully defined
velocity vector.

/,\ Scale:
0 10 20 30
Pt

1 .
1 5 units

/ mph

\ 30 ‘47 1 unit *,‘

FIGURE 3.1 A 45 mph velocity vector.

3.3 GRAPHICAL VECTOR ANALYSIS

Much of the work involved in the study of mechanisms and
analysis of vectors involves geometry. Often, graphical
methods are employed in such analyses because the motion
of a mechanism can be clearly visualized. For more complex
mechanisms, analytical calculations involving vectors also
become laborious.
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A graphical approach to analysis involves drawing
scaled lines at specific angles. To achieve results that are
consistent with analytical techniques, accuracy must be a
major objective. For several decades, accuracy in mecha-
nism analyses was obtained with attention to precision and
proper drafting equipment. Even though they were popular,
many scorned graphical techniques as being imprecise.
However, the development of computer-aided design
(CAD) with its accurate geometric constructions has
allowed graphical techniques to be applied with precision.

3.4 DRAFTING TECHNIQUES
REQUIRED IN GRAPHICAL
VECTOR ANALYSIS

The methods of graphical mechanism and vector analysis
are identical, whether using drafting equipment or a CAD
package. Although it may be an outdated mode in industrial
analyses, drafting can be successfully employed to learn and
understand the techniques.

For those using drafting equipment, fine lines and cir-
cular arcs are required to produce accurate results. Precise
linework is needed to accurately determine intersection
points. Thus, care must be taken in maintaining sharp draw-
ing equipment.

Accurate measurement is as important as line quality.
The length of the lines must be drawn to a precise scale, and
linear measurements should be made as accurately as possi-
ble. Therefore, using a proper engineering scale with inches
divided into 50 parts is desired. Angular measurements must
be equally precise.

Lastly, a wise choice of a drawing scale is also a very
important factor. Typically, the larger the construction, the
more accurate the measured results are. Drawing precision
to 0.05 in. produces less error when the line is 10 in. long as
opposed to 1 in. Limits in size do exist in that very large
constructions require special equipment. However, an
attempt should be made to create constructions as large as
possible.

A drawing textbook should be consulted for the details
of general drafting techniques and geometric constructions.

3.5 CAD KNOWLEDGE REQUIRED IN
GRAPHICAL VECTOR ANALYSIS

As stated, the methods of graphical mechanism and vector
analysis are identical, whether using drafting equipment or a
CAD package. CAD allows for greater precision. Fortunately,
only a limited level of proficiency on a CAD system is
required to properly complete graphical vector analysis.
Therefore, utilization of a CAD system is preferred and
should not require a large investment on a “learning curve.”

As mentioned, the graphical approach of vector analysis
involves drawing lines at precise lengths and specific angles.
The following list outlines the CAD abilities required for
vector analysis. The user should be able to

® Draw lines at a specified length and angle;

= Insert lines, perpendicular to existing lines;

® Extend existing lines to the intersection of another line;

® Trim lines at the intersection of another line;

B Draw arcs, centered at a specified point, with a specified
radius;

® Jocate the intersection of two arcs;

® Measure the length of existing lines;

® Measure the included angle between two lines.

Of course, proficiency beyond these items facilitates more
efficient analysis. However, familiarity with CAD commands
that accomplish these actions is sufficient to accurately
complete vector analysis.

3.6 TRIGONOMETRY REQUIRED
IN ANALYTICAL VECTOR
ANALYSIS

In the analytical analysis of vectors, knowledge of basic
trigonometry concepts is required. Trigonometry is the
study of the properties of triangles. The first type of triangle
examined is the right triangle.

3.6.1 Right Triangle

In performing vector analysis, the use of the basic trigonomet-
ric functions is vitally important. The basic trigonometric
functions apply only to right triangles. Figure 3.2 illustrates a
right triangle with sides denoted as 4, b, and ¢ and interior
angles as A, B, and C. Note that angle C is a 90° right angle.
Therefore, the triangle is called a right triangle.

The basic trigonometric relationships are defined as:

. . side opposite a
sine/A=sin/A= —— = — (3.1)

hypotenuse c

. side adjacent b
cosineLA=cosLA= — = —  (3.2)

hypotenuse ¢

side opposite
tangentZ A = tanL A= —— —— = (3.3)

a
side adjacent b
B

These definitions can also be applied to angle

. b
sin/ B= —
c
a
cos/Z B = —
c
b
tan B = —
a
B
C
a
A C
b

FIGURE 3.2 The right triangle.
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Finally, the sum of all angles in a triangle is 180°.

The Pythagorean theorem gives the relationship of the
Knowing that angle Cis 90°, the sum of the other two angles

three sides of a right triangle. For the triangle shown in
Figure 3.2, it is defined as
a2+ = (3.4)

must be
LA+ ZB = 90° (3.5)

EXAMPLE PROBLEM 3.1

Figure 3.3 shows a front loader with cylinder BC in a vertical position. Use trigonometry to determine the required

length of the cylinder to orient arm AB in the configuration shown.

SOLUTION: 1.

FIGURE 3.3 Front loader for Example Problem 3.1.

Determine Length BC
Focus on the triangle formed by points 4, B, and C in Figure 3.3. The triangle side BC can be found using

equation (3.1).

. oppositeside
sSinfA=—"——
hypotenuse
. BC
sin 35° = -
(96 in.)
solving:
BC = (96 in.) sin 35° = 55.06 in.
Determine Length AC

Although not required, notice that the distance between A and C can similarly be determined using

equation (3.2). Thus

adjacentside
COsLA= ———
hypotenuse
AC
cos 35° = -
(96 in.)
solving:
AC = (961in.) cos 35° = 78.64 in.
EXAMPLE PROBLEM 3.2

SOLUTION:

Figure 3.4 shows a tow truck with an 8-ft boom, which is inclined at a 25° angle. Use trigonometry to determine

the horizontal distance that the boom extends from the truck.

1. Determine the Horizontal Projection of the Boomn
The horizontal projection of the boom can be determined from equation (3.2):

.  horizontal projection
cos 25" =
(8 ft)

horizontal projection = (8 ft)cos 25° = 7.25 ft
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Overhang —| —

I

FIGURE 3.4 Tow truck for Example Problem 3.2.

2. Determine Horizontal Projection of Truck and Boom

The horizontal distance from the front end of the truck to the end of the boom is

3. Determine the Overhang

6ft +7.25ft = 13.25ft

Because the overall length of the truck is 11 ft, the horizontal distance that the boom extends from the

truck is

13.25ft — 11 ft = 2.25 ft

3.6.2 Oblique Triangle

In the previous discussion, the analysis was restricted to
right triangles. An approach to general, or oblique, triangles
is also important in the study of mechanisms. Figure 3.5
shows a general triangle. Again, a, b, and c denote the length
of the sides and LA, ZB, and £ C represent the interior
angles.

For this general case, the basic trigonometric functions
described in the previous section are not applicable. To ana-
lyze the general triangle, the law of sines and the law of
cosines have been developed.

The law of sines can be stated as

a b _ c (3.6)
sinZA  sinZB  sinZC '
The law of cosines can be stated as:
C=a+ b —2ab cosZC (3.7)

In addition, the sum of all interior angles in a general
triangle must total 180°. Stated in terms of Figure 3.4 the
equation would be

LA+ LB+ £C=180° (3.8)

c

FIGURE3.5 The oblique triangle.

Problems involving the solution of a general triangle fall
into one of four cases:

Case 1: Given one side (a) and two angles (£ A and £ B).

To solve a problem of this nature, equation (3.8) can be
used to find the third angle:

ZC=180°— LA — /B

The law of sines can be rewritten to find the remaining

sides.
{ sinLB}
b= ay—
sinZA
{ sinZ C }
= ay—
sin/ A

Case 2: Given two sides (a and b) and the angle opposite to
one of the sides (£ A).

To solve a Case 2 problem, the law of sines can be used
to find the second angle. Equation (3.6) is rewritten as

b
ZB = sinl{(a> sinZA}

Equation (3.8) can be used to find the third angle:

ZLC=180°— LA — 4B

The law of cosines can be used to find the third side.
Equation (3.7) is rewritten as:

c= \/{a2 + b* — 2ab cos ZC}
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Case 3 Given two sides (a and b) and the included angle
(£C).

To solve a Case 3 problem, the law of cosines can be
used to find the third side:

c= \/a2 + b — 2abcosZC

The law of sines can be used to find a second angle.
Equation (3.6) is rewritten as

ZA = sin ﬂ{(i) sinZC}

Equation (3.8) can be used to find the third angle:

ZB=180°—- LA - ZC

Case 4 Given three sides.

To solve a Case 4 problem, the law of cosines can be
used to find an angle. Equation (3.7) is rewritten as

- a? + b* — 2
/ZC= cos |————
2ab

The law of sines can be used to find a second angle.
Equation (3.6) is rewritten as

LA = sin‘l{ (‘Z) sing c}

Equation (3.8) can be used to find the third angle:
£ZB=180°— LA — ZC
Once familiarity in solving problems involving general

triangles is gained, referring to the specific cases will be
unnecessary.

EXAMPLE PROBLEM 3.3

Figure 3.6 shows a front loader. Use trigonometry to determine the required length of the cylinder to orient arm AB

in the configuration shown.

FIGURE 3.6 Front loader for Example Problem 3.3.

SOLUTION: 1. Determine Length BC

By focusing on the triangle created by points A, B, and C, it is apparent that this is a Case 3 problem. The third

side can be found by using the law of cosines:

BC = \/Ac2 + AB? — 2(AC)(AB) cosZ BAC

= \/(781n.)2

= 41.55in.

+ (96in.)? — 2(78in.)(96in.) cos 25

Because determining the remaining angles was not required, the procedure described for Case 3 problems

will not be completed.

EXAMPLE PROBLEM 3.4

Figure 3.7 shows the drive mechanism for an engine system. Use trigonometry to determine the crank angle as shown

in the figure.

SOLUTION: 1. Determine Angle BAC

By focusing on the triangle created by points A, B, and C, it is apparent that this is a Case 4 problem.

Angle BAC can be determined by redefining the variables in the law of cosines:

ZBAC cosﬁl{

AC? + AB* — BC? }
2(AC)(AB)

L2 SN2 a2
cosfl{ (5.3in.)* + (lin.) (5in.) } -

2(5.3in.)(1in.)
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A
|
|
|

FIGURE 3.7 Engine linkage for Example Problem 3.4.

2. Determine the Crank Angle

Angle BAC is defined between side AC (the vertical side) and leg AB. Because the crank angle is defined from a
horizontal axis, the crank angle can be determined by the following:

Crank angle = 90° — 67.3° = 22.7°

3. Determine the Other Interior Angles

Although not required in this problem, angle ACB can be determined by

ZACB

Finally, angle ABC can be found by

. 1J(ABY .
sin — | sin£BAC
BC
R 11n. . o o
sin — | sin67.3" p = 10.6
51n.

ZABC = 180° — 67.3° — 10.6° = 102.1°

3.7 VECTOR MANIPULATION

Throughout the analysis of mechanisms, vector quantities
(e.g., displacement or velocity) must be manipulated in dif-
ferent ways. In a similar manner to scalar quantities, vectors
can be added and subtracted. However, unlike scalar quanti-
ties, these are not simply algebraic operations. Because it is
also required to define a vector, direction must be accounted
for during mathematical operations. Vector addition and
subtraction are explored separately in the following sections.

Adding vectors is equivalent to determining the com-
bined, or net, effect of two quantities as they act together.
For example, in playing a round of golf, the first shot off the
tee travels 200 yards but veers off to the right. A second shot
then travels 120 yards but to the left of the hole. A third shot
of 70 yards places the golfer on the green. As this golfer
looks on the score sheet, she notices that the hole is
labeled as 310 yards; however, her ball traveled 390 yards
(200 + 120 + 70 yards).

As repeatedly stated, the direction of a vector is just as
important as the magnitude. During vector addition, 1 + 1
does not always equal 2; it depends on the direction of the
individual vectors.

3.8 GRAPHICAL VECTOR
ADDITION (+>)

Graphical addition is an operation that determines the net
effect of vectors. A graphical approach to vector addition
involves drawing the vectors to scale and at the proper
orientation. These vectors are then relocated, maintaining
the scale and orientation. The tail of the first vector is
designated as the origin (point O). The second vector is
relocated so that its tail is placed on the tip of the first
vector. The process then is repeated for all remaining
vectors. This technique is known as the tip-to-tail method
of vector addition. This name is derived from viewing a
completed vector polygon. The tip of one vector runs into
the tail of the next.

The combined effect is the vector that extends from
the tail of the first vector in the series to the tip of the
last vector in the series. Mathematically, an equation
can be written that represents the combined effect of
vectors:

R=A+>B+>C+>D +> ...



Vectors 49

Vector R is a common notation used to represent the resultant
of a series of vectors. A resultant is a term used to describe the
combined effect of vectors. Also note that the symbol +> is
used to identify vector addition and to differentiate it from
algebraic addition [Ref. 5].

It should be noted that vectors follow the commutative
law of addition; that is, the order in which the vectors are
added does not alter the result. Thus,

R=(A+>B+>C) = (C+>B+>A) =
(B+>A+>C)

The process of combining vectors can be completed graphi-
cally, using either manual drawing techniques or CAD soft-
ware. Whatever method is used, the underlying concepts are
identical. The following example problems illustrate this
concept.

EXAMPLE PROBLEM 3.5

Graphically determine the combined effect of velocity vectors A and B, as shown in Figure 3.8.

A =59in./s
30°

Scale:

0 25 50

Pt
in./s

B=30in./s
609

FIGURE 3.8 Vectors for Example Problem 3.5.

SOLUTION: 1.

Construct Vector Diagrams

To determine the resultant, the vectors must be relocated so that the tail of B is located at the tip of A. To verify
the commutative law, the vectors were redrawn so that the tail of A is placed at the tip of B. The resultant is

the vector drawn from the tail of the first vector, the origin, to the tip of the second vector. Both vector diagrams

are shown in Figure 3.9.

2. Measure the Resultant

The length vector R is measured as 66 in./s. The direction is also required to fully define vector R. The angle

from the horizontal to vector R is measured as 57°. Therefore, the proper manner of presenting the solution is

R = 66in./s / 57°

F03-09.dwg

as follows:
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FIGURE 3.9 The combined effect of vectors A and B for Example Problem 3.5.




50 CHAPTER THREE

EXAMPLE PROBLEM 3.6

Graphically determine the combined effect of force vectors A, B, C, and D, as shown in Figure 3.10.

A =2001b
B= 226 Ib

Scale:

D= 3001b 0 100 200
—t—

f =176 1b
15 4 20° 1b

FIGURE 3.10 Vectors for Example Problem 3.6.

SOLUTION: L.

Construct Vector Diagrams

To determine the resultant, the vectors must be relocated so that the tail of B is located at the tip of A. Then the
tail of C is placed on the tip of B. Finally, the tail of D is placed on the tip of C. Again, the ordering of vectors is

not important, and any combination could be used. As an illustration, another arbitrary combination is used in

this example. The resultant is the vector drawn from the tail of the first vector, at the origin, to the tip of the

fourth vector. The vector diagrams are shown in Figure 3.11.

2. Measure the Resultant

The length vector R is measured as 521 Ib. The direction is also required to fully define the vector R. The angle

from the horizontal to vector R is measured as 68°. Therefore, the proper manner of presenting the solution is as

follows:

R = 521in./s /68°

F03-11.dwg
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FIGURE3.11 The combined effect of vectors A, B, C, and D for Example Problem 3.6.

3.9 ANALYTICAL VECTOR
ADDITION (+>): TRIANGLE
METHOD
Two analytical methods can be used to determine the net

effect of vectors. The first method is best suited when
the resultant of only two vectors is required. As with the

graphical method, the two vectors to be combined are
placed tip-to-tail. The resultant is found by connecting
the tail of the first vector to the tip of the second vector.
Thus, the resultant forms the third side of a triangle. In
general, this is an oblique triangle, and the laws des-
cribed in Section 3.6.2 can be applied. The length of the
third side and a reference angle must be determined
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through the laws of sines and cosines to fully define  quantities, vectors are shown in boldface type (D) while
the resultant vector. This method can be illustrated the magnitude of the vector is shown as non-bold, italic
through an example problem. To clearly distinguish  type (D).

EXAMPLE PROBLEM 3.7

Analytically determine the resultant of two acceleration vectors as shown in Figure 3.12.

B =23 ft/s?

A =46 ft/s?
75°
20°

FIGURE3.12 Vectors for Example Problem 3.7.

SOLUTION: 1.  Sketch a Rough Vector Diagram

The vectors are placed tip-to-tail as shown in Figure 3.13. Note that only a rough sketch is required because the
resultant is analytically determined.

R=A+>B

FIGURE 3.13 Combined effect of vectors A and B for
Example Problem 3.7.
2. Determine an Internal Angle

The angle between A and the horizontal is 20°. By examining Figure 3.13, the angle between vectors
Aand Bis:

0 = 20° + 75° = 95°
Therefore, the problem of determining the resultant of two vectors is actually a general triangle situation as
described in Section 3.6.2 (Case 3).
3. Determine Resultant Magnitude

By following the procedure outlined for a Case 3 problem, the law of cosines is used to find the magnitude of the
resultant:

R = VA2 + B2 — 2ABcosf

\/(46ft/s2)2 + (23ft/s?)? — 2(461t/s?)(23 ft/s?){cos9°} = 53.19 ft/s

4. Determine Magnitude Direction

The law of sines can be used to find the angle between vectors A and R:

()

. (23ft/s?) .
= sin'y ——————— =255
(53.19ft/s”) sin 95°

B

5.  Fully Specify Resultant
The angle from the horizontal is 20° + 25.5° = 45.5°. The resultant can be properly written as:

R = 53.19 ft./s> _45.5°\
R = 53.19 ft./s* /134.5°

or
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3.10 COMPONENTS
OF AVECTOR

The second method for analytically determining the
resultant of vectors is best suited for problems where more
than two vectors are to be combined. This method involves
resolving vectors into perpendicular components.

Resolution of a vector is the reverse of combining
vectors. A single vector can be broken into two separate
vectors, along convenient directions. The two vector com-
ponents have the same effect as the original vector.

In most applications, it is desirable to concentrate on a
set of vectors directed vertically and horizontally; therefore,
a typical problem involves determining the horizontal and
vertical components of a vector. This problem can be solved
by using the tip-to-tail approach, but in reverse. To explain
the method, a general vector, A, is shown in Figure 3.14.

(a) (b) (©)

FIGURE 3.14 Components of a vector.

Two vectors can be drawn tip-to-tail along the hori-
zontal and vertical that have the net effect of the original. The
tail of the horizontal vector is placed at the tail of the original,
and the tip of the vertical vector is placed at the tip of the
original vector. This vector resolution into a horizontal
component, Ay, and the vertical component, A,, is shown in
Figure 3.14b. Recall that the order of vector addition is not

important. Therefore, it is irrelevant whether the horizontal
or vertical vector is drawn first. Figure 3.14c illustrates the
components of a general vector in the opposite order.

Notice that the magnitude of the components can be
found from determining the sides of the triangles shown in
Figure 3.14. These triangles are always right triangles, and
the methods described in Section 3.3 can be used. The
directions of the components are taken from sketching the
vectors as in Figure 3.14b or 3.14c. Standard notation con-
sists of defining horizontal vectors directed toward the right
as positive. All vertical vectors directed upward are also
defined as positive. In this fashion, the direction of the
components can be determined from the algebraic sign asso-
ciated with the component.

An alternative method to determine the rectangular
components of a vector is to identify the vector’s angle with
the positive x-axis of a conventional Cartesian coordinate
system. This angle is designated as 6. The magnitude of the
two components can be computed from the basic trigono-
metric relations as

Ay, = Acos b, (3.9)

A, = Asin 6, (3.10)

The importance of this method lies in the fact that the
directions of the components are evident from the sign that
results from the trigonometric function. That is, a vector
that points into the second quadrant of a conventional
Cartesian coordinate system has an angle, 6., between 90°
and 180°. The cosine of such an angle results in a negative
value, and the sine results in a positive value. Equations (3.9)
and (3.10) imply that the horizontal component is negative
(i.e., toward the left in a conventional coordinate system)
and the vertical component is positive (i.e., upward in a
conventional system).

EXAMPLE PROBLEM 3.8

A force, F, of 3.5 kN is shown in Figure 3.15. Using the analytical triangle method, determine the horizontal and

vertical components of this force.

FIGURE3.15 Force vector for Example Problem 3.8.

SOLUTION: 1.  Sketch the Vector Components

The horizontal vector (component) is drawn from the tail of vector F. A vertical vector (component) is

drawn from the horizontal vector to the tip of the original force vector. These two components are shown in

Figure 3.16.

FIGURE 3.16 Force components for Example Problem 3.8.
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2. Use Triangle Method
Working with the right triangle, an expression for both components can be written using trigonometric func-
tions:
) opposite side F,
sin 35° = =
hypotenuse 3.5kN
adjacent side Fj,
cos 35° = =
hypotenuse 3.5kN
Both these expressions can be solved in terms of the magnitude of the desired components:
Fj, = (3.5kN) cos35° = 2.87kN «
= —2.87kN
F, = (3.5kN) sin35° = 2.00 kN
= —2.00 kN
3.  Use x-axis, Angle Method

An alternative solution is obtained by using equations (3.9) and (3.10). The angle 6, from the positive x-axis to

the vector F is 215°. The components are computed as follows:

Fj, = F cosf, = (3.5kN) cos 215° = —2.87 kN

= 2.87kN «

F, = Fsin6, = (3.5kN) sin 215° = —2.0 kN

= 20kN|

3.11 ANALYTICAL VECTOR
ADDITION (+>):
COMPONENT METHOD

The components of a series of vectors can be used to deter-
mine the net effect of the vectors. As mentioned, this method
is best suited when more than two vectors need to be com-
bined. This method involves resolving each individual vector
into horizontal and vertical components. It is standard to
use the algebraic sign convention for the components as
described previously.

All horizontal components may then be added into a
single vector component. This component represents the net
horizontal effect of the series of vectors. It is worth noting
that the component magnitudes can be simply added
together because they all lay in the same direction. These
components are treated as scalar quantities. A positive or
negative sign is used to denote the sense of the component.
This concept can be summarized in the following equation:

haAh+Bh+Ch+Dh+--' (3.11)

Similarly, all vertical components may be added
together into a single vector component. This component
represents the net vertical effect of the series of vectors:

R,=A,+B,+C,+D,+ ... (3.12)
The two net components may then be added vectorally

into a resultant. Trigonometric relationships can be used to
produce the following equations:

R= VR +R (3.13)
R

0, = tan ' ( == ) (3.14)
Ry

This resultant is the combined effect of the entire series of
vectors. This procedure can be conducted most efficiently
when the computations are arranged in a table, as demon-
strated in the following example problem.

EXAMPLE PROBLEM 3.9

Three forces act on a hook as shown in Figure 3.17. Using the analytical component method, determine the net effect

of these forces.

SOLUTION: 1.

Use x-axis, Angle Method to Determine Resultant Components

The horizontal and vertical components of each force are determined by trigonometry and shown in

Figure 3.18. Also shown are the vectors rearranged in a tip-to-tail fashion. The components are organized in

Table 3.1.
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C=501b

FIGURE 3.17 Forces for Example Problem 3.9.

B=201b B C,
A=301Ib 45°
B

h

FIGURE 3.18 Components of vectors in Example Problem 3.9.

TABLE 3.1 Vector Components for Example Problem 3.9.

Reference h component (Ib) v component (Ib)
Vector Angle 6, E, = F cos 6, E, = F sin 0,
A 0° Aj, = (30)cos 0° = +301b A, = (30)sin 0° = 0
B 45° By, = (20)cos 45° = +14.14 b B, = (20)sin 45° = +14.14 Ib
C 120° C,= (50)cos 120° = —25 Ib C, = (50)sin 120° = +43.30 Ib
R, = 19.14 R, = 57.44

Notice in Figure 3.18 that adding the magnitudes of the horizontal components is tracking the total
“distance” navigated by the vectors in the horizontal direction. The same holds true for adding the magni-
tudes of the vertical components. This is the logic behind the component method of combining vectors. For
this problem, adding the individual horizontal and vertical components gives the components of the resul-
tant as follows:

R, = 19.14 Ib.

and

R, = 57.44 Ib.

2. Combine the Resultant Components

The resultant is the vector sum of two perpendicular vectors, as shown in Figure 3.19.

=

R, =57.441b

A

R;,=19.141b
FIGURE3.19 Resultant vector for Example Problem 3.9.

The magnitude of the resultant can be found from equation (2.13):
R = VR} + R}

= \/(19.141b)2 + (57.441b)> = 60.541b
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The angle of the resultant can be found:

(R _,(57.441b o
0,=tan | — | = tan =71.6
R, 19.14 1b
Thus the resultant of the three forces can be formally stated as

R = 60.541b. /71.6°

3.12 VECTOR SUBTRACTION (—>)

In certain cases, the difference between vector quantities
is desired. In these situations, the vectors need to be sub-
tracted. The symbol —> denotes vector subtraction,
which differentiates it from algebraic subtraction [Ref. 5].
Subtracting vectors is accomplished in a manner similar
to adding them. In effect, subtraction adds the negative,
or opposite, of the vector to be subtracted. The negative
of a vector is equal in magnitude, but opposite in direc-
tion. Figure 3.20 illustrates a vector A and its negative,
—> A.

FIGURE3.20 Negative vector.

Whether a graphical or analytical method is used, a
vector diagram should be drawn to understand the pro-
cedure. Consider a general problem where vector B must be
subtracted from A, as shown in Figure 3.21a.

A A
A B —>B —>B B
0 0
J J
(a) (b) (© (d)

FIGURE 3.21 Vector subtraction.

This subtraction can be accomplished by first drawing
the negative of vector B, —>B. This is shown in Figure
3.21b. Then, vector —>B can be added to vector A, as shown
in Figure 3.21c. This subtraction can be stated mathe-
matically as

J=A-—>B=A+>(—>B)

Notice that this expression is identical to the subtraction of
scalar quantities through basic algebraic methods. Also, the
outcome of the vector subtraction has been designated J.
The notation R is typically reserved to represent the result of
vector addition.

Figure 3.21d shows that the same vector subtraction
result by placing the vector B onto vector A, but opposite to
the tip-to-tail orientation. This method is usually preferred,
after some confidence has been established, because it elimi-
nates the need to redraw a negative vector. Generally stated,
vectors are added in a tip-to-tail format whereas they are
subtracted in a tip-to-tip format. This concept is further
explored as the individual solution methods are reviewed in
the following example problems.

3.13 GRAPHICAL VECTOR
SUBTRACTION (—>)

As discussed, vector subtraction closely parallels vector
addition. To graphically subtract vectors, they are relocated
to scale to form a tip-to-tip vector diagram. The vector to be
subtracted must be treated in the manner discussed in
Section 3.12.

Again, the process of subtracting vectors can be completed
graphically, using either manual drawing techniques or CAD
software. Whatever method is used, the underlying concepts
are identical. The specifics of the process are shown in the
following examples.

EXAMPLE PROBLEM 3.10

Graphically determine the result of subtracting the velocity vector B from A,J = A—> B, as shown in

Figure 3.22.
Scale:
0 20 40
A =32in/s ——t—+
9° B =56 in./s in/s

FIGURE 3.22 Vectors for Example Problem 3.10.
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SOLUTION: 1. Construct the Vector Diagram

To determine the result, the vectors are located in the tip-to-tail form, but vector B points toward vector A. Again,
this occurs because B is being subtracted (opposite to addition). The vector diagram is shown in Figure 3.23.

r- F03-23.dwg
Home t Annotate Parametric View Manage Output  Bxpress Tool
ol mone] A Te s )| @ = | B
we @70 o, BlE&EA S Biock Properties | Utilties | Clipboard
@ - H PAL-Or i e TN'E
Draw ~ Maddy ~ | Amnotation v | . - v . -
= @R
LG
AL4> [Pl Model {Layoutt /
[All/Center/Dynamic/Extents/Previous/5cale/Window/Object] <real time>: e =
Command : & L )|_

1n—|-_-pi|——|r..-."n-r"m [wooer |5 D= ] qu 5] pr—-—”-rw" =]

&
FIGURE3.23 J = A —> B for Example Problem 3.10.

2.  Measure the Result

The resultant extends from the tail of A, the origin, to the tail of B. The length vector J is measured as
56.8 in./s.

The direction is also required to fully define the vector J. The angle from the horizontal to vector J is
measured as 99°. Therefore, the proper manner of presenting the solution is as follows:

J = 56.8in./s /81°
] = 56.81in./s_99°\

or

EXAMPLE PROBLEM 3.11

Graphically determine the result,] = A —> B —> C +> D, of the force vectors as shown in Figure 3.24.

D=3001b

Scale:
B=2261b 100 200
A=2001b 15° =176 1b lb

FIGURE 3.24 Vectors for Example Problem 3.11.
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SOLUTION: 1. Construct the Vector Diagram

To determine the result, ] = A —>B —> C +> D, the vectors must be relocated tip-to-tail or tip-to-tip,
depending on whether they are added or subtracted. Vector B must be drawn pointing toward vector A because B
is being subtracted. A similar approach is taken with vector C. The tail of vector D is then placed on the tail of
C because D is to be added to the series of previously assembled vectors. The completed vector diagram is shown
in Figure 3.25.

F03-25.dwg

Insest Annotate Paramelric View Manage Output BExpress Tooks

o) e BOR BN H-| 4 s
ol - many 2 f'i 2 @ =0
£e8 0| =@ |

(=3 383
Draw Modify Annotation v |« - - - -

Line

= @R

J=A->B->C+>D

J=365

4 4p ]y Model [ Layoutl [/

[All/Center/Dynamic/Extents/Previous/5cale/Window/Object] <real time>: e

A

Command : < [E]
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FIGURE3.25 Result for Example Problem 3.11.

From viewing the vector polygon in Figure 3.25, it appears that vectors B and C were placed in backward,
which occurs with vector subtraction.

2. Measure the Result

The length of vector J is measured as 365 1b. The angle from the horizontal to vector J is measured as 81°.
Therefore, the proper manner of presenting the solution is as follows:

] =3651b /81°
I
3.14 ANALYTICAL VECTOR the previous section. Then the triangle laws can be used to
SUBTRACTION (—>): TRIANGLE determine the result of vector subtraction. This general
METHOD method is illustrated through the following example
problem.

As in analytically adding vectors, the triangle method is
best suited for manipulation of only two vectors. A vector
diagram should be sketched using the logic as described in
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EXAMPLE PROBLEM 3.12

Analytically determine the result of the vectors ] = A —> B shown in Figure 3.26.

A=15fys?>  |B=10fus
15T~

FIGURE 3.26 Vectors for Example Problem 3.12.

SOLUTION: 1.  Sketch a Rough Vector Diagram

The vectors are placed into a vector polygon, as shown in Figure 3.27. Again, vector B is placed pointing toward
vector A because it is to be subtracted. Also note that only a rough sketch is required because the resultant is
analytically determined.

FIGURE3.27 The result for Example Problem 3.12.

2. Determine an Internal Angle

Because the angle between A and the horizontal is 15, the angle between A and the vertical is 75 . Notice that the
angle between the vertical and A is the same as the angle labeled 6; thus, 6 = 75°.

The problem of determining the result of A —> B is actually a general triangle situation as described in
Section 3.6.2 (Case 3).

3. Determine the Magnitude of the Result

Following the procedure outlined for a Case 3 problem, the law of cosines is used to find the magnitude of the
resultant:

J= \/A2 + B2 — 2AB cos 6

= \/(15 ft/s2)? 4+ (10 ft/s2)% — 2(15 ft/s?) (10 ft/s?) cos 75° = 15.73 ft/s*

4. Determine the Direction of the Result

The law of sines can be used to find the angle between vectors A and J:

B

B = sin_1{<*) sin 6’}
J

. 10ft/st o

= sin m sin 75 ¢ = 37.9

5.  Fully Specify the Result

From examining Figure 3.27, the angle that J makes with the horizontal is 37.9° — 15° = 22.9°. The solution
can be properly written as

J = 1573 ft/s> 22.95/
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3.15 ANALYTICAL VECTOR
SUBTRACTION (—>):
COMPONENT METHOD

The component method can be best used to analytically
determine the result of the subtraction of a series of vectors.
This is done in the same manner as vector addition.
Consider the general problem of vector subtraction defined
by the following equation:

J=A+>B->C+>D+>...

The horizontal and vertical components of each vector can
be determined (as in Section 3.10). Also, a sign convention
to denote the sense of the component is required. The con-
vention that was used in Section 3.10 designated compo-
nents that point either to the right or upward with a positive
algebraic sign.

Because they are scalar quantities, the individual
components can be algebraically combined by addition or
subtraction. For the general problem stated here, the hori-
zontal and vertical components of the result can be written
as follows:

h=A,+B,— C,+ Dy +
=A,+B,—C,+D,+ ...

Notice the components of C are subtracted from all the
other components. This is consistent with the desired vector
subtraction. Using equations (3.13) and (3.14), the two
result components may then be combined vectorally into a
resultant. This resultant is the result of the vector manipu-
lation of the entire series of vectors. Again, the procedure
can be conducted most efficiently when the computations
are arranged in a table.

EXAMPLE PROBLEM 3.13

Analytically determine the result] = A —> B +> C +> D for the velocity vectors shown in Figure 3.28.

15°
<« B=12ft/s

300N =6 ft/s

C=8ft/s

30°
45° D =10 ft/s

FIGURE 3.28 Forces for Example Problem 3.13.

SOLUTION: 1.  Sketch a Rough Vector Diagram

The horizontal and vertical components of each velocity are determined by trigonometry using equations (3.9)

and (3.10) and shown in Figure 3.29. Also shown are the vectors rearranged in a series: tip-to-tail for addition

and tail-to-tip for subtraction.

FIGURE3.29 Result for Example Problem 3.13.

2. Use x-axis, Angle Method to Determine Components

The values of the component are listed in Table 3.2.

TABLE 3.2 Component Values for Example Problem 3.13.

Reference h component (ft/s) v component (ft/s)
Vector Angle 6 Vi, = V cos 0, V, = Vsin6,
A 300° +3.00 —5.19
B 195° —11.59 —3.11
© 45° +5.66 +5.66
D 330° +8.66 —5.00
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3.  Determine the Components of the Solution

Algebraic manipulation of the individual horizontal and vertical components gives the components of the

resultant:

Jn= Ay — By + G, + Dy

= (+3.0) — (—11.59) + (+5.66) + (+8.66) = + 28.91 ft/s
J,=A, - B, +C,+ D,

= (=5.19) — (=3.11) + (+5.66) + (—=5.00) = —1.42 ft/s

Combine the Components of the Solution

The magnitude and direction of the resultant may be determined by vectorally adding the components

(Figure 3.30).

FIGURE 3.30 Resultant vector for Example Problem 3.13.

The magnitude of the solution can be determined from equation (3.13):

J=VTi+7s

= \/(28.91 ft/s)? + (—1.42 ft/s)*> = 28.94 ft/s

The angle of the solution can be found from the tangent function:

O«

) B tan_1(—1.42 ft/s
28.91 ft/s

—1 GV
tan *| —
h

) =-28°

Thus, the solution can be formally stated as

] = 28.94 ft/si 2.8°

3.16 VECTOR EQUATIONS

As already shown in Section 3.8, vector operations can
be expressed in equation form. The expression for sub-
tracting two vectors, ] = A —> B, is actually a vector
equation. Vector equations can be manipulated in a man-
ner similar to algebraic equations. The terms can be
transposed by changing their signs. For example, the
equation

A+>B—>C=D

(a)
A+>B+>C=R

(b)

B+>C=

can be rearranged as:
A+>B=C+>D

The significance of vector equations has been seen with
vector addition and subtraction operations. In vector
addition, vectors are placed tip-to-tail, and the resultant is a
vector that extends from the origin of the first vector to the
end of the final vector. Figure 3.31a illustrates the vector
diagram for the following:

R=A+>B+>C

()
A+>C=—>B+>R

R—>A

FIGURE3.31 Vector equations.
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The equation can be rewritten as
B+>C=R-—>A

The vector diagram shown in Figure 3.31b illustrates this
form of the equation. Notice that because vector A is
subtracted from R, vector A must point toward R. Recall that
this is the opposite of the tip-to-tail method because
subtraction is the opposite of addition.

Notice that as the diagram forms a closed polygon, the
magnitude and directions for all vectors are maintained.

This verifies that vector equations can be manipulated
without altering their meaning. The equation can be rewritten
once again as (Figure 3.31¢):

—>B+>R=A+>C

As illustrated in Figure 3.31, a vector equation can be
rewritten into several different forms. Although the vector
polygons created by the equations have different shapes, the
individual vectors remain unaltered. By using this principle, a
vector equation can be written to describe a vector diagram.

EXAMPLE PROBLEM 3.14

Write a vector equation for the arrangement of vectors shown in Figure 3.32.

FIGURE 3.32 Vector diagram for Example Problem 3.14.

SOLUTION: L.

Write an Equation to Follow the Two Paths from Oy to P;

Use point Oy as the origin for the vector equation and follow the paths to point P;:

The upper path states:
The lower path states:

A+>B +>C +>D
E+>F

Because they start at a common point and end at a common point, both paths must be vectorally equal.

Thus, the following equation can be written as:

O, =A+>B+>C+>D=E+>F

2. Write an Equation to Follow the Two Paths from O, to P,

Another equation can be written by using point O, as the origin and following the paths to

point Pq:

The upper path states:

The lower path states:

Thus, the equation can be written as follows:

C+>D
—>B—>A+>E—>F

O, =C+>D=->A->B+>E+>F

Notice that these are two forms of the same equation.
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EXAMPLE PROBLEM 3.15

Write a vector equation for the arrangement of vectors shown in Figure 3.33. Then rewrite the equation to eliminate

the negative terms and draw the associated vector diagram.

FIGURE 3.33 Vector diagram for Example Problem 3.15.

SOLUTION: L.

Write an Equation to Follow the Two Paths from O to Py

Use point Oy as the origin for the vector equation and follow the paths to the point P;:

The upper path states:

The lower path states:

A-—>B+>C—>D
—>E+>F

Thus, the following equation can be written as

2. Rewrite the Equation

To eliminate the negative terms, vectors B, D, and E all must be transposed to their respective opposite sides of

the equation. This yields the following equation:

A+> C+>E=B+> D+>F

Note that the order of addition is not significant. Rearranging the vectors into a new diagram is shown in

Figure 3.34.

Familiarity with vector equations should be gained, as they are used extensively in mechanism analysis.

For example, determining the acceleration of even simple mechanisms involves vector equations with six or more

vectors.

D

\

B

FIGURE 3.34 Rearranged diagram for Example Problem 3.15.

3.17 APPLICATION OF VECTOR
EQUATIONS

Each vector in an equation represents two quantities: a
magnitude and a direction. Therefore, a vector equation
actually represents two constraints: The combination of
the vector magnitudes and the directions must be equi-
valent. Therefore, a vector equation can be used to solve for

two unknowns. In the addition and subtraction problems
previously discussed, the magnitude and direction of the
resultant were determined.

A common situation in mechanism analysis involves
determining the magnitude of two vectors when the direc-
tion of all vectors is known. Like the addition of vectors, this
problem also involves two unknowns. Therefore, one vector
equation is sufficient to complete the analysis.
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3.18 GRAPHICAL DETERMINATION OF
VECTOR MAGNITUDES

For problems where the magnitude of two vectors in an
equation must be determined, the equation should be
rearranged so that one unknown vector is the last term on
each side of the equation. To illustrate this point, consider
the case where the magnitudes of vectors A and B are to be
found. The vector equation consists of the following:

A+>B+>C=D+>E
and should be rearranged as
C+>B=D+>E+>A

Notice that both vectors with unknown magnitudes, A and
B, are the last terms on both sides of the equation.

To graphically solve this problem, the known vectors
on each side of the equation are placed tip-to-tail (or tip-
to-tip if the vectors are subtracted) starting from a com-
mon origin. Of course, both sides of the equation must end
at the same point. Therefore, lines at the proper direction
should be inserted into the vector polygon. The inter-
section of these two lines represents the equality of the
governing equation and solves the problem. The lines can
be measured and scaled to determine the magnitudes of the
unknown vectors. The sense of the unknown vector is also
discovered.

This process of determining vector magnitudes can be
completed graphically, using either manual drawing
techniques or CAD software. Whatever method is used, the
underlying strategy is identical. The solution strategy can be
explained through example problems.

EXAMPLE PROBLEM 3.16

A vector equation can be written as

A+>B+>C=D+>E

The directions for vectors A, B, C, D, and E are known, and the magnitudes of vectors B, C, and D are also known
(Figure 3.35). Graphically determine the magnitudes of vectors A and E.

B = 100 in./s?
30°

C =124 in./s?

N : Scale:
60 A 0 50 100
D =150 in/s?> | -
:E in./s?
Y
1

FIGURE 3.35 Vectors for Example Problem 3.16.

SOLUTION: 1.  Rewrite Vector Equations

First, the equation is rewritten so that the unknown magnitudes appear as the last term on each side of the

equation:

B+>C+>A=D+>E

Place All Fully Known Vectors into the Diagram

Using point O as the common origin, vectors B and C can be drawn tip-to-tail. Because it is on the other side of

the equation, vector D should be drawn from the origin (Figure 3.36a).

(a)

Direction of A

Direction
- of E

(b)

FIGURE3.36 Vector diagrams for Example Problem 3.16.
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AutoCAD 2010 - EDUCATIONAL VERSION  FO3-36.dwg
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FIGURE 3.36 Continued

3. Place Directional Lines for Unknown Vectors

Obviously, vectors A and E close the gap between the end of vectors C and D. A line that represents the direction
of vector A can be placed at the tip of C. This is dictated by the left side of the vector equation. Likewise, a line
that represents the direction of vector E can be placed at the tip of D (Figure 3.36b).

4.  Trim Unknown Vectors at the Intersection and Measure

The point of intersection of the two lines defines both the magnitude and sense of vectors A and E.
A complete vector polygon can be drawn as prescribed by a vector equation (Figure 3.36¢).

The following results are obtained by measuring vectors A and E:
A = 160 in./s* —

E = 306 in./s*]

EXAMPLE PROBLEM 3.17

A vector equation can be written as follows:
A+>B-—>C+>D =E+>F

The directions for vectors A, B, C, D, E, and F are known, and the magnitudes of vectors B, C, E, and F are also known,
as shown in Figure 3.37. Graphically solve for the magnitudes of vectors A and D.

B ——

1

1 F =100 in./s2

A \D

N \ E =200 in./s2 Scale:

I B =130 in./s? o ’

i s 607 0 50 100
o C =60 in./s? | —t

I 60 45° \ . 2

1 \ in./s

FIGURE 3.37 Vectors for Example Problem 3.17.
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SOLUTION:

1.

Rewrite the Vector Equation

The equation is first rewritten so that the unknown magnitudes appear as the last term on each side of the
equation:
B—>C+>A=E+>F—>D

Place All Fully Known Vectors into the Diagram

Using point O as the common origin, vectors B and C can be drawn tip-to-tip (because C is being subtracted).
Because they are on the other side of the equation, vectors E and F are placed tip-to-tail starting at the origin
(Figure 3.38a).

(a)

AutoCAD 2010 - EDUCATIONAL VERSION

Insert Annotate Parametric View Manage Output
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4 4[» [\ Model [ Layoutl [
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Command : am =
FMEEEREDEE R e E T R e Bl

FIGURE3.38 Vector diagrams for Example Problem 3.17.

Place Directional Lines for the Unknown Vectors

As in Example Problem 3.16, vectors A and D must close the gap between the end of vectors C and D. A line that
represents the direction of vector A can be placed at the tip of C. This is dictated by the left side of the vector
equation. Likewise, a line that represents the direction of vector D can be placed at the tip of F (Figure 3.38b).

Trim the Unknown Vectors at the Intersection and Measure

The point of intersection of the two lines defines both the magnitude and sense of vectors A and D. The sense of D
is chosen in a direction that is consistent with its being subtracted from the right side of the equation. The complete
vector polygon can be drawn as prescribed by the vector equation (Figure 3.38¢).

The following results are obtained by measuring vectors A and D:

A = 30in./s%)

68 in./s>_60°\

D
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3.19 ANALYTICAL DETERMINATION OF
VECTOR MAGNITUDES

An analytical method can also be used to determine the
magnitude of two vectors in an equation. In these cases,
the horizontal and vertical components of all vectors
should be determined as in Section 3.10. Components of
the vectors with unknown magnitudes can be written in
terms of the unknown quantity. As in the previous com-
ponent methods, an algebraic sign convention must be
followed while computing components. Therefore, at
this point, a sense must be arbitrarily assumed for the
unknown vectors.

The horizontal components of the vectors must adhere to
the original vector equation. Likewise, the vertical components
must adhere to the vector equation. Thus, two algebraic equa-
tions are formed and two unknown magnitudes must be
determined. Solving the two equations simultaneously yields
the desired results. When either of the magnitudes determined
has a negative sign, the result indicates that the assumed sense
of the vector was incorrect. Therefore, the magnitude deter-
mined and the opposite sense fully define the unknown vector.

This method is illustrated in the example problem below.

EXAMPLE PROBLEM 3.18

A vector equation can be written as follows:

A+>B-—>C+>D =E+>F

The directions for vectors A, B, C, D, E, and F are known, and the magnitudes of vectors B, C, E, and F are also known,

as shown in Figure 3.39. Analytically solve for the magnitudes of vectors A and D.

B = 130 in./s?

C =60 in./s?
45°

—— e == = —
>

FIGURE 3.39 Vectors for Example Problem 3.18.

SOLUTION: 1.

Use x-axis, Angle Method to Determine Vector Components

The horizontal and vertical components of each force are determined by trigonometry. For the unknown

vectors, the sense is assumed and the components are found in terms of the unknown quantities. For this

example, assume vector A points upward and vector D points down and to the right. The components are given

in Table 3.3.

TABLE 3.3 Vector Components for Example Problem 3.18.

Reference h component (in./ %) v component (in./ s%)

Vector Angle 0, ap = a cos O, a, = asinf,

A 90° 0 +A

B 60° +65.0 +112.6

C 135° —42.4 +42.4

D 300° +.500D —.866D

E 30° +173.2 +100

F 180° —100 0

2. Use the Vector Equations to Solve for Unknown Magnitudes

The components can be used to generate algebraic equations that are derived from the original vector

equation:

A+>B—>C+>D

horizontal components:

Ay + B, — C, + Dy,

=E+>F

=E, + F,

(0) + (+65.0) — (—42.4) + (+0.500D) = (+173.2) + (—100.0)
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vertical components:
A,+B,—C,+D,=E, +F,
(+A) + (+112.6) — (42.4) + (—0.866D) = (+100.0) + (0)

In this case, the horizontal component equation can be solved independently for D. In general, both
equations are coupled and need to be solved simultaneously. In this example, the horizontal component equa-
tion can be solved to obtain the following:

D = —68.4in./s®

Substitute this value of D into the vertical component equation to obtain:
A = —29.4in./s’

Fully Specify the Solved Vectors

Because both values are negative, the original directions assumed for the unknown vectors were incorrect.
Therefore, the corrected results are

A= 294in/s*

D = 68.4in./s 60? AN

PROBLEMS

Although manual drafting techniques are instructive for
problems that require graphical solution, use of a CAD
system is highly recommended.

Working with Triangles

3-1.

3-2.

3-3.

Analytically determine the angle 6 in Figure P3.1.

o[ 18

A

FIGURE P3.1 Problems 1 and 2.

Analytically determine the length of side A in
Figure P3.1.

Analytically determine the length of side X in
Figure P3.3.

. Calculate the angle 6 and the hypotenuse R in

Figure P3.3.

. Calculate the angle 0 and the hypotenuse R for all

triangles in Figure P3.5.

FIGURE P3.3 Problems 3 and 4.
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FIGURE P3.5 Problem 5.

3—6. Determine the angle, B, and the length, s, of the
two identical support links in Figure P3.6 when
x = 150mm and y = 275mm.

FIGURE P3.6 Problems 6 to 9.

3-7. Determine the distance, x, and the length, s, of the
two identical support links in Figure P3.6 when
B = 35°and y = 16in.
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3-8. For the folding shelf in Figure P3.6, with 8 = 35°
and s = 10in., determine the distances x and y.
3-9. A roof that has an 8-on-12 pitch slopes upward 8
vertical in. for every 12 in. of horizontal distance.
Determine the angle with the horizontal of such a roof.
3-10. For the swing-out window in Figure P3.10, deter-
mine the length, s, of the two identical support links
when x = 850 mm, d = 500 mm, and 8 = 35°.
FIGURE P3.14 Problems 14 and 15.
3—15. For the ladder shown in Figure P3.14, determine the
i angle with the ground. The ladder is 7 m long and
rests on the ground 2 m from the wall.

3-16. For the farm conveyor shown in Figure P3.16, deter-
mine the required length of the support rod. The
angle is 8 = 28° and the distances are x = 20ft and
d = 16ft. Also determine the vertical height of the
end of the conveyor when L = 25ft.

FIGURE P3.10 Problems 10 and 11.
3-11. For the swing-out window in Figure P3.10, deter-
mine the angle 8 when x = 24in., d = 16in., and
§ = 7m. FIGURE P3.16 Problems 16 and 17.
3-12. If the height, h, of the trailer shown in Figure P3.12
1S 52 1n., deterrrime th? ;Zr:gth of ramp needed to 3-17. For the farm conveyor shown in Figure P3.16, deter-
maintain an angle, 8, 0 ) mine the angle 8 when a vertical height of 8 m is
required at the end of the conveyor and x = 8m,
d=10m,and L = 13m.
3-18. Determine the vertical height of the basket in

3-13.

3-14.

FIGURE P3.12 Problems 12 and 13.

For the ramp shown in Figure P3.12, determine the
angle with the ground, B. The trailer height is 1.5 m
and the ramp is 4 m long.

The length of the ladder shown in Figure P3.14 is 12
ft and the angle with the ground, B, is 70°.
Determine the vertical distance on the wall where
the ladder is resting.

Figure P3.18 when a = 24in.,b = 36in., ¢ = 30in.,
d = 60in., e = 6ft,and f = 10ft.

FIGURE P3.18 Problems 18 and 19.
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3-19. For the lift described in Problem 3-18, determine
the vertical height of the basket when the hydraulic
cylinder is shortened to 50 in.

Graphical Vector Addition

3-20. For the vectors shown in Figure P3.20, graphically
determine the resultant, R = A+>B.

Scale:
0 5 10
———
B=15
30°
A=10

FIGURE P3.20 Problems 20, 26, 32, 33, 38, 39.

3-21. For the vectors shown in Figure P3.21, graphically
determine the resultant, R = A+>B.

FIGURE P3.21 Problems 21, 27, 34, 35, 40, 41.

3-22. For the vectors shown in Figure P3.22, graphically
determine the resultant, R = A +>B.

70° Scale:
0 50 100
-
A =150

B=150
20° T~
FIGURE P3.22 Problems 22, 28, 36, 37, 42, 43.

3-23. For the vectors shown in Figure P3.23, graphically
determine the resultant, R = A +> B+>C.

A=125
45°

FIGURE P3.23 Problems 23, 29, 44, 45, 52, 53.

3-24. For the vectors shown in Figure P3.24, graphically
determine the resultant, R = A+>B +>C +>D.

70°
D =40

A =50 40°
—_—
) B=175
Scale: C =100
0 50
[ e | 20°

FIGURE P3.24 Problems 24, 30, 46, 47, 54, 55.

3-25. For the vectors shown in Figure P3.25, graphically
determine the resultant, R = A+>B+> C+>

D+>Es
30";
A =40 D=50
40°
50°
B =60
E=20
Scale:
0 30 —_—
——t C=30

FIGURE P3.25 Problems 25, 31, 48, 49, 56, 57.

Analytical Vector Addition

3-26. For the vectors shown in Figure P3.20, analytically

determine the resultant, R = A +>B.

3-27. For the vectors shown in Figure P3.21, analytically
determine the resultant, R = A +>B.

3-28. For the vectors shown in Figure P3.22, analytically
determine the resultant, R = A+>B.

3-29. For the vectors shown in Figure P3.23, analytically

determine the resultant, R = A +> B+>C.

3-30. For the vectors shown in Figure P3.24, analytically
determine the resultant, R = A +> B +> C +> D.

3-31. For the vectors shown in Figure P3.25, analytically
determine the resultant, R = A+>B+>

C+>D+>E.

Graphical Vector Subtraction

3-32. For the vectors shown in Figure P3.20, graphically
determine the vector,] = A—>B.

3-33. For the vectors shown in Figure P3.20, graphically

determine the vector, K = B—>A.

3-34. For the vectors shown in Figure P3.21, graphically
determine the vector,] = A—> B.

3-35. For the vectors shown in Figure P3.21, graphically

determine the vector, K = B—>A.
3-36. For the vectors shown in Figure P3.22, graphically
determine the vector,] = A—>B.
3-37. For the vectors shown in Figure P3.22, graphically
determine the vector, K = B—>A.
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Analytical Vector Subtraction
3-38. For the vectors shown in Figure P3.20, analytically
determine the vector,] = A—>B.
3-39. For the vectors shown in Figure P3.20, analytically
determine the vector, K = B —>A.
3-40. For the vectors shown in Figure P3.21, analytically
determine the vector,] = A—> B.
For the vectors shown in Figure P3.21, analytically
determine the vector, K = B —>A.
For the vectors shown in Figure P3.22, analytically
determine the vector,] = A—> B.

3-41.
3-42.

3-43. For the vectors shown in Figure P3.22, analytically

determine the vector, K = B—>A.

General Vector Equations (Graphical)
3—44. For the vectors shown in Figure P3.23, graphically

determine the vector,] = C+>A—>B.

For the vectors shown in Figure P3.23, graphically

determine the vector, K = B—>A—> C.

3—46. For the vectors shown in Figure P3.24, graphically
determine the vector,] = C+>A—>B +> D.

3-47. For the vectors shown in Figure P3.24, graphically
determine the vector, K = B—> D+>A—>C.

3-48. For the vectors shown in Figure P3.25, graphically det-
ermine the vector,] = C+>A—>B+>D—>E.

3-49. For the vectors shown in Figure P3.25, graphically det-
ermine the vector, K = B—>D+>A—> C+>E.

3-45.

3-50. Using the vector diagram in Figure P3.50:
a. Generate an equation that describes the vector
diagram.
b. Rewrite the equations to eliminate the negative
terms.
c. Roughly scale the vectors and rearrange them
according to the equation generated in part b.

FIGURE P3.50 Problem 50.

3-51. Using the vector diagram in Figure P3.51:

a. Generate an equation that describes the vector
diagram.

b. Rewrite the equations to eliminate the negative
terms.

c. Roughly scale the vectors and rearrange them

according to the equation generated in part b.

3-52. For the vectors shown in Figure P3.23, analytically

determine the vector,] = C+>A—>B.

FIGURE P3.51 Problem 51.

3-53. For the vectors shown in Figure P3.23, analytically

determine the vector, K = B—>A —> C.
3-54. For the vectors shown in Figure P3.24, analytically
determine the vector,] = C +> A —> B+>D.
For the vectors shown in Figure P3.24, analytically
determine the vector, K = B—>D+>A —> C.
3-56. For the vectors shown in Figure P3.25, analytically det-

ermine the vector,] = C+>A —> B +> D—>E.
3-57. For the vectors shown in Figure P3.25, analytically det-

ermine the vector, K = B—>D +>A—> C+>E.

3-55.

Solving for Vector Magnitudes (Graphical)

3-58. A vector equation can be written as
A+>B—>C = D —>E. The directions of all
vectors and magnitudes of A, B, and D are shown in
Figure P3.58. Graphically (using either manual
drawing techniques or CAD) determine the magni-
tudes of vectors C and E.

~.D=15
A=10 B=20 , X
I’(0
45° C'E()O
')‘

e m =
Scale: E

0o 5 10
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FIGURE P3.58 Problems 58 and 61.

3-59. A vector equation can be written as A+>B + C—>
D = E + F.Thedirections of all vectors and magni-
tudes of A, B, C, and E are shown in Figure P3.59.
Graphically (using either manual drawing techniques
or CAD) determine the magnitudes of vectors D and F.

~
*
A=125 N _
“ D E=75
450 s‘
30° \ 60°
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B =100 o5 F ,/’
- _-130°
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Scale:
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FIGURE P3.59 Problems 59 and 62.
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3-60. A

vector equation can be written as
A+>B + C—>D+>E. The directions of all vec-
tors and magnitudes of A, D, E, and F are shown in
Figure P3.60. Graphically (using either manual
drawing techniques or CAD) determine the magni-
tudes of vectors B and C.

.
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FIGURE P3.60 Problems 60 and 63.

Solving for Vector Magnitudes (Analytical)

3-61.

3-62.

3-63.

Analytically determine vectors C and E from
Problem 3-58.

Analytically determine vectors D and F from
Problem 3-59.

Analytically determine vectors B and C from
Problem 3-60.

CASE STUDIES

3-1.

A

Figure C3.1 shows two of many keys from an adding

machine that was popular several years ago. End
views are also shown to illustrate the configuration at
keys 1 and 2. Carefully examine the configuration of
the components in the mechanism. Then, answer the
following leading questions to gain insight into the
operation of the mechanism.

A

FIGURE C3.1 (Courtesy, Industrial Press)

As key 2 is pressed, what happens to rocker plate A?
What is the purpose of spring C?

What is the purpose of spring B?

As button 2 is pressed, what happens to button 17
What is the purpose of this device?

Because force is a vector, its direction is important.
In what direction must the force applied to button 1
by the spring B act?

3-2.

PN

10.

11.

In what direction must the force applied to plate A
by spring C act?

List other machines, other than an adding machine,
that could use this device.

What is the function of pin D?

An automatic machine that forms steel wire
occasionally jams when the raw material is over-
sized. To prevent serious damage to the machine, it
was necessary for the operator to cut off power
immediately when the machine became jammed.
However, the operator is unable to maintain a close
watch over the machine to prevent damage.
Therefore, the following mechanism has been
suggested to solve the problem.

Figure C3.2 shows that gear C drives a mating
gear (not shown) that operates the wire-forming
machine. Driveshaft A carries collar B, which is
keyed to it. Gear C has a slip fit onto shaft A. Two
pins, G and E, attach links F and D, respectively,
to gear C. An additional pin on gear C is used to
hold the end of spring H. Carefully examine the
configuration of the components in the mecha-
nism. Then, answer the following leading ques-
tions to gain insight into the operation of the
mechanism.

As driveshaft A turns clockwise, what is the motion
of collar B?
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FIGURE C3.2 (Courtesy, Industrial Press)

If gear Cis not fixed to collar B, how can the clock-
wise motion from the shaft rotate the gear?

What happens to the motion of gear C if link D is
forced upward?

What action would cause link D to move upward?
What resistance would link D have to move upward?
What is the purpose of this device?

What would you call such a device?

How does this device aid the automatic wire-forming
machine described here?

This device must be occasionally “reset.” Why and
how will that be accomplished?

Because force is a vector, its direction is important.
In what direction must the forces applied by the
spring H act?

List other machines, other than the wire-forming
one, that could use this device.



CHAPTER
FOUR

POSITION AND DISPLACEMENT
ANALYSIS

OBJECTIVES

Upon completion of this chapter, the student will be
able to:

1. Define position and displacement of a point.

2. Graphically and analytically determine the position of
all links in a mechanism as the driver links are
displaced.

3. Graphically and analytically determine the limiting
positions of a mechanism.

4. Graphically and analytically determine the position
of all links for an entire cycle of mechanism
motion.

5. Plot a displacement diagram for various points on a
mechanism as a function of the motion of other points
on the mechanism.

4.1 INTRODUCTION

For many mechanisms, the sole purpose of analysis is to
determine the location of all links as the driving link(s) of the
mechanism is moved into another position. Consider a
machining clamp, as shown in Figure 4.1. If such a clamp is
integrated into a machine, it is essential to understand the
motion of the various links. One investigation might be to
determine the motion of the handle that is required to close
the jaw. This is a repeated motion that will be required from
machine operators. Access, the effort required to operate, and
other “human factors” criteria must be considered in using
the clamp. Position analysis often involves repositioning the
links of a mechanism between two alternate arrangements.

Another investigation might be to understand the path
of the different components during the clamping process.
Proper clearances with other machine components must be
ensured. Position analysis is commonly repeated at several
intervals of mechanism movement to determine the location
of all links at various phases of the operation cycle. The focus
of this chapter is on these types of position and displace-
ment analyses.

4.2 POSITION

Position refers to the location of an object. The following
sections will address the position of points and links.

4.2.1 Position of a Point

The position of a point on a mechanism is the spatial location
of that point. It can be defined with a position vector, R, from
a reference origin to the location of the point. Figure 4.2
illustrates a position vector, R p, defining the planar position
of point P. As with all vectors, the planar position of a point
can be specified with a distance from the origin (vector
magnitude) and angle from a reference axis (orientation).

An alternative practice used to identify the position of a
point is with rectangular components of the position vector
in a reference coordinate system. Notice that the position
of point P in Figure 4.2 can be defined with its x and y
components, R*p and R’, respectively.

4.2.2 Angular Position of a Link

The angular position of a link is also an important quantity.
An angular position, 6, is defined as the angle a line between

FIGURE 4.1 Machining clamp. (Courtesy of Carr Lane Mfg.)
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FIGURE 4.2 Position vector for point P.

two points on that link forms with a reference axis.
Referring to Figure 4.2, line MN lies on link 4. The angular
position of link 4 is defined by 6,, which is the angle
between the x-axis and line MN. For consistency, angular
position is defined as positive if the angle is measured coun-
terclockwise from the reference axis and negative if it is
measured clockwise.

4.2.3 Position of a Mechanism

The primary purpose in analyzing a mechanism is to study
its motion. Motion occurs when the position of the links and
the reference points that comprise the mechanism are
changed. As the position of the links is altered, the mecha-
nism is forced into a different configuration, and motion
proceeds.

Recall from Chapter 1 that an important property of
a mechanism is the mobility or degrees of freedom. For
linkages with one degree of freedom, the position of one
link or point can precisely determine the position of all
other links or points. Likewise, for linkages with two degrees
of freedom, the position of two links can precisely deter-
mine the position of all other links.

Therefore, the position of all points and links in a
mechanism is not arbitrary and independent. The inde-
pendent parameters are the positions of certain “driver”
links or “driver” points. The primary goal of position
analysis is to determine the resulting positions of the
points on a mechanism as a function of the position of
these “driver” links or points.

4.3 DISPLACEMENT

Displacement is the end product of motion. It is a vector that
represents the distance between the starting and ending
positions of a point or link. There are two types of displace-
ments that will be considered: linear and angular.

4.3.1 Linear Displacement

Linear displacement, AR, is the straight line distance between
the starting and ending position of a point during a time
interval under consideration. Figure 4.3 illustrates a point P
on a mechanism that is displaced to position P".

FIGURE 4.3 Displacement vector for point P.

The linear displacement of point P is denoted as ARp
and is calculated as the vectoral difference between the initial
position and the final position. Given in equation form:

ARP = Rpl_> RP (4.1)

Notice that linear displacement is not the distance
traveled by the point during motion.

The magnitude of the displacement vector is the
distance between the initial and final position during an
interval. This magnitude will be in linear units (inches, feet,
millimeters, etc.). The direction can be identified by an angle
from a reference axis to the line that connects the two posi-
tions. The sense of the vector is from the initial position and
pointing toward the final position.

4.3.2 Angular Displacement

Angular displacement, A0, is the angular distance between
two configurations of a rotating link. It is the difference
between the starting and ending angular positions of a link,
as shown in Figure 4.4. While possessing a magnitude
and direction (clockwise or counterclockwise), angular dis-
placement is not technically a vector since it does not adhere
to commutative and associative laws of vector addition.

The angular displacement of a link, say link 3, is
denoted as Af; and determined with equation (4.2).

A03 = 03’ - 03 (4-2)

The magnitude of the angular displacement is the angle
between the initial and final configuration of a link during
an interval. This magnitude will be in rotational units (e.g.,
degrees, radians, and revolutions), and denoting either
clockwise or counterclockwise specifies the direction.

FIGURE 4.4 Angular displacement.
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4.4 DISPLACEMENT ANALYSIS

A common kinematic investigation is locating the position
of all links in a mechanism as the driver link(s) is displaced.
As stated in Section 4.2, the degrees of freedom of a mecha-
nism determine the number of independent driver links. For
the most common mechanisms, those with one degree of
freedom, displacement analysis consists of determining the
position of all links as one link is displaced. The positions of
all links are called the configuration of the mechanism.

Figure 4.5 illustrates this investigation. The mechanism
shown has four links, as numbered. Recall that the fixed link,
or frame, must always be included as a link. The mechanism
also has four revolute, or pin, joints.

From equation (1.1), the degrees of freedom can be
calculated as follows:

M=34—-1) —24) =1

With one degree of freedom, moving one link precisely posi-
tions all other links in the mechanism. Therefore, a typical
displacement analysis problem involves determining the
position of links 3 and 4 in Figure 4.5 as link 2 moves to
a specified displacement. In this example, the driving
displacement is angular, Af, = 15°clockwise.

FIGURE 4.5 Typical position analysis.

Nearly all linkages exhibit alternate configurations for a
given position of the driver link(s). Two configurations for
the same crank position of a four-bar mechanism are shown
in Figure 4.6. These alternate configurations are called
geometric inversions. It is a rare instance when a linkage can
move from one geometric inversion to a second without

FIGURE4.6 Two geometric inversions of a four-bar mechanism.

disassembling the mechanism or traveling through dead
points. Thus, when conducting a displacement analysis,
inspecting the original configuration of the mechanism is
necessary to determine the geometric inversion of interest.

4.5 DISPLACEMENT: GRAPHICAL
ANALYSIS

4.5.1 Displacement of a Single
Driving Link

In placing a mechanism in a new configuration, it is neces-
sary to relocate the links in their respective new positions.
Simple links that rotate about fixed centers can be relocated
by drawing arcs, centered at the fixed pivot, through the
moving pivot, at the specified angular displacement. This was
illustrated in Figure 4.5 as link 2 was rotated 15° clockwise.

In some analyses, complex links that are attached to the
frame also must be rotated. This can be done using several
methods. In most cases, the simplest method begins by
relocating only one line of the link. The other geometry that
describes the link can then be reconstructed, based on the
position of the line that has already been relocated.

Figure 4.7 illustrates the process of rotating a complex
link. In Figure 4.7a, line AB of the link is displaced to its
desired position, Af, = 80° clockwise. Notice that the
relocated position of point B is designated as B'.

FIGURE4.7 Rotating a complex link.
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The next step is to determine the position of the
relocated point C, which is designated as C'. Because the
complex link is rigid and does not change shape during
movement, the lengths of lines AC and BC do not change.
Therefore, point C’ can be located by measuring the lengths
of ACand BC and striking arcs from points A and B, respec-
tively (Figure 4.7b).

A second approach can be employed on a CAD system.
The lines that comprise the link can be duplicated and
rotated to yield the relocated link. All CAD systems have a
command that can easily rotate and copy geometric entities.
This command can be used to rotate all lines of a link about
a designated point, a specified angular displacement. It is
convenient to display the rotated link in another color and
place it on a different layer.

4.5.2 Displacement of the Remaining
Slave Links

Once a driver link is repositioned, the position of all other
links must be determined. To accomplish this, the possible
paths of all links that are connected to the frame should be
constructed. For links that are pinned to the frame, all points
on the link can only rotate relative to the frame. Thus, the
possible paths of those points are circular arcs, centered at
the pin connecting the link to the frame.

Figure 4.8 illustrates a kinematic diagram of a mecha-
nism. Links 2, 4, and 6 are all pinned to the frame. Because
points B,C, and E are located on links 2, 4, and 6, respec-
tively, their constrained paths can be readily constructed.
The constrained path of point B is a circular arc, centered at
point A, which is the pin that connects link 2 to the frame.
The constrained paths of C and E can be determined in a
similar manner.

The constrained path of a point on a link that is
connected to the frame with a slider joint can also be easily
determined. All points on this link move in a straight line,
parallel to the direction of the sliding surface.

After the constrained paths of all links joined to the
frame are constructed, the positions of the connecting links
can be determined. This is a logical process that stems from
the fact that all links are rigid. Rigidity means that the links
do not change length or shape during motion.

In Figure 4.5, the positions of links 3 and 4 are desired as
link 2 rotates 15° clockwise. Using the procedures described

Constrained
path of point A

@ Constrained
path of point C

in Section 4.5.1, Figure 4.9 shows link 2 relocated to its
displaced location, which defines the position of point B'.
The constrained path of point C has also been constructed
and shown in Figure 4.9.

Because of its rigidity, the length of link 3 does not
change during motion. Although link 2 has been reposi-
tioned, the length between points B and C (rg¢) does not
change. To summarize the facts of this displacement analy-
sis, the following is known:

1. Point B has been moved to B’

2. Point C must always lay on its constrained path (length
rcp from D) and

3. The length between B and C must stay constant (C'
must be a length rgc from B').

From these facts, the new position of link 3 can be
constructed. The length of line BC should be measured.
Because point B has been moved to B', an arc of length rpc is
constructed with its center at B'. By sweeping this arc, the
feasible path of point C" has been determined. However,
point C must also lay on its constrained path, as shown in
Figure 4.9. Therefore, point C' must be located at the
intersection of the two arcs. This process is illustrated in
Figure 4.10. Note that the two arcs will also intersect at a
second point. This second point of intersection is a consider-
able distance from C and represents a second geometric
inversion for this linkage. The linkage must be disassembled
and reassembled to achieve this alternate configuration, so
that intersection can be ignored.

It is possible that the two arcs do not intersect at all.
Cases where the constrained path and feasible path do not
intersect indicate that length of the individual links
prevents the driver link from achieving the specified
displacement.

Constrained C
-~ path of point B

™ Constrained
(e path of point C

FIGURE4.9 Constructing the constrained path of C.

_
<~ Constrained

FIGURE 4.8 Constrained paths of points on a link pinned to the frame.
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FIGURE 4.10 Locating the position of C'.

Once C' has been located, the position of links 3 and 4
can be drawn. Thus, the configuration of the mechanism as
the driver link was repositioned has been determined

This section presents the logic behind graphical posi-
tion analysis—that is, locating a displaced point as the
intersection of the constrained and feasible paths. This
logic is merely repeated as the mechanisms become more
complex. The actual solution can be completed using

manual drawing techniques (using a protractor and
compass) or can be completed on a CAD system (using a
rotate and copy command). The logic is identical; however,
the CAD solution is not susceptible to the limitations of
drafting accuracy. Regardless of the method used, the
underlying concepts of graphical position analysis can be
further illustrated and expanded through the following
example problems.

EXAMPLE PROBLEM 4.1

Figure 4.11 shows a kinematic diagram of a mechanism that is driven by moving link 2. Graphically reposition the

links of the mechanism as link 2 is displaced 30° counterclockwise. Determine the resulting angular displacement of

link 4 and the linear displacement of point E.

SOLUTION: 1. Calculate Mobility

To verify that the mechanism is uniquely positioned by moving one link, its mobility can be calculated. Six links
are labeled. Notice that three of these links are connected at point C. Recall from Chapter 1 that this arrangement
must be counted as two pin joints. Therefore, a total of six pin joints are tallied. One sliding joint connects links

1 and 6. No gear or cam joints exist:

n = 6j, = (6 pins + 1sliding) = 7j, = 0

and

M=3(n—-1)=2j,—jy=3(6-1)—2(7) - 0=15-14=1

With one degree of freedom, moving one link uniquely positions all other links of the mechanism.

FIGURE4.11 Kinematic diagram for Example Problem 4.1.
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2. Reposition the Driving Link

Link 2 is graphically rotated 30° counterclockwise, locating the position of point B. This is shown in
Figure 4.12a
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FIGURE 4.12 Displacement constructions for Example Problem 4.1.

3.  Determine the Paths of All Links Directly Connected to the Frame

To reposition the mechanism, the constrained paths of all the points on links that are connected to the frame
(B,C, and E) are drawn. This is also shown in Figure 4.12a.

4.  Determine the Precise Position of Point C’

Being rigid, the shape of link 3 cannot change, and the distance between points B and C (rgc) remains
constant. Because point B has been moved to B, an arc can be drawn of length rpc, centered at B'. This arc
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represents the feasible path of point C’. The intersection of this arc with the constrained path of C yields the
position of C'. This is shown in Figure 4.12b.
Determine the Precise Position of Point E'
This same logic can be used to locate the position of point E’. The shape of link 5 cannot change, and the dis-
tance between points C and E (r¢cg) remains constant. Because point C has been moved to C’, an arc can be
drawn of length g, centered at C'. This arc represents the feasible path of point E’. The intersection of this arc
with the constrained path of E yields the position of E’ (Figure 4.12b).
Measure the Displacement of Link 4 and Point E'
Finally, with the position of C" and E’ determined, links 3 through 6 can be drawn. This is shown in
Figure 4.12c. The displacement of link 4 is the angular distance between the new and original position and
measured as
A6, = 26° counterclockwise
The displacement of point E is the linear distance between the new and original position of point E.
The distance between E and E’ is measured and adjusted for the drawing scale.
ARg =.9544 in. <
EXAMPLE PROBLEM 4.2

Compound-lever snips, as shown in Figure 4.13, are often used in place of regular tinner snips when large cutting

forces are required. Using the top handle as the frame, graphically reposition the components of the snips when the

jaw is opened 15°. Determine the resulting displacement of the lower handle.

167 23
1.5”
1.27
FIGURE4.13 Cutting snips for Example Problem 4.2.
SOLUTION: Draw the Kinematic Diagram and Calculate Mobility

The kinematic diagram for the snips is given in Figure 4.14a. The top handle has been designated as the frame,
and points of interest were identified at the tip of the upper cutting jaw (X) and at the end of the bottom handle
(Y). Notice that this is the familiar four-bar mechanism, with one degree of freedom. Moving one link, namely
the jaw, uniquely positions all other links of the mechanism.

Reposition the Driving Link
To reposition the mechanism, the top cutting jaw, link 2, is rotated 15° counterclockwise. This movement corre-
sponds to an open position. The point of interest, X, also needs to be rotated with link 2.

Determine the Precise Position of Point C'

Because this is a four-bar mechanism, the position of point C' is the intersection of its constrained path and
feasible path. Figure 4.14b shows the constructions necessary to determine the position of C'.

Determine the Precise Position of Point Y’

Finally, the location of point of interest ¥ must be determined. Link 4 is rigid and its shape is not altered. Because
the side C'D has been located, point Y’ can be readily found.

Similar to the procedure described in Figure 4.7b, the length of side DY does not change. Therefore, the
path of point Y can be constructed from point D. Also, the length of side CY will not change. However, point C
has been relocated to C’. Another feasible path for Y’ can be constructed from C’. The intersection of these two
paths gives the final location of Y. This construction is shown in Figure 4.14c.
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FIGURE 4.14 Constructions for Example Problem 4.2.

5. Measure the Displacement of Link 4

The displacement required from the bottom handle in order to open the jaw 15° can be measured. From
Figure 4.14c, the bottom handle, link 4, must be displaced:

AG, = 35°, counterclockwise

4.6 POSITION: ANALYTICAL
ANALYSIS

Generally speaking, analytical methods can be used in posi-
tion analysis to yield results with a high degree of accuracy.
This accuracy comes with a price in that the methods often
become numerically intensive. Methods using complex

notation, involving higher-order math, have been developed
for position analysis [Refs. 4,9, 11, 12].

For design situations, where kinematic analysis is not a
daily task, these complex methods can be difficult to under-
stand and implement. A more straightforward method
of position analysis involves using the trigonometric laws
for triangles. Admittedly, this “brute-force” technique is not
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efficient for those involved in kinematic research. However,
for the typical design engineer, the simplicity far outweighs
all inefficiencies. Thus, this triangle method of position
analysis will be used in this text.

In general, this method involves inserting reference lines
within a mechanism and analyzing the triangles. Laws of gen-
eral and right triangles are then used to determine the lengths
of the triangle sides and the magnitude of the interior angles.
As details about the geometry of the triangles are determined,
this information is assembled to analyze the entire mechanism.

A substantial benefit of analytical analysis is the ability
to alter dimensions and quickly recalculate a solution.
During the design stages, many machine configurations and
dimensions are evaluated. Graphical analysis must be com-
pletely repeated for each evaluation. Analytical methods,
specifically when implemented with spreadsheets or other
computer-based tools, can update solutions quickly.

The analytical method of position analysis can best be
seen through the following examples.

EXAMPLE PROBLEM 4.3

Figure 4.15 shows a toggle clamp used to securely hold parts. Analytically determine the displacement of the clamp

surface as the handle rotates downward, 15°.

Dimensions are in millimeters

FIGURE4.15 Toggle clamp for Example Problem 4.3.

SOLUTION: 1.

Draw a Kinematic Diagram

The kinematic diagram is given in Figure 4.16a. The end of the handle was labeled as point of interest X.

B
40 50
C 30 s
(b)
B .
so 15
Co=—— —— ———— — A
t

©

FIGURE 4.16 Mechanism for Example Problem 4.3.
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Analyze the Geometry in the Original Configuration
For this slider-crank mechanism, a triangle is naturally formed between pin joints A, B, and C. This triangle is
shown in Figure 4.16b.

Prior to observing the mechanism in a displaced configuration, all properties of the original configuration
must be determined. The internal angle at joint C, £BCA, can be determined from the law of sines,
equation (3.6):

sin/ BAC  sin/BCA
(BC) (AB)

AB 50 o o
ZBCA = sin‘l[(%)sinzBAc} - sin‘lK40 mm)sin 30 } = 38.68
mm

The interior angle at joint B, ZABC, can be found because the sum of all interior angles in any triangle
must total 180°:

ZABC = 180° — (30° + 38.68°) = 111.32°

The length side AC represents the original position of the slider and can be determined from the law of
cosines, equation (3.7):

AC = VAB + BC — 2(AB) (BC)cos ZABC

= \/(50 mm)? + (40 mm)? — 2(50 mm) (40 mm) {cos 111.32°}
= 74.52 mm

Analyze the Geometry in the Displaced Configuration

The displaced configuration is shown in Figure 4.16¢ when the handle is rotated downward 15°. Note that this
displacement yields an interior angle at joint A, £ C’AB’, of 15°. The law of sines can be used to find the interior
angle at joint C', ZB'C'A:

al o1 AB' : ’ ’ s 1 50 mm : o o
ZB'C'A = sin BC sinZ C'AB" | = sin 40 sin 157 | = 18.88
mm

Again, the interior angle at joint B’, ZAB’C’, can be found because the sum of all interior angles in any
triangle must total 180°:

ZAB'C'=180°— (15° + 18.88°) = 146.12°

The length side AC' represents the displaced position of the slider. As before, it can be determined from the
law of cosines:

AC' = \/AB? + B'C? — 2(AB") (B'C') cos ZAB'C’

\/(50 mm)? + (40 mm)? — 2(50 mm) (40 mm) cos(146.12°) = 86.14 mm
= 86.14 mm

Calculate the Desired Displacement

The displacement of point C during this motion can be found as the difference of the triangle sides AC' and AC:

ARc = AC" — AC = 86.14 — 74.52 = 11.62 mm <—

4.6.1 Closed-Form Position Analysis
Equations for an In-Line Slider-Crank

The clamp mechanism in Example Problem 4.3 is a slider-
crank linkage. Specifically, it is termed an in-line slider-crank
mechanism because the constrained path of the pin joint on
the slider extends through the center of the crank rotation. L
Figure 4.17 illustrates the basic configuration of an in-line
slider-crank linkage.

FIGURE 4.17 In-line slider-crank mechanism.
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Because this is a common mechanism, the results from
the previous problem can be generalized [Ref. 12]. A typical
analysis involves locating the position of the links, given
their lengths (L, and L;) and the crank angle (6,).
Specifically, the position of the slider (L) and the interior
joint angles (65 and 6) must be determined.

The equations used in Example Problem 4.3 are
summarized in terms of L,, L3, and 6,:

|

L
0; = sin_l[ fz sin 0,

3

Y 180°— (62 + 03) (4.4)

Ly \/L§ + 1% — 2(L,) (Ls)cos vy

(4.5)

These equations can be used to determine the position of
the links in any configuration of an in-line slider-crank
mechanism.

EXAMPLE PROBLEM 4.4

Figure 4.18 shows a concept for a hand pump used for increasing oil pressure in a hydraulic line. Analytically
determine the displacement of the piston as the handle rotates 15° counterclockwise.

FIGURE 4.18 Toggle clamp for Example Problem 4.4.

SOLUTION: 1. Draw a Kinematic Diagram

The kinematic diagram is given in Figure 4.19a. The end of the handle was labeled as point of interest X.

C
@, c
E S Iod
® E
B
Bé ,
10° LC K5 LC’
®) 10° 25°
<~ Offset 65°
80°
b F o S F
A A A
(a) (b) ()

FIGURE 4.19 Mechanism diagrams for Example Problem 4.4.

Analyze the Geometry in the Original Configuration

In contrast to the previous problem, this mechanism is an offset slider-crank mechanism. For this type of mech-

anism, it is convenient to focus on two right triangles. These triangles are shown in Figure 4.19b. Notice that the
10° angle and its 80° complement are shown.
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Prior to observing the mechanism in a displaced configuration, all properties of the original configuration
must be determined. Focusing on the lower right triangle, the sides AD and BD can be determined from the fol-
lowing trigonometric functions:

AD
cosZBAD = —
AB

AD = (AB)cos ZBAD = (5in.) {cos 80° = 0.87in.
. BD
sinZBAD = —
AB

BD = (AB)sinZBAD = (5in.) {sin 80% = 4.92 in.

By focusing on the top triangle, the length of side CE can be found as the sum of the offset distance and the
length of side AD from the lower triangle:

CE = offset + AD = 1.0 + 0.87 = 1.87in.

Use the Pythagorean theorem, equation (3.4), to determine side BE:

BE = VBC® — CE?
= \V(4)?-(1.87)2 = 3.54in

The original position of the piston, point C, can be determined by summing BD and BE:

Le = BD +BE = 4.92 + 3.54 = 8.46 in.

Although not required in this problem, the angle that defines the orientation of link 3 is often desired. The
angle ZBCE can be determined with the inverse cosine function:

CE 1.87 in.
ZBCE = cos_l(f> = cos! (7111) = 62.13°
BC 4 1in.

Analyze the Geometry in the Displaced Configuration

The displaced configuration is shown in Figure 4.19¢ with the handle rotated downward 15°. Note that this dis-
placement yields an angle at joint A of 25°, and its complement, 65°, is also shown. Focusing on the lower right
triangle, the sides AD" and B'D’ can be determined from the following trigonometric functions:

AD' = (AB')cos£ZB’AD’ = (5in.) {cos 65°% = 2.11in.
B'D' = (AB')sinZB'AD’ = (5in.) {sin 65% = 4.53 in.
Focusing on the top triangle, the length of side C'E’ can be found as the sum of the offset distance (AF) and
the length of side AD’ from the lower triangle:
C'E' = AF + AD’
= 1.0 + 2.11 = 3.11in.

Side B'E’ can then be determined:

B'E'= V(B'C')? - (CEY = V(@ in) - (3.11in)* = 2.52in,
The displaced position of the piston can be determined by summing B'D’ and B'E’:
L- = B'D’' + B'E' =4.53 + 2.52 = 7.05in.

Calculate the Resulting Displacement

The displacement of the piston, point C, during this motion can be found by subtracting the length L
from L

AR( = 8.46 — 7.05 = 1.41in. |
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4.6.2 Closed-Form Position Analysis
Equations for an Offset Slider-Crank

The mechanism in Example Problem 4.4 is an offset slider-
crank mechanism because the constrained path of the pin
joint on the slider does not extend through the center of the
crank rotation. Figure 4.20 illustrates the basic configuration
of an offset slider-crank linkage.

5, ! L,
Ly

03

FIGURE 4.20 Offset slider-crank mechanism.

Because this is also a common mechanism, the results
from the previous problem can be generalized [Ref. 12].

A typical analysis involves locating the position of the links,
given the lengths (L, L,, and L;) and a crank angle (6,).
Specifically, the position of the slider (L) and the interior
joint angles (65 and 6) must be determined.

The generalized equations are given as

Ly + L,sin 6
0; = sin_l{ - 2 ] (4.6)
Ly
Ly = L, cos 6, + L cos 63 (4.7)
Y = 180° — (62 + 03) (4.8)

These equations can be used to determine the position
of the links in any mechanism configuration. Recall, how-
ever, that these equations are only applicable to an offset
slider-crank mechanism. The equations also apply when the
offset distance is in the opposite direction as shown in
Figure 4.20. For these cases, L; in equation (4.6) should be
substituted as a negative value.

EXAMPLE PROBLEM 4.5

Figure 4.21 shows a toggle clamp used for securing a workpiece during a machining operation. Analytically determine

the angle that the handle must be displaced in order to lift the clamp arm 30° clockwise.

Clamp arm »

Handle

20 mm

15 mm

~— 25 mm —>

FIGURE 4.21 Clamp for Example Problem 4.5.

SOLUTION: 1.

Draw a Kinematic Diagram

The kinematic diagram for the clamp is given in Figure 4.22a. The end of the handle was labeled as point of
interest X. The clamp nose was identified as point of interest Y.

2. Analyze the Geometry in the Original Configuration

This mechanism is the common four-bar linkage. In order to more closely analyze the geometry, Figure 4.22b

focuses on the kinematic chain ABCD. A diagonal is created by connecting B and D, forming two triangles.

Prior to observing the mechanism in a displaced configuration, all properties of the original configuration
must be determined. Notice that the lower triangle, ABD, is a right triangle. The length of BD can be found using
the Pythagorean theorem introduced in equation (3.4).

BD = \/(AB)2 + (AD)? = \/(12)2 + (25)% = 27.73 mm

The internal angles, ZABD and ZBDA, can be determined from the following basic trigonometric

functions:

25 mm

ZABD = sin”! (7> = 64.4°
27.73 mm

25 mm

Z/BDA = cos*l(i) = 25.6°
27.73 mm
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X

25
(b) Original configuration

(d) Interior angel at B
FIGURE 4.22 Mechanism for Example Problem 4.5.

Focusing on the top triangle, the internal angle £ BCD can be found from the law of cosines, introduced in
equation (3.7):
BC* + CD* — BDZ)
2(BC)(CD)
- ( (20 mm)? + (15 mm)? — (27.73 mm)?
2(20 mm) (15 mm)

ZBCD = cos*1<

) = 103.9°
The internal angle £ CBD can be determined from the law of sines:
.| €D\ .
ZCBD = sin —— |sin ZBCD
BD

= 15 mm .
= sin ——— |sin 103.9°| = 31.7°
27.73 mm
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The interior angle at £ BDC can be found because the sum of all interior angles in any triangle must total
180°. Thus

ZBDC = 180° — (103.9°+ 31.7°) = 44.4°
The total mechanism angles at joint B (between links 2 and 3) and at joint D (between links 1 and 4) can be
determined.
At joint B:
ZLABC = ZABD + ZCBD = 64.4°+ 31.7°= 96.1°
At joint D:
ZCDA = ZBDC + £ZBDA = 44.4°+ 25.6°= 70.0°

3. Analyze the Geometry in the Displaced Configuration

The displaced configuration is shown in Figure 4.22¢ with the clamp nose, link 2, rotated clockwise 30°. Notice
that this leaves the interior angle at joint A, Z DAB', as 60°. Also, the lower triangle is no longer a right triangle.

The length of diagonal B'D can be found by using the lower triangle, AABD, and the law of cosines:

B'D = \/(12 mm)? + (25 mm)? — 2(12 mm)(25 mm) cos 60° =21.66 mm

The internal angle ZAB'D can also be determined from the law of cosines:
_; (AB)* + (B'D)*~ (AD)’

2(AB") (B'D)
_,[(12)* + (21.66)* — (25)°

= =91.3°
cos 2(12) (21.66)

ZAB'D = cos

The total of the interior angles of any triangle must be 180°. Therefore, angle £ B'DA can be readily
determined:

/B'DA = 180°— (£DAB’ + ZAB'D)
= 180° — (60°+ 91.3°) = 28.7°
Focusing on the top triangle, the internal angle £ B’C’D can be found from the law of cosines:
(B/C/)Z + (C/D)Z _ (B/D)Z :|
2(B'C")(C'D)

/B'C'D = cos_l{

71[ (20 mm)? + (15mm)? — (21.66 mm)?>
CcOo

2(20 mm) (15 mm) } =749

The internal angle £ C'B’D can be determined from the law of sines:

!

!

R 15 mm . o °
= sin — |sin 74.9° | = 42.0
21.66 mm

! — n ! C'D . [Fall
ZC'B'D = sin sinZB'C'D

The final interior angle, £ B'DC’, of the upper triangle can be found by the following:

ZB'DC" = 180°— (LC'B'D + £B'C'D) = 180°— (42.0°+ 74.9°) = 63.1°

The total mechanism angles at joint B (between links 2 and 3) and at joint D (between links 1 and 4) can be
determined by the following:

At joint B

ZAB'C' = ZAB'D + £C'B'D = 91.3°+ 42.0°= 133.3°
At joint D:

ZC'DA = ZB'DC' + ZB'DA = 63.1°+ 28.7°= 91.8°
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4.  Calculate the Resulting Displacement

The angular displacement of the handle, link 3, can be determined by focusing on joint B, as shown in

Figure 4.22d. For the original configuration, the angle of link 3 above the horizontal is expressed as

ZABC — 90°= 96.1°— 90.0°= 6.1°

For the displaced configuration, the angle of link 3 above the horizontal is expressed as

ZAB'C" —120° = 133.3° — 120.0° = 13.3°

Finally, the angular displacement of link 3 is determined by

Af; = 13.3° — 6.1° = 7.2°, counterclockwise

4.6.3 Closed-Form Position Equations
for a Four-Bar Linkage

The four-bar mechanism is another very common linkage.
Figure 4.23 illustrates a general four-bar linkage.

FIGURE 4.23 The four-bar mechanism.

The specific equations used in Example Problem 4.5 can
be generalized [Ref. 12]. A typical analysis involves determi-
ning the interior joint angles (63, 64, and y) for known links
(L, Ly, L3, and Ly) at a certain crank angle (6,). Specifically,
the interior joint angles (603, 64, and y) must be determined.

BD = VI2 + 12 — 2(Ly) (Ly)cos(6,) (4.9)
L;)* + (Ly)* — (BD)®
y o_{( 3)° + (L~ — (BD) } (4.10)
2(Ls) (Ly)

6. — > tan 1[ —L,sinf, + Lysiny } (4.11)
’ Ly + Ly — Lycos6, — Lycosy

0. — 2 tam _1[ L,sinf, — Lysinvy } 412)
4 Lycos@, + Ly — Ly — Lycosy ’

These equations can be used to determine the position
of the links in any mechanism configuration. The equations
are applicable to any four-bar mechanism assembled as
shown in Figure 4.23.

4.6.4 Circuits of a Four-Bar Linkage

For four-bar mechanisms classified as crank-rockers (as
described in Section 1.10), there are two regions of possible
motion corresponding with the two geometric inversions.
These regions are termed assembly circuits. A mechanism is
unable to move between assembly circuits without being

disassembled. The mechanism shown in Figure 4.23
operates in the first circuit (Figure 4.24a).

Circuit 1

Circuit 2

(a) (b)

FIGURE 4.24 Circuits of a four-bar mechanism.

By physically disconnecting joint C, the links can be
reoriented and reassembled into the configuration shown in
Figure 4.24b. As this mechanism is operated, it exhibits
motion in the second circuit. Although the motion of the
mechanism appears to be different, depending on the circuit
of operation, the relative motion between the links does not
change. However, the circuit in which the mechanism is
assembled must be specified to understand the absolute
motion and operation of the mechanism.

For four-bar mechanisms operating in the second
circuit, equation (4.11) must be slightly altered as follows:

—L,sinf, — Lysinvy

65 = 2 tan ‘1{ } (4.13)

Ly + Ly — Lycos, — Lycosy

L,sinf, + Lzsiny

6, = 2 tan ‘{ }(4.14)

Lycos@, + Ly — Ly — Lycosy

4.7 LIMITING POSITIONS: GRAPHICAL
ANALYSIS

The configuration of a mechanism that places one of the
follower links in an extreme location is called a limiting
position. Many machines have linkages that continually
oscillate between two limiting positions. Figure 4.25 illustrates
the limiting positions of an offset slider-crank mechanism.
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Stroke, ARl nax

(b) Four-bar

FIGURE4.25 Limiting positions.

The displacement of the follower link from one limiting
position to the other defines the stroke of the follower. For
translating links, as shown in Figure 4.25a, the stroke is a linear
measurement. For links that exhibit pure rotation, the stroke is
an angular quantity, and is also called throw, as shown in
Figure 4.25b. The configuration of links that place a follower in
a limiting position is associated with the crank and coupler
becoming collinear. Figure 4.25 illustrates the limiting configu-
rations for a slider-crank and a four-bar linkage. An imbalance
angle B is defined as the angle between the coupler configura-
tion at the two limiting positions. The imbalance angle influ-
ences the timing of the inward and outward stroke and will be
extensively utilized in Chapter 5. The position of a driver, or
actuated link, that places a follower link in an extreme, or lim-
iting, position is often desired. In addition, the motion of a
linkage is commonly referenced from the actuator position
that places the follower in a limiting position.

The logic used on solving such a problem is similar to
the position analysis just discussed. The following examples
illustrate this analysis.

EXAMPLE PROBLEM 4.6

The mechanism shown in Figure 4.26 is the driving linkage for a reciprocating saber saw. Determine the configura-

tions of the mechanism that places the saw blade in its limiting positions.

1.75"

FIGURE4.26 Saber saw mechanism for Example Problem 4.6.

SOLUTION: 1. Draw a Kinematic Diagram

The kinematic diagram for the reciprocating saw mechanism is given in Figure 4.27a. Notice that this is a slider-

crank mechanism as defined in Chapter 1. The slider-crank has one degree of freedom.

2. Construct the Extended Limiting Position

The saw blade, link 4, reaches its extreme downward position as links 2 and 3 move into a collinear alignment.

This configuration provides the maximum distance between points A and C. To determine this maximum

distance, the lengths of links 2 and 3 must be combined. Adding these lengths,

L, + Ly = 0.5in. + 1.75in. = 2.25 in.

Once the combined length of lines 2 and 3 is determined, an arc should be constructed of this length,

centered at point 4. As shown in Figure 4.29b, the intersection of this arc and the possible path of point
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determines the limiting extended position of C, denoted C. Links 2 and 3 can be drawn, and point B’ can be
determined. This is shown in Figure 4.29c.

Construct the Retracted Limiting Position

Next, the configuration that places the saw blade, link 4, in its extreme upper position must be determined. In
this configuration, links 2 and 3 are again collinear but overlapped. This provides the minimum distance
between points A and C. Thus, this minimum distance is the difference between the lengths of links 3 and 2.
Subtracting the link lengths gives

Ly — L, = 1.75in. — 0.5in. = 1.25in.

Annctate  Parametric
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141 41% [ M\ Model { Layoutl /

FIGURE 4.27 Extreme positions for Example Problem 4.6.

This retracted limiting position can be determined using a technique similar to determining the extended
position. Recall that the distance between A and C' in Figure 4.27b represents the combined length of links 2 and
3. Similarly, the distance between points A and C" represents the difference between links 3 and 2.

Using the Ly — L, distance, the position of point C at its extreme upward position, denoted as C"’, can be
determined (Figure 4.27b). Finally, links 2 and 3 can be drawn and the position of point B” is located.

Measure the Stroke of the Follower Link

As shown in Figure 4.27¢, the stroke of the saw blade can be measured as the extreme displacement of point C.
Scaling this from the kinematic diagram yields the following result:

ARG oy = 1.27 in.
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EXAMPLE PROBLEM 4.7

Figure 4.28 illustrates a linkage that operates a water nozzle at an automatic car wash. Determine the limiting
positions of the mechanism that places the nozzle in its extreme positions.

2.0"

Nozzle

/ Water inlet

FIGURE 4.28 Water nozzle linkage for Example Problem 4.7.

SOLUTION: 1. Draw the Kinematic Diagram
The kinematic diagram for the water nozzle linkage is given in Figure 4.29. Notice that this is a four-bar
mechanism with one degree of freedom.
2. Construct the Extended Limiting Position

The analysis in this example is very similar to Example Problem 4.6. The nozzle, link 4, reaches its extreme
downward position as links 2 and 3 become collinear. This configuration provides the maximum distance
between points A and C. To determine this maximum distance, the lengths of links 2 and 3 must be combined.

Adding these lengths gives

L, + Ly = 0.75in. + 2.00in. = 2.75in.

FIGURE 4.29 Extreme positions for Example Problem 4.7.
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Once the combined length of lines 2 and 3 is determined, an arc should be constructed of this length,
centered at point A. As shown in Figure. 4.28b, the intersection of this arc and the possible path of point C
determines the extreme downward position of C, denoted C’. Links 2 and 3 can be drawn, and point B’ can be
determined. This is shown in Figure 4.29c.

Construct the Retracted Limiting Position

Next, the configuration that places the nozzle, link 4, in its extreme upper position must be determined.
Similar to the slider-crank discussed in Example Problem 4.6, the retracted configuration occurs when
links 2 and 3 are collinear but overlapped. This produces the minimum distance between points A and C.

Thus, this minimum distance is the difference between the lengths of links 3 and 2. Subtracting the link
lengths gives

Ly — L, = 2.00in. — .75in. = 1.25in.

This minimum distance can be constructed similar to the technique for the maximum distance. Recall that
the distance between A and C’ in Figure 4.29¢ represents the combined length of links 2 and 3. Similarly, the
distance between points A and C" represents the difference between links 3 and 2.

Using the Ly — L, distance, the position of point C at its extreme upward position, denoted as C"’, can be
determined. This is shown in Figure 4.29b. Finally, links 2 and 3 can be drawn and the position of point B is
located.

Measure the Stroke of the Follower Link

As shown in Figure 4.29c¢, the stroke of the nozzle can be measured as the extreme angular displacement of link
4. Measuring this from the graphical layout yields the following:

[AOy] o = 47.0°

4.8 LIMITING POSITIONS: ANALYTICAL II. The method of breaking a mechanism into convenient

ANALYSIS

triangles and using the laws of trigonometry to deter-
mine all mechanism angles and lengths, as presented in

Analytical determination of the limiting positions for a Section 4.6.
mechanism is a combination of two concepts presented

earlier in this chapter:

I. The logic of configuring the mechanism into a limiting
configuration. This was incorporated in the graphical

Combining these two concepts to determine the
position of all links in a mechanism at a limiting position is
illustrated through Example Problem 4.8.

method for determining the limiting positions, as
presented in Section 4.7.

EXAMPLE PROBLEM 4.8

SOLUTION:

Figure 4.30 shows a conveyor transfer mechanism. Its function is to feed packages to a shipping station at specific in-

tervals. Analytically determine the extreme positions of the lifting conveyor segment.

1.

Draw the Kinematic Diagram

The kinematic diagram for the mechanism is given in Figure 4.31a. The end of the conveyor segment is labeled
as point of interest X.

Analyze the Geometry at the Extended Limiting Position

This mechanism is another four-bar linkage. As seen in Example Problem 4.7, the follower of a four-bar is in the
extended limiting position when links 2 and 3 become collinear. Figure 4.31b illustrates this mechanism with the
follower in its upper position. Notice that the links form a general triangle, AAC'D. Also note that the length of
AC"is201n. (16 + 4).
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FIGURE 4.31 Mechanism for Example Problem 4.8.

This upper-limiting position is fully defined by determination of the internal angles. The internal angle at
joint A, £ C'AD, can be found using the law of cosines:

) _,[AD? + AC" — C'D?
ZC'AD = cos
2(AD) (AC")
_,[ (18in)* + (20in.)* — (8in.)?
= CO N N
2(18 in.) (20 in.)

} = 23.6°

The law of sines can be used to find either of the remaining internal angles. However, the law of sines may
present some confusion with angles between 90° and 180° because

sin 8 = sin(180° — 6)
When the inverse sine function is used on a calculator, an angle is between 0° and 90°. However, the desired
result may be an angle between 90° and 180°. To minimize this confusion, it is reccommended to draw the trian-

gles to an approximate scale and verify numerical results. Also, it is best to use the law of sines with angles that
are obviously in the range of 0° to 90°.

Using that approach, the internal angle at joint C', ZAC'D, is determined using the law of sines because it
is obviously smaller than 90°.

ZACD = sin”{(%> sinACAD}

. | (18in.) |
= sin - sin 23.6° | = 64.1°
8 in.

The internal angle at joint D, ZADC’, can be determined:

ZADC' = 180° — (LC'AD + ZADC")
= 180° — (23.6° + 64.1°) = 92.3°
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Analyze the Geometry at the Retracted Limiting Position

Figure 4.31c illustrates this mechanism with the follower in its lower position. Again, the links form a general tri-
angle, AAC'D. Notice that the length of AC"is 12 in. (16 — 4).

To fully define this configuration, the internal angles are determined through a procedure identical to the

one just described.

For the internal angle at joint A, £ C"'AD:

ZC"AD = cos*l{

= cosf{

AD? + AC'? — C”DZ}
2(AD)(AC")
(18 in.)> + (12in.)> — (8 in.)?
2(18in.) (12 in.)

} = 20.7°

The internal angle at D is in the range of 0° to 90°. Therefore, for the internal angle at joint D, ZADC"":

ZADC" =

AC' .

[( )sméC”AD}
DC’

Klz in.
8 in.

)sin 20.7°} = 32.1°

Finally, the internal angle at joint C"', ZAC" D, can be determined by the following:

ZAC"D

Measure the Stroke of the Follower Link

180° — (LC"AD + ZADC")
180° — (20.7° + 32.1°) = 127.2°

To summarize, the conveyor segment (internal angle at joint D, ZADC) cycles between 92.3° and 32.1°, as

measured upward from the vertical:

and the stroke is

|A04|max =

32.1° < 6, < 92.3°

92.3° — 32.1° = 60.2°

4.9 TRANSMISSION ANGLE

The mechanical advantage of a mechanism is the ratio of the
output force (or torque) divided by the input force (or
torque). In a linkage, the transmission angle y quantifies the
force transmission through a linkage and directly affects the
mechanical efficiency. Clearly, the definitions of trans-
mission angle depend on the choice of driving link. The
transmission angle for slider-crank and four-bar mecha-
nisms driven by the crank is shown in Figure 4.32. In these
linkages, the mechanical advantage is proportional to the
sine of the angle y. As the linkage moves, the transmission
angle, along with all other joint angles, and the mechanical
advantage constantly change. Often, the extreme trans-
mission angle values are desired.

In the slider-crank, the transmission angle is measured
between the coupler and a line normal to the sliding
direction. The values for the minimum and maximum
transmission angles can be determined by geometrically
constructing the configurations as shown in Figure 4.32a.
Alternatively, the minimum and maximum transmission
angles for a slider-crank can be calculated from

L+ L
Y min = COS 7 (4.15)
3
L - L
Y max = C€OS _1[11:2} (4.16)
3

In the four-bar, the transmission angle is measured
between the output link and the coupler. As with the slider-
crank, the values for the minimum and maximum trans-
mission angles can be determined by geometrically
constructing the configurations as shown in Figure 4.32b.
Alternatively, the minimum and maximum transmission
angles can be calculated from

o = cos 1{ BHlLi- - L) ] (4.17)
’)/mln 2L3L4 °
_1[L% + 1= (L + L) } 418)
= cos .
Y max 20,1,

The transmission angle is one measure of the quality
of force transmission in the mechanism. Ordinarily, the
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Ymin

(b) Four-bar

FIGURE 4.32 Transmission angles.

coupler is a tension or compression link. Thus, it is only
able to push or pull along the line that connects the two
pins. As a torque applied to the output pivot, optimal force
transmission occurs when the transmission angle is 90°. As
the transmission angle deviates from 90°, only a compo-
nent of the coupler force is converted to torque at the pivot.
Thus, the transmission angle influences mechanical advan-
tage of a mechanism. The configurations of slider-crank
and four-bar mechanisms that produce the maximum and

minimum transmission angles are also shown in
Figure 4.32. A common rule of thumb is that the transmis-
sion angles should remain between 45° and 135°. Further
details are given during the discussion of linkage design in
Chapter 5.

4.10 COMPLETE CYCLE:
GRAPHICAL POSITION ANALYSIS

The configuration of a mechanism at a particular instant is
also referred to as the phase of the mechanism. Up to this
point, the position analyses focused on determining the
phase of a mechanism at a certain position of an input link.
Cycle analysis studies the mechanism motion from an
original phase incrementally through a series of phases
encountered during operation. The assignment of an origi-
nal phase is used as a reference for the subsequent phases.
Any convenient configuration can be selected as the original
phase. It is common to use a limiting position as the original,
or reference, phase.

To complete a position analysis for an entire cycle, the
configuration of the mechanism must be determined at
interval phases of its cycle. The procedure, whether graphical
or analytical, is exactly the same as detailed in the previous
sections. The only adaptation is that these procedures are
repeated at set intervals of the input displacement. The
following example problems illustrate the position analysis
for a full cycle.

EXAMPLE PROBLEM 4.9

Figure 4.33 shows the driving mechanism of handheld grass shears. The mechanism operates by rotating the large disc

as shown. Graphically determine the position of the driving mechanism at several phases of its operating cycle.

Motor rotates

disk

Moving shears

Stationary

1.0" ~— 20" —

shears

FIGURE4.33 Grass shears for Example Problem 4.9.

SOLUTION: 1.

Draw the Kinematic Diagram and Calculate Mobility

The kinematic diagram is given in Figure 4.34a. The end of the middle cutting blade is labeled as point of

interest X.

The mobility of the mechanism is calculated as:

n = 4j, = (3pins + 1sliding) = 4, = 0

and

M=3(n—1) = 2j, — jj
=34—-1)—24)—-0=1

Therefore, the one input link will be moved to operate the shears.
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Designate the Reference Phase

To assign a reference phase, only the position of the input link must be specified. Arbitrarily select the configu-
ration when the drive disk, link 2, is in a vertical position, with joint B directly below joint 4.

Construct Interval Phases

Drawing the mechanism in several phases of its cycle is identical to the previous position analysis, but repetitive.
While drawing the different phases using graphical methods, the kinematic diagram can become cluttered very
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FIGURE 4.34 Mechanism phases for Example Problem 4.9.
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FIGURE 4.34 Continued

quickly. It is highly recommended that different colors or fonts be used to represent each phase of the cycle. When
using CAD, it is also beneficial to place each phase on a different layer, which can be rapidly displayed or hidden.

For this problem, the driving link, link 2, is positioned at 45° intervals throughout its cycle. Therefore, eight
phases of the mechanism are constructed. The phases are designated as phase 1 through 8. The eight positions of
points B and X are shown in Figure 4.34b. Notice that the points are identified by using a subscript from 1 to 8,
matching the corresponding phase. In practice, even smaller increments are used depending on the details of the
mechanism motion that is required.

Construct the Limiting Positions

The phases associated with the limiting positions should also be determined. The shear blade reaches its
upwardmost position when link 4 rotates to the greatest angle possible. This occurs when link 4 is tangent to
the circle that represents the possible positions of point B. The point of tangency is denoted as B’, and the
corresponding position of the blade is denoted as X'. This is shown in Figure 4.34c.

Similarly, the lowest position of the blade occurs when link 4 dips to its lowest angle. Again, this occurs
when link 4 is tangent to the circle that represents the possible paths of B. The points related to this lowest
configuration are denoted in Figure 4.34c as B” and X"’

The maximum displacement of link 4 can be measured from the kinematic construction:

[A0y] ey = 29.0°

4.11 COMPLETE CYCLE: the use of computer programs as discussed in Chapter 8 is

ANALYTICAL POSITION common.
ANALYSIS

To generate the configuration of a mechanism throughouta  (4.1) through (4.12). These equations can be solved for vari-
cycle, analytical analysis can be repeated to obtain various  ous values of the driver position. Computer spreadsheets as
phases. This can be an extremely repetitious process and  discussed in Chapter 8 are ideal for such analyses.

Equations, generated from triangles defined in part by
the mechanism links, can be summarized as in equations
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EXAMPLE PROBLEM 4.10

Figure 4.35 shows a mechanism that is designed to push parts from one conveyor to another. During the transfer,
the parts must be rotated as shown. Analytically determine the position of the pusher rod at several phases of its
motion.

It |
I

1
—_———

(

FIGURE4.35 Conveyor feed for Example Problem 4.10.

SOLUTION: 1. Draw the Kinematic Diagram

The kinematic diagram for this mechanism is shown in Figure 4.36. Notice that it is an offset slider-crank
mechanism having one degree of freedom.

FIGURE 4.36 Kinematic diagram for Example Problem 4.10.

2. Designate the Original Phase
Arbitrarily, the original phase is selected to be when the crank is horizontal, placing joint B directly left of
joint A.

3. Construct the Interval Phases
Recall that equations (4.6), (4.7), and (4.8) describe the position of an offset slider-crank mechanism. These can
be used in a full-cycle analysis. The equations were used in conjunction with a spreadsheet, yielding the results
shown in Figure 4.37. If you are not familiar with using spreadsheets, refer to Chapter 8.

4.  Identify the Limiting Positions

Focusing on the position of link 4, the slider oscillation can be approximated as

26.51 mm < [; < 93.25 mm

and the maximum displacement as

AR max = (L)max — (L)min = 93.25 — 26.51 = 66.74 mm

This is only an approximation because, at 15° increments, the limiting position cannot be precisely detected. When
exact information on the limiting position is required, the techniques discussed in Section 4.8 can be used.

Confusion may arise when observing the value of the angle B at the crank angle, 6,, of 360°. The value should be
identical to the initial value at the 0° crank angle. Note that the values differ by 360°. One is measuring the inner angle,
and the other is measuring the outer angle. This illustrates the need to verify the information obtained from the equa-
tions with the physical mechanism.
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FIGURE 4.37 Positions of pusher rod for Example Problem 4.10.
I

4,12 DISPLACEMENT DIAGRAMS Typically, the displacement of the driver is plotted on

the horizontal. In the case of a crank, the driver displace-
ment consists of one revolution. The corresponding dis-
placement of the follower is plotted along the vertical. The
displacement plotted on the vertical axis may be linear or
angular depending on the motion obtained from the specific
mechanism.

Once a full-cycle position analysis is completed, it is insight-
ful to plot the displacement of one point corresponding
to the displacement of another point. It is most common to
plot the displacement of a point on the follower relative to
the displacement of a point on the driver.

EXAMPLE PROBLEM 4.11

Figure 4.38 shows the driving mechanism of a reciprocating compressor. Plot a displacement diagram of the piston
displacement relative to the crankshaft rotation.

SOLUTION: 1.  Draw the Kinematic Diagram

After close examination, the compressor mechanism is identified as a slider-crank. Recall that this mechanism
has one degree of freedom and can be operated by rotating the crank. The kinematic diagram with the appropri-
ate dimensions is shown in Figure 4.39.
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FIGURE 4.38 Compressor for Example Problem 4.11.
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FIGURE 4.39 Kinematic diagram for Example Problem 4.11.

Designate the Reference Phase

As shown in Figure 4.39, the reference phase is arbitrarily selected as the crank is vertical, placing joint
B directly above joint A. The position of the piston (point C will be measured from this reference
position.

Construct the Interval Phases

The actual displacements can be determined either analytically or graphically, using the methods
presented in the previous sections. For this slider-crank mechanism, the displacements were obtained
analytically using equations (4.3) through (4.5). Using a spreadsheet, the results were obtained as
shown in Figure 4.40. The crank displacement (65) is in degrees and the piston displacement (AR() is in
inches.

Identify the Limiting Positions

Focusing on the position of the piston, the oscillation can be approximated as

[AR| oy = 1.50 in.

As stated in the previous problem, this is only an approximation because, at 30° increments, the limiting
position will not be precisely detected. However, for the in-line slider-crank mechanism, inspecting the
geometry reveals that the limiting positions occur at crank angles of 0° and 180°. Therefore, the stroke is
exactly 1.50 in.

Plot the Displacement Diagram

The values calculated in the spreadsheet and tabulated in Figure 4.40 were plotted in Figure 4.41 to form a
displacement diagram.
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4.13 COUPLER CURVES

Often, the function of a mechanism is to guide a part along a
particular path. The paths generated by points on a connect-
ing rod, or coupler, of a four-bar mechanism can often
achieve the complex motion desired. The trace of a point is
the path that the point follows as the mechanism moves
through its cycle. The path traced by any point on the
coupler is termed a coupler curve. Two coupler curves—
namely, those traced by the pin connections of the coupler—
are simple arcs, centered at the two fixed pivots. However,
other points on the coupler trace rather complex curves.
Figure 4.42 illustrates a four-bar mechanism. The coupler
curves of a few select points are displayed.

FIGURE 4.42 Coupler curves.

The methods in this chapter can be used to construct
the trace of the motion of certain points on a mechanism.
Section 4.10 introduces the concept of constructing the con-
figuration at several phases of its cycle. As these phases are
constructed, the position of a certain point can be retained.
The curve formed by joining the position of this point at
several phases of the mechanism forms the trace of that
point. If the point resides on a floating link, the resulting
trace, or coupler curve, is a complex shape. These traces
can be used to determine the spatial requirements of a
mechanism.

PROBLEMS

Although manual drafting techniques are instructive for
problems that require graphical solution, use of a CAD
system is highly recommended.

General Displacement

4-1. The device shown in Figure P4.1 is a scotch yoke
mechanism. The horizontal position of link 4 can be de-
scribed as x = 3 cos (50t + 40°). Determine the dis-
placement of link 4 during the interval of 0.10 to 1.50 s.

4-2. For the scotch yoke mechanism shown in Figure
P4.1, the horizontal position of link 4 can be
described as x = 3 cos (50t + 40°). Determine the
displacement of link 4 during the interval of 3.8
to 4.7 s.

x (in.)
40°

i)

FIGURE P4.1 Problems 1 and 2.

50 deg/sec

Graphical Displacement Analysis

4-3. Graphically determine the displacement of points P
and Q as the link shown in Figure P4.3 is displaced
25° counterclockwise. Use 8 = 55°and y = 30°.

FIGURE P4.3 Problems 3, 4, 38, 39.

4-4. Graphically determine the displacement of points P
and Q as the link shown in Figure P4.3 is displaced
35° clockwise. Use B = 65°and y = 15°.

4-5. Graphically position the links for the compressor
linkage in the configuration shown in Figure P4.5.
Then reposition the links as the 45-mm crank is
rotated 90° counterclockwise. Determine the resul-
ting displacement of the piston.

piston

crank

FIGURE P4.5 Problems 5, 6, 40, 56, 63, 70, 76, 82.

4-6. Graphically position the links for the compressor
linkage in the configuration shown in Figure P4.5.
Then reposition the links as the 45-mm crank is
rotated 120° clockwise. Determine the resulting
displacement of the piston.
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4-7. Graphically position the links for the shearing mech- 4-11. Graphically position the links for the furnace door
anism in the configuration shown in Figure P4.7. in the configuration shown in Figure P4.11.
Then reposition the links as the 0.75-in. crank is Then reposition the links as the handle, which is
rotated 100° clockwise. Determine the resulting dis- originally set at 10°, is rotated counterclockwise to
placement of the blade. 40°. Determine the resulting displacement of the
door.
i FIGUREP4.11 Problems 11, 12, 43.
e
4-12. Graphically position the links for the furnace door
FIGUREP4.7 Problems 7,8, 41,57, 64,71, 77, 83. in the configuration shown in Figure P4.11. Then
reposition the links as the door is raised 3 in.
4-8. Graphically position the links for the shearing Determine the angular displacement of the handle
mechanism in the configuration shown in Figure required to raise the door 3 in.
P4.7. Then reposition the links as the blade is low- 4-13. A rock-crushing mechanism is given in
ered 0.2 in. Determine the resulting angular dis- Figure P4.13. Graphically position the links for the
placement of the crank. configuration shown. Then reposition the links as
4-9. Graphically position the links for the embossing the crank is rotated 30° clockwise. Determine the
mechanism in the configuration shown in resulting angular displacement of the crushing ram.
Figure P4.9. Then reposition the links as the handle
is rotated 15° clockwise. Determine the resulting
displacement of the stamp and the linear dis- 360 mm
placement of the handle end. Crushi
rushing ram —
_______________ 60 r\n\m
FIGURE P4.13 Problems 13, 14, 44, 58, 65, 72, 78, 84.
4-14. A rock-crushing mechanism is given in Figure
P4.13. Graphically position the links for the con-
figuration shown. Then reposition the links as
FIGURE P49 Problems 9, 10, 42. th-e crank is rota.ted 150° count.erclockwise. Deter-
mine the resulting angular displacement of the
crushing ram.
4-10. Graphically position the links for the embossing 4-15. Graphically position the links for the rear-wiper

mechanism in the configuration shown in Figure
P4.9. Then reposition the links as the handle is
rotated 10° counterclockwise. Determine the
resulting displacement of the stamp and the linear
displacement of the handle end.

mechanism shown in Figure P4.15. Then reposition
the links as the 2-in. crank is rotated 50° clockwise.
Determine the resulting angular displacement of the
wiper arm and the linear displacement at the end of
the wiper blade.
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Wiper blade

Wiper arm

FIGURE P4.15 Problems 15, 16, 45, 59, 66, 73, 79, 85.

4-16.

4-17.

Graphically position the links for the rear-wiper
mechanism shown in Figure P4.15. Then reposition
the links as the 2-in. crank is rotated 110° clockwise.
Determine the resulting angular displacement of the
wiper arm and the linear displacement at the end of
the wiper blade.

Graphically position the links for the vise grips
shown in Figure P4.17. Then reposition the links as
the top jaw is opened 40° from the orientation
shown, while the lower jaw remains stationary.
Determine the resulting angular displacement of the
top handle.

FIGURE P4.17 Problems 17, 18, 19, 46.

. Graphically position the links for the vise grips

shown in Figure P4.17. Then reposition the links as
the top jaw is opened 20° from the orientation
shown, while the lower jaw remains stationary.
Determine the resulting angular displacement of the
top handle.

. When the thumbscrew in the vise grips shown in

Figure P4.17 is rotated, the effective pivot point of
the 7.0-cm link is moved. During this motion, the
spring prevents the jaws from moving. Graphically
position the links as the effective pivot point is
moved 2 cm to the right. Then reposition the links
as the top jaw is opened 40° from the new orienta-
tion, while the lower jaw remains stationary.
Determine the resulting angular displacement of the
top handle.

4-20.

Graphically position the links for the small aircraft
nosewheel actuation mechanism shown in Figure
P4.20. Then reposition the links as the 12-in. crank
is rotated 60° clockwise from the orientation shown.
Determine the resulting angular displacement of the
wheel assembly.

FIGURE P4.20 Problems 20, 21, 47, 60, 67, 74, 80, 86.

4-21.

4-22.

4-23.

4-24.

Graphically position the links for the small aircraft
nosewheel actuation mechanism shown in Figure
P4.20. Then reposition the links as the 12-in. crank
is rotated 110° clockwise from the orientation
shown. Determine the resulting angular displace-
ment of the wheel assembly.

Graphically position the links for the foot-operated
air pump shown in Figure P4.22. Then reposition the
links as the foot pedal is rotated 25° counterclockwise
from the orientation shown. Determine the resulting
linear displacement of point X and the amount that
the air cylinder retracts. Also, with the diameter of the
cylinder at 25 mm, determine the volume of air dis-
placed by this motion.

. zo ST.225mmo c LTS
‘/;00 mm

FIGURE P4.22 Problems 22, 23, 48.

Graphically position the links for the foot-operated
air pump shown in Figure P4.22. Then reposition
the links as the air cylinder retracts to 175 mm.
Determine the resulting angular displacement of the
foot pedal and the linear displacement of point X.

Graphically position the links for the microwave
oven lift, which assists people in wheelchairs, as
shown in Figure P4.24. Then reposition the links as
the linear actuator is retracted to a length of 400 mm.
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Determine the resulting angular displacement of 4-28. Graphically position the links for the lift platform
the front support link and the linear displacement shown in Figure P4.28. Determine the length of the
of any point on the oven carrier. hydraulic cylinder. Then reposition the links as the
platform is raised to 40 in. Determine the amount
that the hydraulic cylinder must extend to accom-
plish this movement.
Linear actuator y 2
. 200 mm
MlcrowaYe ‘4_.V<\533 mm AN Platform
oven carrier
36" Hydraulic
250 mm cylinder
. = \ ¢«
500 mm
Support  pyp T\ e
links 200 mm 100 mm
FIGURE P4.24 Problems 24, 25, 49. FIGURE P4.28 Problems 28, 29, 51.

4-25. Graphically position the links for the microwave 4-29. Graphically position the links for the lift platform
oven lift, which assists people in wheelchairs, as shown in Figure P4.28. Determine the length of the
shown in Figure P4.24. Then reposition the links as hydraulic cylinder. Then reposition the links as the
the front support link is raised 45° from the orienta- platform is lowered to 30 in. Determine the amount
tion shown. Determine the distance that the linear that the hydraulic cylinder must contract to accom-
actuator needs to retract. plish this movement.

4-26. Graphically position the links for the box truck, 4-30. The mechanism shown in Figure P4.30 is used to
used to load supplies onto airplanes, as shown in advance the film in movie-quality projectors.
Figure P4.26. Then reposition the links as the lower Graphically position the links for the configuration
sliding pin moves 0.5 m toward the cab. Determine shown. Then reposition the links as the crank is
the resulting linear displacement of any point on the rotated 90° clockwise. Determine the resulting dis-
cargo box. placement of the advancing claw.

2m ]
A Slide pin
28 mn %
\<' [l 48 mm
Advancing —— ;
claw B
(] ~— Crank
~
B 18 mm
Film/
FIGURE P4.30 Problems 30, 31, 52, 61, 68.
FIGURE P4.26 Problems 26, 27, 50. 4-31. The mechanism sho.wn in F-lgure P.4.30 is gsed to
advance the film in movie-quality projectors.
4-27. Graphically position the links for the box truck, Graphically position the links for the configuration

used to load supplies onto airplanes, as shown in
Figure P4.26. Then reposition the links as the lower
sliding pin moves 0.75 m away from the cab.
Determine the resulting linear displacement of any
point on the cargo box.

4-32.

shown. Then reposition the links as the crank is
rotated 130° clockwise. Determine the resulting dis-
placement of the advancing claw.

Graphically position the links in the automotive
front suspension mechanism shown in Figure P4.32.
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Then reposition the links as the upper control arm
is rotated 20° clockwise. Determine the resulting
displacement of the bottom of the tire. Also deter-
mine the change of length of the spring.

Upper control arm

FIGURE P4.32 Problems 32, 33, 53.

4-33. Graphically position the links in the automotive

front suspension mechanism shown in Figure P4.32.
Then reposition the links as the upper control arm
is rotated 10° counterclockwise. Determine the
resulting displacement of the bottom of the tire.
Also determine the change of length of the spring.

4-34.

Graphically position the links for the rock-crushing
mechanism shown in Figure P4.34. Then reposition
the links as the crank is rotated 120° clockwise.
Determine the resulting angular displacement of the
crushing ram.

FIGURE P4.34 Problems 34, 35, 54, 62, 69, 75, 81, 87.

4-35.

4-36.

Graphically position the links for the rock-crushing
mechanism as shown in Figure P4.34. Then reposi-
tion the links as the crank is rotated 75° clockwise.
Determine the resulting angular displacement of the
crushing ram.

Graphically position the links for the dump truck

shown in Figure P4.36. Then reposition the links as
the cylinder is shortened 0.15 m. Determine the

1l4m— |

42 m

1.4 m .65m

FIGURE P4.36 Problems 36, 37, 55.
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4-37.

resulting angular displacement of any point on
the bed.

Graphically position the links for the dump truck
shown in Figure P4.36. Then reposition the links as
the cylinder is lengthened 0.2 m. Determine the
resulting angular displacement of any point on
the bed.

Analytical Displacement Analysis

4-38.

4-39.

4-40.

4-41.

4-42.

4-43.

4-44,

4-45.

4-46.

4-47.

4-48.

Analytically determine the displacement of points P
and Q, as the link shown in Figure P4.3 is displaced
30° counterclockwise. Use B = 55° and y = 30°.

Analytically determine the displacement of points P
and Q, as the link shown in Figure P4.3 is displaced
40° clockwise. Use B = 65°and y = 15°.

Analytically determine the linear displacement of
the piston in the compressor linkage shown in
Figure P4.5 as the 45-mm crank is rotated from its
current position 90° counterclockwise.

Analytically determine the linear displacement of
the blade in the shearing mechanism shown in
Figure P4.7 as the 0.75-in. crank is rotated from its
current position 50° counterclockwise.

Analytically determine the linear displacement of
the stamp in the mechanism shown in Figure P4.9
as the handle is rotated from its current position 20°
clockwise.

Analytically determine the linear displacement
of the furnace door in the mechanism shown in
Figure P4.11 as the 26-in. handle is rotated 25°
counterclockwise from its current position.

Analytically determine the angular displacement of
the ram in the rock-crushing mechanism shown in
Figure P4.13 as the 60-mm crank is rotated from its
current position 40° clockwise.

Analytically determine the angular displacement of
the wiper arm in the rear-wiper mechanism shown
in Figure P4.15 as the 2-in. crank is rotated from its
current position 100° clockwise.

Analytically determine the angular displacement
of the top handle in the vise grips shown in
Figure P4.17 as the top jaw is opened 25° from its
current position, while the lower jaw remains
stationary.

Analytically determine the angular displacement of
the wheel assembly in the nosewheel actuation
mechanism shown in Figure P4.20 as the 12-in.
crank is rotated from its current position 60° coun-
terclockwise.

Analytically determine the distance that the air
cylinder in the foot pump shown in Figure P4.22
retracts when the foot pedal is rotated 20° counter-
clockwise from its current position. Also, with the
diameter of the cylinder at 25 mm, determine the
volume of air displaced during this motion.

4-49.

4-50.

4-51.

4-52.

4-53.

4-54.

4-55.

Analytically determine the angular displacement of
the front support link of the microwave lift shown
in Figure P4.24 as the linear actuator is retracted to a
length of 425 mm.

Analytically determine the vertical distance that the
box truck in Figure P4.26 lowers if the bottom pins
are separated from 2.0 m to 1.5 m.

Analytically determine the extension required from
the hydraulic cylinder to raise the platform shown
in Figure P4.28 to a height of 45 in.

Analytically determine the displacement of the claw
in the film-advancing mechanism shown in Figure
P4.30 as the crank is rotated 100° clockwise.

Analytically determine the displacement of the bot-
tom of the tire in the automotive suspension mech-
anism shown in Figure P4.32 as the upper control
arm is rotated 15° clockwise.

Analytically determine the angular displacement of the
crushing ram in the rock-crushing mechanism shown
in Figure P4.34 as the crank is rotated 95° clockwise.

Analytically determine the angular displacement of

the dump truck bed shown in Figure P4.36 as the
cylinder is shortened 0.1 m.

Limiting Positions—Graphical

4-56.

4-57.

4-58.

4-59.

4-60.

4-61.

Graphically position the links for the compressor
mechanism shown in Figure P4.5 into the configu-
rations that place the piston in its limiting positions.
Determine the maximum linear displacement
(stroke) of the piston.

Graphically position the links for the shearing
mechanism shown in Figure P4.7 into the configu-
rations that place the blade in its limiting positions.
Determine the maximum linear displacement
(stroke) of the blade.

Graphically position the links for the rock-crushing
mechanism shown in Figure P4.13 into the configu-
rations that place the ram in its limiting positions.
Determine the maximum angular displacement
(throw) of the ram.

Graphically position the links for the windshield
wiper mechanism shown in Figure P4.15 into the
configurations that place the wiper in its limiting
positions. Determine the maximum angular dis-
placement (throw) of the wiper.

Graphically position the links for the wheel actuator
mechanism shown in Figure P4.20 into the con-
figurations that place the wheel assembly in its
limiting positions. Determine the maximum angular
displacement (throw) of the wheel assembly.

Graphically position the links for the film-advancing
mechanism shown in Figure P4.30 into the con-
figurations that place the slide pin in its limiting
positions. Determine the maximum linear displace-
ment (stroke) of the slide pin.



Position and Displacement Analysis 107

4-62.

Graphically position the links for the rock-crushing
mechanism shown in Figure P4.34 into the configu-
rations that place the ram in its limiting positions.
Determine the maximum angular displacement
(throw) of the crushing ram.

Limiting Positions—Analytical

4-63.

4-64.

4-65.

4-66.

4-67.

4-68.

4-69.

Analytically calculate the maximum linear dis-
placement (stroke) of the piston for the compressor
mechanism shown in Figure P4.5.

Analytically calculate the maximum linear dis-
placement (stroke) of the blade for the shearing
mechanism shown in Figure P4.7.

Analytically calculate the maximum angular
displacement (throw) of the ram for the rock-
crushing mechanism shown in Figure P4.13.

Analytically calculate the maximum angular
displacement (throw) of the wiper for the wind-
shield wiper mechanism shown in Figure P4.15.

Analytically calculate the maximum angular
displacement (throw) of the wheel assembly for the
wheel actuator mechanism shown in Figure P4.20.

Analytically calculate the maximum linear displace-
ment (stroke) of the slide pin for the film-advancing
mechanism shown in Figure P4.30.

Analytically calculate the maximum angular dis-

placement (throw) of the ram for the rock-crushing
mechanism shown in Figure P4.34.

Displacement Diagrams—Graphical

4-70.

4-71.

4-72.

4-73.

4-74.

4-75.

For the compressor mechanism shown in Figure
P4.5, graphically create a displacement diagram for
the position of the piston as the crank rotates a full
revolution clockwise.

For the shearing mechanism shown in Figure P4.7,
graphically create a displacement diagram for the
position of the blade as the crank rotates a full revo-
lution clockwise.

For the rock-crushing mechanism shown in Figure
P4.13, graphically create a displacement diagram of
the angular position of the ram as the crank rotates
a full revolution clockwise.

For the windshield wiper mechanism shown in Figure
P4.15, graphically create a displacement diagram of
the angular position of the wiper as the crank rotates a
tull revolution clockwise.

For the wheel actuator mechanism shown in Figure
P4.20, graphically create a displacement diagram of
the angular position of the wheel assembly as the
crank rotates a full revolution clockwise.

For the rock-crushing mechanism shown in Figure
P4.34, graphically create a displacement diagram of
the angular position of the ram as the crank rotates
a full revolution clockwise.

Displacement Diagrams—Analytical

4-76.

4-77.

4-78.

4-79.

4-80.

4-81.

For the compressor mechanism shown in Figure
P4.5, analytically create a displacement diagram for
the position of the piston as the crank rotates a full
revolution counterclockwise.

For the shearing mechanism shown in Figure P4.7,
analytically create a displacement diagram for the
position of the blade as the crank rotates a full revo-
lution counterclockwise.

For the rock-crushing mechanism shown in Figure
P4.13, analytically create a displacement diagram of
the angular position of the ram as the crank rotates
a full revolution counterclockwise.

For the windshield wiper mechanism shown in
Figure P4.15, analytically create a displacement dia-
gram of the angular position of the wiper as the
crank rotates a full revolution counterclockwise.

For the wheel actuator mechanism shown in
Figure P4.20, analytically create a displacement
diagram of the angular position of the wheel
assembly as the crank rotates a full revolution
counterclockwise.

For the rock-crushing mechanism shown in Figure
P4.34, analytically create a displacement diagram of
the angular position of the ram as the crank rotates
a full revolution counterclockwise.

Displacement Problems Using Working Model

4-82.

4-83.

4-84.

4-85.

4-86.

4-87.

For the compressor mechanism shown in Figure
P4.5, use the Working Model software to create a
simulation and plot a displacement diagram for the
position of the piston as the crank rotates a full rev-
olution counterclockwise.

For the shearing mechanism shown in Figure P4.7,
use the Working Model software to create a simu-
lation and plot a displacement diagram for the
position of the blade as the crank rotates a full
revolution counterclockwise.

For the rock-crushing mechanism shown in Figure
P4.13, use the Working Model software to create a
simulation and plot a displacement diagram of the
angular position of the ram as the crank rotates a
tull revolution counterclockwise.

For the windshield wiper mechanism shown in
Figure P4.15, use the Working Model software to
create a simulation and plot a displacement diagram
of the angular position of the wiper as the crank
rotates a full revolution counterclockwise.

For the wheel actuator mechanism shown in Figure
P4.20, use the Working Model software to create a
simulation and plot a displacement diagram of the
angular position of the wheel assembly as the crank
rotates a full revolution counterclockwise.

For the rock-crushing mechanism shown in Figure
P4.34, use the Working Model software to create a
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simulation and plot a displacement diagram of the following leading questions to gain insight into the
angular position of the ram as the crank rotates a operation.
full revolution counterclockwise. 1. The small, round-head screw blanks are fed into a
threading machine through tracks Band C. How do
the screws get from bowl A to track B?
CASE STUDIES 2. Although not clearly shown, track B is of a parallel
finger design. Why is a parallel finger arrangement
4—1. Figure C4.1 shows a mechanism that was designed used to carry the screws?
to impart motion on a machine slide. Carefully 3. Asasecond mechanism intermittently raises link D,
examine the configuration of the components in the what is the motion of track B?
mechanism, then answer the following leading 4. What is the purpose of link E?
questions to gain insight into the operation. 5. As a second mechanism intermittently raises link D,
what is the motion of the screws?
6. What determines the lowest position that link D can
travel? Notice that the tips of track B do not contact
the bottom of bowl A.
7. As screws are congested in the outlet track C, what
happens to finger Fas link D is forced lower?
8. As screws are congested in the outlet track C, what
happens to the tips of track B?
9. What is the purpose of this device? Discuss its
special features.
10. What type of mechanism could be operating link D?
FIGUREC4.1 (Courtesy, Industrial Press) 4-3. Figure C4.3 depicts a prqduction transfer mgchine
that moves clutch housings from one station to
1. As wheel C s rotated clockwise, and slide J remains another. Platform A supports the housings d.urmg
. . . . . the transfer. Carefully examine the configuration of
stationary, what is the continual motion of pin D? . .
2. What s the continual motion of pin P? the components in the mechanism, then answer the
. . . P following leading questions to gain insight into the
3. What is the continual motion of pin K? .
4. What effect does turning the handwheel F have on operation.
slide J?
5. What effect does turning the handwheel F have on B /A
the motion of the mechanism? Be sure to comment
on all characteristics of the motion. U@Da:[g
6. What is the purpose of this device?
7. Draw a kinematic diagram and calculate the c R L
mobility of the mechanism. P
4-2. Figure C4.2 presents an interesting materials
handling system for advancing small parts onto a
feed track. Carefully examine the configuration of
the components in the mechanism, then answer the G
FIGURE C4.3 (Courtesy, Industrial Press)
1. To what type of motion is bar B restricted?
2. What motion does link C encounter as air cylinder L
is shortened?
3. What is the motion of point K as air cylinder L is
shortened?
4. Why does joint F need to ride in slot G?
5. What is the purpose of this mechanism?
6. What effect does turning the threaded rod end R
have, thus lengthening the cylinder rod?
7. Draw a kinematic sketch of this mechanism.
FIGURE C4.2 (Courtesy, Industrial Press) 8. Compute the mobility of this mechanism.



MECHANISM DESIGN

OBJECTIVES

Upon completion of this chapter, the student will be
able to:

1. Describe mechanism synthesis.
2. Design an in-line slider-crank mechanism.

3. Knowing the desired mechanism time ratio, determine
an appropriate imbalance angle.

4. Use timing charts to synchronize motion and estimate
peak velocity and acceleration magnitudes.

5. Using graphical methods, design offset slider-crank,
crank-rocker, and crank-shaper mechanisms.

6. Using graphical methods, design a single-pivoted link
to move between two prescribed positions.

7. Using graphical methods, design a four-bar mechanism
in which the coupler link moves between two
prescribed positions.

8. Using graphical methods, design a four-bar mechanism

where the coupler link moves between three prescribed
positions.

5.1 INTRODUCTION

Up to this point in the text, an emphasis was placed on the
analysis of existing mechanisms. The previous chapter
explored methods to determine the displacement of a
mechanism whose link lengths are given. Compared to this
analysis, the design of a mechanism presents the opposite
task: That is, given a desired motion, a mechanism form and
dimensions must be determined. Synthesis is the term given
to describe the process of designing a mechanism that
produces a desired output motion for a given input motion.
The selection of a particular mechanism capable of achiev-
ing the desired motion is termed type synthesis. A designer
should attempt to use the simplest mechanism capable of
performing the desired task. For this reason, slider-crank
and four-bar mechanisms are the most widely used. This
chapter focuses on these two mechanisms.

After selecting a mechanism type, appropriate link
lengths must be determined in a process called dimensional
synthesis. This chapter focuses on dimensional synthesis. To
design a mechanism, intuition can be used along with

CHAPTER
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analysis methods described in the previous chapter. Often,
this involves an iterate-and-analyze methodology, which can
be an inefficient process, especially for inexperienced design-
ers. However, this iteration process does have merit,
especially in problems where synthesis procedures have not
or cannot be developed. However, several methods for
dimensional synthesis have been developed and can be quite
helpful. This chapter serves as an introduction to these
methods. Because analytical techniques can become quite
complex, the focus is on graphical techniques. As stated
throughout the text, employing graphical techniques on a
CAD system produces accurate results.

5.2 TIME RATIO

Many mechanisms that produce reciprocating motion are
designed to produce symmetrical motion. That is, the
motion characteristics of the outward stroke are identical to
those of the inward stroke. These mechanisms often accom-
plish work in both directions. An engine mechanism and
windshield wiper linkages are examples of these kine-
matically balanced mechanisms.

However, other machine design applications require a
difference in the average speed of the forward and return
strokes. These machines typically work only on the forward
stroke. The return stroke needs to be as fast as possible, so
maximum time is available for the working stroke. Cutting
machines and package-moving devices are examples of these
quick-return mechanisms.

A measure of the quick return action of a mechanism is
the time ratio, Q, which is defined as follows:

Time of slower stroke
Q= =1

Time of quicker stroke

(5.1)

An imbalance angle, B, is a property that relates the
geometry of a specific linkage to the timing of the stroke.
This angle can be related to the time ratio, Q:

180° + B
Q= ——— (5.2)
180° — B

Equation 5.2 can be rewritten to solve the imbalance
angle as follows:

Q-1

B = 180°———

Q+ 1 (5.3)
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Thus, in the dimensional synthesis of a mechanism, the
desired time ratio is converted to a necessary geometric
constraint through the imbalance angle £3.

The total cycle time for the mechanism is:

Ateyge = Time of slower + Time of quicker

stroke stroke (5.4)

For mechanisms that are driven with a constant speed
rotational actuator, the required crank speed, @k 1S
related to the cycle time as follows:

@crank — (Atcycle)i1 (5.5)

EXAMPLE PROBLEM 5.1

A quick-return mechanism is to be designed, where the outward stroke must consume 1.2 s and the return

stroke 0.8 s. Determine the time ratio, imbalance angle, cycle time, and speed at which the mechanism should be

driven.

SOLUTION: 1.

Calculate the Time Ratio and Imbalance Angle

The time ratio can be determined from equation (5.1):

Q=\0ss) ~ b

The resulting imbalance angle can be determined from equation (5.3):

ﬁ:

2. Calculate Cycle Time for the Mechanism

L(15-1)

S = 36°
(15 + 1)

180

The total time for the forward and return stroke is as follows:

Ateyge = 1.2 + 0.8 = 2.0 s/rev

3. Calculate the Required Speed of the Crank

Because one cycle of machine operation involves both the forward and return strokes the time for the crank to

complete one revolution is also 2.0 s. The required crank speed, @1 is determined as

Wcrank =

(A tcycle) o

1 60s
= 0.5rev/s -
2 s/rev 1 min

30 rev/min

In Chapter 6, the concept of angular speed will be formally presented.

5.3 TIMING CHARTS

Timing charts are often used in the mechanism design
process to assist in the synchronization of motion between
mechanisms. For example, a pair of mechanisms may be
used to transfer packages from one conveyor to another. One
mechanism could lift a package from the lower conveyor and
the other mechanism would push the package onto the
upper conveyor while the first remains stationary. Both
mechanisms would then return to the start position and set
another cycle. A timing chart is used to graphically display
this information. Additionally, timing charts can be used to
estimate the magnitudes of the velocity and acceleration of
the follower links. The velocity of a link is the time rate at
which its position is changing. Acceleration is the time rate

at which its velocity is changing and is directly related to the
forces required to operate the mechanism. Chapter 6
provides comprehensive coverage of linkage velocity analysis
and Chapter 7 focuses on linkage acceleration. Both velocity
and acceleration are vector quantities, but only their
magnitudes, v and g, are used in timing charts.

Timing charts that are used to synchronize the motion of
multiple mechanisms typically assume constant acceleration.
While the actual acceleration values produced in the mecha-
nism can be considerably different (as will be presented in
Chapter 7), the constant acceleration assumption produces
polynomial equations for the velocity and position as a
function of time. The timing chart involves plotting the mag-
nitude of the output velocity versus time. Assuming constant
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acceleration, the velocity-time graph appears as straight lines. . _ AR _(8.0in) .
The displacement is related to the maximum velocity, acceler- Lift stroke: vpeax = 2 Ar (15s) 10.67 in./s
ation, and time through the following equations. )
AR (8.0in.) .
1 = 47 =4——— = 1422in/s
AR = - vpeat (5.6) A (155)
1 , In similar computations, the peak velocity of the return
AR = 1 a(Ar) (5.7) stroke is —16.00 in./s, and the acceleration is —32.00 in./s.

For the package-moving scenario previously described,
the lift mechanism is desired to raise 8.0 in. in 1.5 s, remain
stationary for 1.0 s, and return in 1.0 s. The push mechanism
should remain stationary for 1.5 s, push 6.0 in. in 1.0 s, and
return in 1.0 s. The timing charts for both mechanisms are
shown in Figure 5.1. The figures illustrate that as one mech-
anism is lifting (velocity appears as a triangle), the other
remains stationary (no velocity). Also, while the second
mechanism is pushing, the first remains stationary. Thus,
synchronization is verified. Further, the maximum speed
and acceleration are related to the displacement and the time
for the motion by rewriting Equations (5.6) and (5.7),
respectively. For the lifting mechanism,

For the pushing mechanism, the peak velocity of the push
stroke 12.00 in./s, and the acceleration is 24.00 in./s”. For the
pushing mechanism, the peak velocity of the return stroke
—12.00 in./s, and the acceleration is —24.00 in./s.

It is noted that because the velocity is the time rate of
change of the position, principles of calculus dictate that
the displacement of the mechanism is the area under
the v-t chart. This is seen in Equation (5.6) and the dis-
placement is the area of the velocity triangle, which is
1/2(vpeakAt). The displacement for each motion is labeled
in Figure 5.1. While it must be emphasized that the
velocity and acceleration are estimates, they can be useful
in the early design stage as seen in the following example
problem.

Magnitude of Lift Velocity (in./s)

15 p--mmmomee ammmmeooe r
0
B o
2 s . s
= E |
= H H
g 0 : !
&= ! !
3 ~€— Stationary
R e 5
2 : :
g ! !
& -10 - : !
= | |

T S I R LI

0.00 0.50 1.00 1

[P

W

[

g
=3
S

Time (s)

(d)

FIGURE 5.1 Timing charts.
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EXAMPLE PROBLEM 5.2

A sleeve bearing insertion process requires a conveyor to index 8.0 in. in 0.4 s and dwell while a bearing is pressed into
a housing on the conveyor. The bearing must travel 4.0 in. to meet the housing, then be pressed 2.0 in. into the hous-
ing. The entire press stroke should take 0.6 s, and return in 0.4 s while the conveyor is indexing.

a.  Determine the time ratio, cycle time, and motor speed of the press mechanism.

b.  Sketch the synchronized timing charts.

c.  Estimate the peak velocity and acceleration of the housing on the conveyor.

d.  Estimate the peak velocity and acceleration of the bearing press movement.

e.  Estimate the peak velocity and acceleration of the bearing press return.

f.  Optimize the motion so the maximum acceleration of any part is less than 1g (1g= 386.4 in./s?).

SOLUTION: 1. Calculate the Time Ratio, Cycle Time, and Crank Speed

The time ratio can be determined from equation (5.1):

0 (0.65)715
- \oas)

The total time for the forward and return stroke is as follows:

Ateyde = 0.6 + 0.4 s/rev

Because one cycle of machine operation involves both the forward and return stroke, the time for the crank
to complete one revolution is 1.0 s. The required crank speed is determined as

— -1
Wcrank = ( A tcycle)

1 60s
= — = 1.0rev/s| ——
1.0 s/rev 1 min

= 60.0 rev/min

2. Sketch the Timing Charts

The timing charts are constructed and shown in Figure 5.2.

Stationary —>|

8 30 oo N oo e ]
P13 SR/ S N S—
R3] H H H
S 10 o e N e 4
2 | | a
0.60 0.80 1.00

Time (s)

(a) Conveyor time chart

20 rmmmeemomees P T AL s 1
LU G il fomceooooooooe TN :
= <€—— Return —>! ' AR=6.0" ! |
E 0 : : ; |
2 AR =—-6.0" - i— Press : >
S e N S S Fommteooeeooos fommmmmmoooes drmmmmmmeeeeees g
R b e bommennnnooood e 4

B TUJE S E— S R S L — i
0.00 0.20 0.40 0.60 0.80 1.00

(b) Press mechanism time chart

FIGURE 5.2 Timing charts for Example Problem 5.2.
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3. Calculate Motion Parameters of the Housing on the Conveyor
The estimated velocity and acceleration magnitudes for the housing on the conveyor is
2 AR (8.0in,) 40.00 in./
Voeak = 27— = = 40.00 in./s
peak 2 Ay (0.4s)
AR (8.0in.) o
a=4-— =4—— =200.00in./s
At; (0.45)
4.  Calculate Motion Parameters of the Bearing Press Return Stroke
The estimated velocity and acceleration magnitudes for the bearing press return stroke is
5 AR (—6.0in.) 30,00 in/
Voeak = 27— = 2———— = —30.001in./s
peak S Ay (0.4)
AR (—6.0in.) .,
a=4-— =4——-— = —150.00 in./s
A tl (04 S)
5.  Calculate Motion Parameters of the Bearing Press Working Stroke
The estimated velocity and acceleration magnitudes for the bearing press working stroke is
AR OO 00ing
Voeak = 2 = = 20.00 in./s
peak = %Ay (0.6'5)
AR (6.0in.) .
a=4—5 = 7 = 66.67 in./s
At; (0.65)
6. Optimize Motion

The largest acceleration magnitude is the housing on the conveyor at 200 in/s* = 200/386.4 = 0.517g. The motion
can be optimized and production can be increased by substituting a = 386.4 in./s> (1¢) into equation (5.7) and
solving for a reduced conveyor movement time.

Afl :\/4M:\/4
a

Maintaining the time ratio, the reduced bearing press stroke can be determined by rewriting equation (5.1).

(8.0in.)

e = 0288
(386.4 in./s”)

Aty = QA# = 1.5(0.288's) = 0.432s

The increased crank speed can be determined from equation 5.5

Wcrank =

1

60s
1.389 rev/s(1

(0.288 + 0.4325)7"

0.720 s

/rev

) = 83.3 rev/min

Since production rate is related to line speed, the production is increased 39 percent by using time charts and opti-

mizing the motion while keeping within acceptable acceleration limits.

5.4 DESIGN OF SLIDER-CRANK
MECHANISMS

Many applications require a machine with reciprocating,
linear sliding motion of a component. Engines and com-
pressors require a piston to move through a precise dis-
tance, called the stroke, as a crank continuously rotates.
Other applications such as sewing machines and power
hacksaws require a similar, linear, reciprocating motion. A
form of the slider-crank mechanism is used in virtually all
these applications.

5.4.1 In-Line Slider-Crank Mechanism

An in-line slider-crank mechanism has the crank pivot
coincident with the axis of the sliding motion of the piston
pin. An in-line slider-crank mechanism is illustrated in
Figure 5.3. The stroke, IARyl .y is defined as the linear
distance that the sliding link exhibits between the extreme
positions. Because the motion of the crank (L,) and con-
necting arm (L;) is symmetric about the sliding axis, the
crank angle required to execute a forward stroke is the same
as that for the return stroke. For this reason, the in-line
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FIGURE 5.3 In-line slider-crank mechanism.

slider-crank mechanism produces balanced motion.
Assuming that the crank is driven with a constant velocity
source, as an electric motor, the time consumed during a for-
ward stroke is equivalent to the time for the return stroke.

The design of an in-line slider-crank mechanism
involves determining the appropriate length of the two links,
L, and L3, to achieve the desired stroke, IARyl,,,«. As can be
seen from Figure 5.3, the stroke of the in-line slider-crank
mechanism is twice the length of the crank. That is, the dis-
tance between B; and B, is the same as the distance between
C; and G,. Therefore, the length of crank, L,, for an in-line
slider-crank can be determined as follows:

_ |AR4|max

5 (5.8)

2

The length of the connecting arm, L, does not affect the
stroke of an in-line slider-crank mechanism. However, a
shorter connecting arm yields greater acceleration values.
Figure 5.4 illustrates the effect of the connecting arm length

and offset distance (if any) on the maximum acceleration of
the sliding link. These data clearly show that the connecting
arm length should be made as large as possible. (Note that
for an in-line slider-crank, the offset value, Ly, is zero.) As a
general rule of thumb, the connecting arm should be at least
three times greater than the length of the crank. A detailed
analysis, as presented in Chapter 7, should be completed to
determine the precise accelerations of the links and resulting
inertial loads.

5.4.2 Offset Slider-Crank Mechanism

The mechanism illustrated in Figure 5.5a is an offset slider-
crank mechanism. With an offset slider-crank mechanism,
an offset distance is introduced. This offset distance, L, is
the distance between the crank pivot and the sliding axis.
With the presence of an offset, the motion of the crank and
connecting arm is no longer symmetric about the sliding
axis. Therefore, the crank angle required to execute the for-
ward stroke is different from the crank angle required for the
return stroke. An offset slider-crank mechanism provides a
quick return when a slower working stroke is needed.

In Figure 5.5a, it should be noted that A, C;, and C, are
not collinear. Thus, the stroke of an offset slider-crank
mechanism is always greater than twice the crank length. As
the offset distance increases, the stroke also becomes larger.
By inspecting Figure 5.5a, the feasible range for the offset
distance can be written as:

L <Li—1L (5.9)

Locating the limiting positions of the sliding link is
shown in Figure 5.5a and was discussed in Chapter 4. The
design of a slider-crank mechanism involves determining
an appropriate offset distance, L;, and the two links lengths, L,
and L3, to achieve the desired stroke, IARyl ., and imbalance

25 : : : : . . . . :
L e
Ly/L,=0" : : !
£ ! ! !
£ 2F-------f-b-A---r - R e r-- Sermm-----
= 1 H 1
o} ! ! !
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FIGURE 5.4 Maximum slider acceleration for slider-crank mechanisms.
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FIGURES5.5 Offset slider-crank mechanism.

angle, f. The graphical procedure to synthesize a slider-crank
mechanism is as follows:

1. Locate the axis of the pin joint on the sliding link. This
joint is labeled as point Cin Figure 5.5a.

2. Draw the extreme positions of the sliding link,
separated by the stroke, IARy! a5

3. At one of the extreme positions, construct any line M
through the sliding link pin joint, inclined at an angle
6\ This point is labeled C; in Figure 5.5b.

4. At the other extreme position, draw a line N through
the sliding link pin joint, labeled C, in Figure 5.5b,
inclined at an angle B from line M. Note that
On = 0m — B.

5. The intersection of lines M and N defines the pivot
point for the crank, point A. The offset distance, L;, can
be scaled from the construction (Figure 5.5b).

6. From the construction of the limiting positions, it is
observed that the length between C; and D is 2L,. Note
that this arc, G, D, is centered at point A. Because both
lines are radii of the same arc, the radius AC, is equal to

the lengths AC, + C;D. Rearranging this relationship
gives

CID = AC2 - AC]

Substituting and rearranging, the length of the crank,
L, for this offset slider-crank mechanism can be deter-
mined as
1
L = S (AG = AG) (5.10)

7. From the construction of the limiting positions, it is
also observed that

ACl = L3 - L2

Rearranging, the length of the coupler, Ls, for this offset
slider-crank mechanism is

L3 = AC1 + L2 (5.11)

The complete mechanism is shown in Figure 5.5¢. The
design procedure, implemented with a CAD system,
achieves accurate results.

Note that any line M can be drawn though point C; at
an arbitrary inclination angle, 6y;. Therefore, an infinite
number of suitable mechanisms can be designed. In general,
the mechanisms that produce the longest connecting arm
have lower accelerations, and subsequently lower inertial
forces. Figure 5.4 can be used to determine the ramifications
of using a short connecting arm. As a general rule of thumb,
the connecting arm should be at least three times greater
than the length of the crank. A detailed acceleration analysis,
as presented in Chapter 7, should be completed to determine
the inherent inertial loads.

Analytical methods can be incorporated by viewing the
triangle in Figure 5.5b to generate expressions for the link
lengths Ly, L,, and L3, as a function of the stroke ARyl .
the imbalance angle f, and the inclination of the arbitrary
line M, 6y;.

L = | AR Sin(ele;n((;f —F )} (5.12)
L = | ARy |y [ 2200 z_si:?ﬁ()eM — B )} (5.13)
Ly = | ARy s sin () ; i:(n[;f M_ B)] (5.14)

5.5 DESIGN OF CRANK-ROCKER
MECHANISMS

A crank-rocker mechanism has also been discussed on
several occasions. It is common for many applications where
repeated oscillations are required. Figure 5.6a illustrates the
geometry of a crank-rocker. Comparable to the stroke of a
slider-crank mechanism, the crank-rocker mechanism
exhibits a throw angle, (A6,) nax (Figure 5.6a). This throw
angle is defined as the angle between the extreme positions
of the rocker link.



116 CHAPTER FIVE

L3—L2__/'\ oL

e LineN__/"(__ -

7 /"\/ \/£7\(A€4)max
~ ./

B// Line M B.

e

s N, )
[ A ; 2 , /
| & 1

\ P

AN 2

e ©

FIGURE 5.6 Crank-rocker mechanism.

Similar to the offset slider-crank mechanism, a crank-
rocker can be used as a quick-return mechanism. The time
ratio defined in equations (5.1) and (5.2) equally applies to a
crank-rocker. The imbalance angle, B, of a crank-rocker
mechanism is also shown in Figure 5.6a.

The limiting positions of a crank-rocker are shown in
Figure 5.6a and were discussed extensively in Chapter 4.
Note that the radial length between the two extreme
positions is twice the crank length. This notion becomes
important when designing a crank-rocker mechanism.

The design of a crank-rocker mechanism involves
determining appropriate lengths of all four links to achieve
the desired throw angle, (A6;) . and imbalance angle, f3.
The graphical procedure to synthesize a crank-rocker mech-
anism is as follows:

1. Locate the pivot of the rocker link, point D in Figure 5.6b.

2. Choose any feasible rocker length, L,. This length is
typically constrained by the spatial allowance for the
mechanism.

3. Draw the two positions of the rocker, separated by the
throw angle, (A6y) may-

4. At one of the extreme positions, construct any line M
through the end of the rocker link, inclined at an angle
O, This point is labeled C, in Figure 5.6b.

5. At the other extreme position, draw a line N through
the end of the rocker link, which is inclined at angle 5
from line M. Note that 6y = 6, — B.

6. The intersection of lines M and N defines the pivot
point for the crank, point A. The length between the
two pivots, L, can be scaled from the construction
(Figure 5.6¢). For cases where a balanced timing is
required (Q = 1), lines M and N are collinear. Thus, a
pivot point for the crank, point A, can be selected
anywhere along lines M and N.

7. From the construction of the limiting positions, it is
observed that the length between C; and E is 2L,. Note
that this arc, G,E, is centered at point A. Because
both lines are radii of the same arc, the radius AG, is
equal to the lengths AC; + C;E. Rearranging this
relationship gives

C\E = AG, — AC,
Substituting and rearranging, the length of the crank, L,,
for this crank-rocker mechanism can be determined as

1
L2 = E (AC2 - ACI) (5.15)

8. From the construction of the limiting positions, it is
also observed that

AC] = L3 - L2

Rearranging, the length of the coupler, L, for this
crank-rocker mechanism is

L3 = AC1 + L2 (5.16)

The completed mechanism is shown in Figure 5.6c¢. In
step 4, line M is drawn through point C;, at an arbitrary
inclination angle, ;. Therefore, an infinite number of suit-
able mechanisms can be designed to achieve the desired
throw angle and time ratio As with slider-crank mechanisms,
four-bar mechanisms that include a longer coupler will have
lower accelerations and subsequently lower inertial forces.

An additional measure of the “quality” of a four-bar
mechanism is the transmission angle, y. This is the angle
between the coupler and the rocker, as illustrated in
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Figure 5.6¢. A common function of a four-bar linkage is to
transform rotary into oscillating motion. Frequently, in such
applications, a large force must be transmitted. In these
situations, the transmission angle becomes of extreme
importance. When the transmission angle becomes small,
large forces are required to drive the rocker arm. For best
results, the transmission angle should be as close to 90° as
possible during the entire rotation of the crank. This will
reduce bending in the links and produce the most favorable
force-transmission conditions. The extreme values of the
transmission angle occur when the crank lies along the line
of the frame. A common rule of thumb is that a four-bar
linkage should not be used when the transmission angle is
outside the limits of 45° and 135°. Force analysis, as
presented in Chapters 13 and 14, can be used to determine
the effect of the actual transmission angle encountered.

In some instances, the length of one of the links must be
a specific dimension. Most commonly, a target length of the
frame (L,) is specified. However, only the rocker length (L)
is directly specified in the procedure just outlined. Since the
four-bar mechanism was designed to attain specific angular
results, the length of all the links can be appropriately scaled
to achieve the desired link dimension and maintain the
design objective. All CAD systems have the ability to scale
the constructed geometry of Figure 5.6b.

Analytical methods can be incorporated by analyzing
the triangles in Figure 5.6b to generate expressions for the
link lengths L,, L;, and L4, as a function of the throw
(A6y) max the frame length (L;), the imbalance angle S, and
the inclination of the arbitrary line M, ;.

L;sin
L= B (5.17)

Vi

Where:

K = sin’B + 4sin2((A04)maX/2)sin2(0M + B)
— 4sinBsin((A6,) o /2)sin(@y + B)
sin((A6)max/2 +600)

L4 sin ((A04)max/2)

o sin 8

[sin 6y + sin(6y + B)](5.18)

2L4sin<(A04)max/2) sin 6,
sin 3

L2 = L3 - (5.19)

5.6 DESIGN OF CRANK-SHAPER
MECHANISMS

A crank-shaper mechanism that is capable of higher time ra-
tios is shown in Figure 5.7. It is named for its use in metal
shaper machines, where a slow cutting stroke is followed by a
rapid return stroke when no work is being performed. The
design of an crank-shaper mechanism involves determining
the appropriate length of the three primary links—L;, L,
and L;—to achieve the desired stroke, IARElax-

(b)

FIGURES5.7 Crank-shaper mechanism.

The graphical procedure to synthesize the crank-shaper
mechanism is as follows:

1. Construct a line whose length is equal to the desired
stroke, IAREl hax- The endpoints are labeled at each D,
and D, as shown in Figure 5.7a.

2. Construct an inclined line from D; and another from
D, at an angle f3/2 as shown in Figure 5.7a.

3. The intersection of the two inclined lines locates the
rocker pivot, point A in Figure 5.7a. The line between
points A and D; or between A and D, represents the
rocker and will be designated Lj.

4. Draw a line perpendicular to line D, D, through A. This
line is labeled P in Figure 5.7a.

5. The crank pivot, point C, can be placed anywhere along
line P. The distance between points A and C represents
the frame and will be designated L;.

6. Draw a line perpendicular to line AD;, through point C.
The intersection will be designated B as shown in
Figure 5.5a. Line B, C represents the crank and will be
designated L,. Similarly, draw a line perpendicular to
line AD,, through point C. The intersection will be
designated B,.

7. The length of L,, as shown in Figure 5.7b, can be made
an appropriate value to fit the application. As with
other slider-crank mechanisms, longer lengths will
reduce maximum accelerations.
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Note that the crank pivot, point C, can be placed along
line P. Therefore, an infinite number of suitable mechanisms
can be designed. A longer L; will dictate a longer crank, L,,
which will exhibit less force at joint B, but higher sliding
speeds. It is common to compromise and select point C near
the middle of line P.

Analytical methods can be incorporated by viewing
the triangle in Figure 5.7a to generate expressions for the
link lengths L, and L3, as a function of the stroke IARg ax,
the imbalance angle S, and the frame length L; selected.
As stated, L, should be made as long as the application
allows.

_ |ARE|max (5 20)
2sin (B/2) ’
L, = L;sin(B/2) (5.21)

5.7 MECHANISM TO MOVE A LINK
BETWEEN TWO POSITIONS

In material handling machines, it is common to have a link
that moves from one general position to another. When two
positions of a link are specified, this class of design problems
is called two-position synthesis. This task can be accom-
plished by either rotating a link about a single pivot point or
by using the coupler of a four-bar mechanism.

5.7.1 Two-Position Synthesis with a
Pivoting Link

Figure 5.8a illustrates two points, A and B, that reside on a
common link and move from A; B; to A,B,. A single link can
be designed to produce this displacement. The problem
reduces to determining the pivot point for this link and the
angle that the link must be rotated to achieve the desired
displacement.

The graphical procedure to design a pivoting link for
two-position synthesis is as follows:

1. Construct two lines that connect A;A, and B, B,,
respectively.

2. Construct a perpendicular bisector of A;A,.
3. Construct a perpendicular bisector of B; B,.

4. The intersection of these two perpendicular bisectors
is the required location for the link pivot and shown
as point Cin Figure 5.8b. The center of rotation
between two task positions is termed the displacement
pole. Point Cis the displacement pole of position
1 and 2.

5. The angle between the pivot point C, A, and A, is the
required angle that the link must be rotated to produce
the desired displacement. This angle is labeled A@in
Figure 5.8¢. A crank-rocker linkage can be subsequently
designed to achieve this rotational motion, if it is
desired to drive the mechanism with a continually
rotating crank.
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FIGURE 5.8 Two-position synthesis with a pivoting link.

5.7.2 Two-Position Synthesis of the
Coupler of a Four-Bar Mechanism

In an identical problem to the one presented in the preced-
ing section, Figure 5.9a illustrates two points, A and B, that
must sit on a link and move from A; B; to A,B,. Some appli-
cations may make a single pivoted link unfeasible, such as
when the pivot point of the single link is inaccessible. In
these cases, the coupler of a four-bar linkage can be designed
to produce the required displacement. Appropriate lengths
must be determined for all four links and the location of
pivot points so that the coupler achieves the desired
displacement.

The graphical procedure to design a four-bar mechanism
for two-position synthesis is as follows:

1. Construct two lines that connect A;A, and B, B,,
respectively.

2. Construct a perpendicular bisector of A;A,.

3. Construct a perpendicular bisector of B B,.

4. The pivot points of the input and output links can be
placed anywhere on the perpendicular bisector. These
pivot points are shown as C and D in Figure 5.9b.

5. The length of the two pivoting links are determined by
scaling lengths A;C and B, D (Figure 5.9¢).

The completed linkage is shown in Figure 5.9¢. Because

the pivot points C and D can be placed anywhere along the
perpendicular bisectors, an infinite number of mechanisms
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FIGURE 5.9 Two-position synthesis with a coupler link.

can be designed to accomplish the desired displacement.
Note that longer pivoting links rotate at a smaller angle to
move the coupler between the two desired positions. This
produces larger transmission angles and reduces the force
required to drive the linkage. The CAD system produces
accurate results.

5.8 MECHANISM TO MOVE A LINK
BETWEEN THREE POSITIONS

In some material handling machines, it is desired to have
a link move between three positions. When three positions
of a link are specified, this class of design problem is
called three-position synthesis. For three-point synthesis, it
generally is not possible to use a single pivoting link.
This task is accomplished with the coupler of a four-bar
mechanism.

Figure 5.10a illustrates two points, A and B, that must sit
on a link and move from A;B; to A,B, to A3B;. Appropriate
lengths must be determined for all four links and the loca-
tion of pivot points so that the coupler achieves this desired
displacement.

The graphical procedure to design a four-bar mecha-
nism for three-point synthesis is as follows:

1. Construct four lines connecting A; to A,, By to By, A,
to Az, and B, to Bs.

2. Construct a perpendicular bisector of A;A,, a perpen-
dicular bisector of B; B,, a perpendicular bisector of
AyA;, and a perpendicular bisector of B, B;.

3. The intersection of the perpendicular bisector of
AjA; and the perpendicular bisector of A,A3
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FIGURE5.10 Three-position synthesis with a coupler link.

locates one pivot point. This is shown as point Cin
Figure 5.10b.

4. The intersection of the perpendicular bisector of B;B,
and the perpendicular bisector of B,Bs locates the
other pivot point. This is shown as point D in
Figure 5.10b.

5. The length of the two pivoting links is determined
by scaling lengths A;C and B D, as shown in
Figure 5.7c.

The completed linkage is shown in Figure 5.10c.
Again, the CAD system produces accurate
results.

5.9 CIRCUIT AND BRANCH DEFECTS

As introduced in Chapter 4, an assembly circuit is all possi-

ble configurations of the mechanism links that can be real-
ized without disconnecting the joints. Figure 4.24 illustrates
two assembly circuits for the four-bar mechanism. As the
procedure in Sections 5.5 and 5.6 is followed, it is possible
that the one position will sit on a different assembly circuit
as the other position(s). This is called a circuit defect, and is
a fatal flaw in a linkage design. Once a four-bar mechanism

has been synthesized, a position analysis should be per-

formed to verify that the target positions can be reached
from the original linkage configuration without discon-
necting the joints.
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A branch defect occurs if the mechanism reaches a toggle
configuration between target positions. Unlike a circuit defect,
abranch defect is dependent on the selection of driving link. In
a toggle configuration, the mechanism becomes locked and the
driving link is unable to actuate. The branch defect may not be
a fatal flaw in the design, as an alternate link can be actuated to
drive the mechanism between target positions.

PROBLEMS

Time Ratio Calculations

In Problems 5-1 through 5-3, a quick-return mechanism is to be
designed where the outward stroke consumes #; and the return
stroke t,. Determine the time ratio, imbalance angle, and speed at
which the mechanism should be driven.

5-1. t; = 1.1s; 1, = 0.8s.
5-2. ) = 0.35s;, = 0.20s.
5-3. 1 = 0.041s; £, = 0.027 s.
For Problems 5—4 through 5-6, a quick-return mechanism drives at

o rpm and has an imbalance angle of . Determine the time ratio
and the time to complete the outward and return strokes.

5-4. @ = 180 rpm; B = 25°.

5-5. w = 75rpm; 3 = 37°.

5-6. @ = 500 rpm; B = 20°.
Timing Charts

5-7. A reciprocating saw needs to move the blade
downward 0.75 in. in 0.10 s and return in 0.08 s.
Determine the time ratio and crank speed. Also,
sketch the timing chart and estimate the peak
velocity and acceleration of the motion.

5-8. A punch press needs to move a stamp downward
1.5 in. in 0.60 s and return in 0.35 s. Determine the
time ratio and crank speed. Also, sketch the timing
chart and estimate the peak velocity and accele-
ration of the motion.

5-9. A process requires a conveyor to index packages
6.0 in. in 0.6 s and dwell while a stamp is applied
to the package. The stamp head must travel 8.0 in.
to meet the package. The entire stamp stroke
should take 0.8 s. Determine the time ratio and
crank speed of the mechanism. Also, sketch the
synchronized timing charts and estimate the peak
velocity and acceleration of the different motion
elements.

5-10. A process requires a conveyor to index cans 2.0 in.
in 0.12 s and dwell while a cover is pressed onto a
can. The cap head must travel 3.0 in. to approach
the can. The entire cover pressing stroke should take
0.25 s. Determine the time ratio and crank speed of
the mechanism. Also, sketch the synchronized
timing charts and estimate the peak velocity and
acceleration of the different motion elements.

Design of Slider-Crank Mechanisms

For Problems 5-11 through 5-18, design a slider-crank mechanism
with a time ratio of Q, stroke of | AR 4| ,,x and time per cycle of t. Use
either the graphical or analytical method. Specify the link lengths L,,
Ls, offset distance L; (if any), and the crank speed.

5-11. Q = L;1ARylax = 2inst = 1.2s.
5-12. Q = 1;1ARyl .y = 8mm; ¢ = 0.08s.
5-13. Q = L;1ARyl . = 0.9mm; ¢t = 0.4s.
5-14. Q = 1.25; ARyl pax = 2.75in.5t = 0.6s.

5-15. Q = 1.37; |ARyl . = 46mm; t = 3.4s.
5-16. Q = 1.15 ARyl = 1.2in,; t = 0.014s.
5-17. Q = 1.20; IARl,,c = 0.375in.; £ = 0.025s.

5-18. Q = 1.10; IARl. = 0.625in.; t = 0.033s.

Design of Crank-Rocker Mechanisms

For Problems 5-19 through 5-28, design a crank-rocker mechanism
with a time ratio of Q, throw angle of (A6,) .y and time per cycle
of t. Use either the graphical or analytical method. Specify the link
lengths Ly, L,, L3, Ly, and the crank speed.

5-19. Q = 1; (ABy)mae = 78% ¢ = 1.25.
5-20. Q = 15 (A0y)max = 100% ¢ = 3.5s.
521, Q = 1.15; (Afy)ax = 55% ¢ = 0.45s.

5-22. Q = 1.24; (AO,) pay = 85% t = 1.8s.
5-23. Q = 1.36; (AOy)may = 45% t = 1.25.
5-24. Q = 1.20; (AO)pay = 96%t = 0.3s.
5-25. Q = 1.18;(A0,)may = 72°%t = 0.08s;L, = 8.0 in.
5-26. Q = 1.10; (Afy) ey = 115% ¢ = 0.25; L, = 6.5 in.

5-27. Q = 1.22; (A6y) max = 88%t = 0.75s;L; = 8.0 in.
5-28. Q = 1.08; (Afy)max = 105% ¢t = 1.50s;
L; = 100.0 mm.

Design of Crank-Shaper Mechanisms
For Problems 5-29 through 5-32, design a crank-shaper mechanism
with a time ratio of Q, stroke of | AR/ a5 and time per cycle of t. Use
either the graphical or analytical method. Specify the link lengths L;,
L,, L3, Ly, and the crank speed.
5-29.
5-30.
5-31.
5-32.

Q = 1.50; |ARg|max = 2.751n; ¢ = 0.6s.
Q = 1.75; |ARg| may = 46 mm; t = 3.4s.
Q = 2.00; |ARg| jpay = 0.375in;¢ = 0.014s.
Q = 1.80; |ARg|max = 1.21in5t = 0.25s.

Two-Position Synthesis, Single Pivot

For Problems 5-33 through 5-36, a link containing points A and B
must assume the positions listed in the table for each problem.
Graphically determine the location of a fixed pivot for a single pivot-
ing link that permits the motion listed. Also determine the degree
that the link must be rotated to move from position 1 to position 2.

5-33.

Coordinates: A, (in.) Ay (in.) B, (in.) By (in.)
Position 1 0.0000 9.0000 5.0000 9.0000
Position 2 6.3600 6.3600 9.9005 2.8295
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5-34.
Coordinates: A, (in.) Ay (in.) B, (in.) By (in.)
Position 1 2.2800 5.3400 6.8474 7.3744
Position 2 9.7400 8.5000 12.5042 4.336
5-35.
Coordinates: A, (mm) Ay (mm) B, (mm) By (mm)
Position 1 —53.000 41.000 75.205 19.469
Position 2 —36.000 40.000 87.770 —8.112
5-36.
Coordinates: A, (mm) Ay (mm) B, (mm) By (mm)
Position 1 25.507 47.312 83.000 11.000
Position 2 97.000 30.000 150.676 71.748

Two-Position Synthesis, Two Pivots

In Problems 5-37 through 5-40, a link containing points A and B is
to assume the positions listed in the table for each problem.
Graphically find the location of two fixed pivots and the lengths of all
four links of a mechanism with a coupler that will exhibit the motion
listed. Also, determine the amount that the pivot links must be
rotated to move the coupler from position 1 to position 2.

5-37.

Coordinates: A, (in.) Ay (in.) B, (in.) B, (in.)

Position 1 —0.3536 4.8501 4.4000 3.3000

Position 2 —3.1000 3.2000 1.5562 5.0220
5-38.

Coordinates: A, (in.) Ay (in.) B, (in.) B, (in.)

Position 1 0.9000 4.5000 9.0380 7.7150

Position 2 —1.0000 5.6000 5.5727 11.3760
5-39.

Coordinates: A, (mm) Ay (mm) B, (mm) By (mm)

Position 1 —40.000 —60.000 28.936 —30.456

Position 2 —65.350 —26.352 8.000 —42.000
5—-40.

Coordinates: A, (mm) Ay (mm) B, (mm) By (mm)

Position 1 —37.261 —2.041 —18.000 1.000

Position 2 —18.000 —3.000 0.858 —7.963

Three-Position Synthesis

For Problems 5-41 through 5-44, a link containing points A and B
must assume the three positions listed in the table for each problem.
Graphically find the location of two fixed pivots and the lengths of all
four links of a mechanism with a coupler that will exhibit the motion
listed. Also, determine the amount that the pivot links must be

rotated to move the coupler from position 1 to position 2, then from
position 2 to position 3.

5-41.
Coordinates: Ay (in.) A, (in.) B, (in.) By (in.)
Position 1 —1.0000 —0.9000 5.2862 —1.7980
Position 2 —2.7000 —1.3000 3.6428 —0.9980
Position 3 —4.4000 —2.0000 1.7719 —0.5068
5-42.
Coordinates: A, (in.) Ay (in.) B, (in.) By (in.)
Position 1 —5.5000 —0.1000 7.9836 5.2331
Position 2 —2.4000 0.5000 12.0831 1.1992
Position 3 —0.6000 1.6000 13.6483 —1.0902
5—-43.
Coordinates: A, (mm) Ay (mm) B, (mm) By (mm)
Position 1 0.000 40.000 54.774 44.980
Position 2 21.000 51.000 72.204 30.920
Position 3 39.000 49.000 82.143 14.887
5-44.
Coordinates: A, (mm) Ay (mm) B, (mm) By (mm)
Position 1 43.000 —76.000 149.890 —50.027
Position 2 3.000 —52.000 111.127 —72.211
Position 3 —12.000 —33.000 91.840 —69.294
CASE STUDIES

5-1. Figure C5.1 shows a mechanism that drives a sliding
block, L. Block I, in turn, moves the blade of a power
hacksaw. Carefully examine the configuration of the
components in the mechanism. Then, answer the
following questions to gain insight into the opera-
tion of the mechanism.

FIGUREC5.1 (Courtesy, Industrial Press.)

1. As shaft A rotates 90° cw, what is the motion of lobe
B, which is attached to shaft A?
2. Asshaft A rotates 90° cw, what is the motion of item C?
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5-2.

Is a slot necessary at roller E?

As shaft A rotates 90° cw, what is the motion of pin H?
As shaft A rotates 90° cw, what is the motion of
pin I?

Determine the mobility of this mechanism.

As thread G rotates to pull roller E downward, how
does that alter the motion of link C?

As thread G rotates to pull roller E downward, how
does that alter the motion of pin H?

What is the purpose of this mechanism?

Figure C5.2 shows a mechanism that also drives
a sliding block B. This sliding block, in turn, drives a
cutting tool. Carefully examine the configuration of
the components in the mechanism. Then, answer
the following questions to gain insight into the
operation of the mechanism.

. As rod A drives to the right, what is the motion of

sliding block B?
Describe the motion of sliding block B as roller C
reaches groove D.

FIGURE C5.2 (Courtesy, Industrial Press.)

. Describe the motion of sliding block B as rod A

drives to the left, bringing C out of groove D.

. Describe the continual motion of sliding block B as

rod A oscillates horizontally.

. What is the purpose of this mechanism?
. Describe a device that could drive rod A to the left

and right.

. The adjustment slots at E provide what feature to

the mechanism?



VELOCITY ANALYSIS

OBJECTIVES

Upon completion of this chapter, the student will be
able to:

1. Define linear, rotational, and relative velocities.
2. Convert between linear and angular velocities.

3. Use the relative velocity method to graphically solve for
the velocity of a point on a link, knowing the velocity of
another point on that link.

4. Use the relative velocity method to graphically and

analytically determine the velocity of a point of interest
on a floating link.

5. Use the relative velocity method to analytically solve
for the velocity of a point on a link, knowing the
velocity of another point on that link.

6. Use the instantaneous center method to graphically
and analytically determine the velocity of a point.

7. Construct a velocity curve to locate extreme velocity
values.

6.1 INTRODUCTION

Velocity analysis involves determining “how fast” certain
points on the links of a mechanism are traveling. Velocity is
important because it associates the movement of a point on
a mechanism with time. Often the timing in a machine is
critical.

For instance, the mechanism that “pulls” video film
through a movie projector must advance the film at a rate
of 30 frames per second. A mechanism that feeds packing
material into a crate must operate in sequence with the
conveyor that indexes the crates. A windshield wiper mecha-
nism operating on high speed must sweep the wiper across
the glass at least 45 times every minute.

The determination of velocity in a linkage is the
purpose of this chapter. Two common analysis procedures
are examined: the relative velocity method and the instan-
taneous center method. Consistent with other chapters in
this book, both graphical and analytical techniques are
included.

CHAPTER
SIX

6.2 LINEAR VELOCITY

Linear velocity, V, of a point is the linear displacement of that
point per unit time. Recall that linear displacement of a
point, AR, is a vector and defined as a change in position of
that point. This concept was introduced in Section 4.3.

As described in Chapter 4, the displacement of a point is
viewed as translation and is discussed in linear terms. By
definition, a point can only have a linear displacement.
When the time elapsed during a displacement is considered,
the velocity can be determined.

As with displacement, velocity is a vector. Recall that
vectors are denoted with the boldface type. The magnitude
of velocity is often referred to as “speed” and designated as
v = |V]. Understanding the direction of linear velocity
requires determining the direction in which a point is
moving at a specific instant.

Mathematically, linear velocity of a point is expressed as

dR
V=Ilm —/— 6.1
Algo dr 6.1
and for short time periods as
AR
= — 6.2
Ar (6.2)

Since displacement is a vector, equation (6.1) indicates
that velocity is also a vector. As with all vectors, a direction is
also required to completely define velocity. Linear velocity is
expressed in the units of length divided by time. In the U.S.
Customary System, the common units used are feet per
second (ft/s or fps), feet per minute (ft/min or fpm), or
inches per second (in./s or ips). In the International System,
the common units used are meters per second (m/s) or
millimeters per second (mm/s).

6.2.1 Linear Velocity of Rectilinear Points

A point can move along either a straight or curved path. As
seen in the earlier chapters, many links are constrained to
straight-line, or rectilinear, motion. For points that are attached
to a link that is restricted to rectilinear motion, equations (6.1)
and (6.2) can be used to calculate the magnitude of the velocity.
The orientation of the linear velocity vector is simply in the
direction of motion, which is usually obvious.

123
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EXAMPLE PROBLEM 6.1

Crates on a conveyor shown in Figure 6.1 move toward the left at a constant rate. It takes 40 s to traverse the 25-ft

conveyor. Determine the linear velocity of a crate.

vV

crate

(©)

©

FIGURE 6.1 Translating crate for Example Problem 6.1.

SOLUTION:  Because the crates travel at a constant rate, equation (6.2) can be used to determine the linear velocity of the
crate.
AR 25 ft 625 ft/ 121in. 75in/s <
= = = =, —— | =75in,
wae T Ar T 405 Uik ’

6.2.2 Linear Velocity of a General Point

For points on a link undergoing general motion, equations
(6.1) and (6.2) are still valid. The direction of the linear velocity
of a point is the same as the direction of its instantaneous
motion. Figure 6.2 illustrates the velocity of two points on a
link. The velocities of points A and Bare denoted as V 4 and V3,
respectively. Note that although they are on the same link, both
these points can have different linear velocities. Points that are
farther from the pivot travel faster. This can be “felt” when
sitting on the outer seats of amusement rides that spin.

From Figure 6.2, the velocity of point A, V , is directed
along the path that point A is moving at this instant—that
is, tangent to an arc centered at O, which is also perpendic-
ular to link OA. In casual terms, if point A were to break
away from link 2 at this instant, point A would travel in the
direction of its linear velocity.

6.2.3 Velocity Profile for Linear Motion

Advances in technology have allowed precise motion control
for many applications, such as automation, test, and
measurement equipment. These systems implement servo
drives, which are motors controlled by a microprocessor.
The intended motion is specified to a controller. Sensors
monitor the motion of the moving link and provide feed-
back to the controller. If a difference between the intended
motion and the actual motion is measured, the controller
will alter the signal to the motor and correct the deviation.
Because of the precision, responsiveness, and lowering cost,
the use of servo systems is growing rapidly.

For optimal motion control, smooth high-speed motion is
desired, with a minimal effort required from the motor. The
controller must direct the motor to change velocity wisely to

Vi

FIGURE6.2 Linear velocities of points on a link.

achieve maximum results. For a linear servo system, the motion
characteristics of a translating machine component are usually
specified with a shaped velocity profile. The velocity profile pre-
scribes the speed-up, steady-state, and slow-down motion seg-
ments for the translating link. The actual displacement can be
calculated from the velocity profile. Rewriting equation (6.1),

dR =V dt

Solving for the displacement, AR, gives

ARz/th

With knowledge from elementary calculus, equation (6.3)
states that the displacement for a certain time interval is the
area under the v—t curve for that time interval.

(6.3)

EXAMPLE PROBLEM 6.2

Servo-driven actuators are programmed to move according to a specified velocity profile. The linear actuator, shown
in Figure 6.3a, is programmed to extend according to the velocity profile shown in Figure 6.3b. Determine the total
displacement during this programmed move.
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v (in./s)

(a)

SN

(b)

FIGURE 6.3 Velocity profile for Example Problem 6.2.

SOLUTION: 1.

Displacement during the Speed-Up Portion of the Move

During the first one-second portion of the move, the actuator is speeding up to its steady-state velocity. The area

under the vt curve forms a triangle and is calculated as

ARspeed-up = 1/2 (Vsteady—state) (Atspeed—up) = 1/2 (4 in./s) [(1-0)s] =2in. —

2. Displacement during the Steady-State Portion of the Move

During the time interval between 1 and 4.5, the actuator is moving at its steady-state velocity. The area under the

y—t curve forms a rectangle and is calculated as

A Rsteady—state

= <Vsteady—state)(Atsteady—state) = (4 in'/s) (45— 1)s] = 14in. —>

3. Displacement during the Slow-Down Portion of the Move

During the time interval between 4.5 and 5.5, the actuator is slowing down from its steady-state velocity. The

area under the vt curve forms a triangle and is calculated as

ARow-down = 1/2 (Vsteady—state) (Atslow—down) = 1/2 (4 in./s) [((55—45)s] =2in. —

4.  Total Displacement during the Programmed Move

The total displacement during the programmed move is the sum of the displacement during the speed-up,

steady-state, and slow-down portions of the move.

ARyl = ARgpeed-yp + ARmad),,Stzlte + ARygw-down = 2 + 14 + 2 = 18 in. ——> (extension)

6.3 VELOCITY OF A LINK

Several points on a link can have drastically different linear
velocities. This is especially true as the link simply rotates
about a fixed point, as in Figure 6.2. In general, the motion
of a link can be rather complex as it moves (translates) and
spins (rotates).

Any motion, however complex, can be viewed as a
combination of a straight-line movement and a rotational
movement. Fully describing the motion of a link can consist
of identification of the linear motion of one point and the
rotational motion of the link.

Although several points on a link can have different linear
velocities, being a rigid body, the entire link has the same
angular velocity. Angular velocity, @, of a link is the angular dis-
placement of that link per unit of time. Recall that rotational
displacement of a link, A6, is defined as the angular change in
orientation of that link. This was introduced in Section 4.3.

Mathematically, angular velocity of a link is expressed as:

. A6 do
w=Ilm-—=—

= 6.4
At-o At dt (6-4)

and for short time periods, or when the velocity can be
assumed linear,

A6

= Ail‘ (6.5)

The direction of angular velocity is in the direction of
the link’s rotation. In planar analyses, it can be fully
described by specifying either the term clockwise or
counterclockwise. For example, the link shown in Figure 6.2
has an angular velocity that is consistent with the linear
velocities of the points that are attached to the link. Thus, the
link has a clockwise rotational velocity.

Angular velocity is expressed in the units of angle
divided by time. In both the U.S. Customary System
and the International System, the common units used are
revolutions per minute (rpm), degrees per second (deg/s),
or radians per second (rad/s or rps).
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EXAMPLE PROBLEM 6.3

The gear shown in Figure 6.4 rotates counterclockwise at a constant rate. It moves 300° in. 0.5 s. Determine the

angular velocity of the gear.

ZEAAN

NN
\\\\\\‘

FIGURE6.4 Rotating gear for Example Problem 6.3.

SOLUTION:
the gear.

AGgear 300°

-
sear At 0.5s

= = 600 deg/s (

Because the gear rotates at a constant rate, equation (6.4) can be used to determine the angular velocity of

1 rev 60 s .
— | = 50 rpm, counterclockwise
360 deg/ \1 min

6.4 RELATIONSHIP BETWEEN LINEAR AND
ANGULAR VELOCITIES

For a link in pure rotation, the magnitude of the linear
velocity of any point attached to the link is related to the
angular velocity of the link. This relationship is expressed as

V= rw (6.6)

where:

v = |V| = magnitude of the linear velocity of the
point of consideration

r = distance from the center of rotation to the point of
consideration

® = angular velocity of the rotating link that contains the
point of consideration

Linear velocity is always perpendicular to a line that
connects the center of the link rotation to the point of consid-
eration. Thus, linear velocity of a point on a link in pure rota-
tion is often called the tangential velocity. This is because the
linear velocity is tangent to the circular path of that point, or
perpendicular to the line that connects the point with the pivot.

It is extremely important to remember that the angular
velocity, @, in equation (6.6) must be expressed as units
of radians per time. The radian is a dimensionless unit of
angular measurement that can be omitted. Linear velocity is

expressed in units of length per time and not radians times
length per time, as equation (6.6) would imply.

Often, the conversion must be made from the more
common unit of revolutions per minute (rpm):

o(rad/min) = [w(rad/min)]{ 2771:;ad ]
=2 [w(rad/min)} (6.7)
and
o (rad/s) = [w (reV/min)] Kzrl:xl/d>(l6z)nin )}
= 3—7; [w(rev/min)} ©8)

As mentioned, a radian is a dimensionless measure of
an angle. To be exact, an angle expressed in radians is the
ratio of the arc length swept by the angle to the radius. When
an angle expressed in radians is multiplied by another value,
the radian designation is omitted.

As stated in the previous section, the angular velocity of
the link and the linear velocities of points on the link are
consistent. That is, the velocities (rotational or linear) are
in the direction that the object (link or point) is instanta-
neously moving. As mentioned, linear velocity is always
perpendicular to a line that connects the center of link rota-
tion to the point of consideration.

EXAMPLE PROBLEM 6.4

Figure 6.5 illustrates a cam mechanism used to drive the exhaust port of an internal combustion engine. Point Bis a

point of interest on the rocker plate. At this instant, the cam forces point B upward at 30 mm/s. Determine the angu-

lar velocity of the rocker plate and the velocity of point C.
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FIGURE 6.5 Mechanism for Example Problem 6.4.

SOLUTION: 1.  Draw a Kinematic Diagram and Calculate Degrees of Freedom

The rocker plate is connected to the frame with a pin joint at point A. The velocity of point Bis a vector directed
upward with a magnitude of 30 mm/s. Figure 6.6 shows a kinematic diagram.

V=30 mm/s

B 20 mm

FIGURE 6.6 Kinematic diagram for Example Problem 6.4.

2. Calculate the Angular Velocity of Link 2

It should be apparent that as point B travels upward, the rocker plate, link 2, is forced to rotate clockwise.
Therefore, as point B has upward linear velocity, the rocker plate must have a clockwise angular velocity. The
magnitude of the angular velocity is found by rearranging equation (6.5):

Vg 30 mm/s
w, =— = ——— =1.5rad/s
r'AB 20 mm

This can be converted to rpm by rearranging equation (6.6):
30 30
w, (rev/min) = — [wz (rad/s)] = —[1.5rad/s] = 14.3 rpm
T T

Including the direction,
w; = 1.5rad/s,cw
3. Calculate the Linear Velocity of Point C
The linear velocity of point C can also be computed from equation (6.5):
Ve = racwy = (15 mm) (1.5 rad/s) = 22.5 mm/s

The direction of the linear velocity of C must be consistent with the angular velocity of link 2. The
velocity also is perpendicular to the line that connects the center of rotation of link 2, point A, to
point C. Therefore, the velocity of point C is directed 20° (90°-70°) above the horizontal. Including the

direction,
V¢ = 22.5mm/s /20°
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6.5 RELATIVE VELOCITY

The difference between the motion of two points is termed
relative motion. Consider a situation where two cars travel
on the interstate highway. The car in the left lane travels at
65 miles per hour (mph), and the car in the right lane travels
at 55 mph. These speeds are measured in relationship to a
stationary radar unit. Thus, they are a measurement of
absolute motion.

Although both are moving forward, it appears to the
people in the faster car that the other car is actually moving
backward. That is, the relative motion of the slower car to
the faster car is in the opposite direction of the absolute
motion. Conversely, it appears to the people in the slower car
that the faster car is traveling at 10 mph. That is, the relative
velocity of the faster car to the slower car is 10 mph.

Relative velocity is a term used when the velocity of one
object is related to that of another reference object, which
can also be moving. The following notation distinguishes
between absolute and relative velocities:

V4 = absolute velocity of point A
Vg = absolute velocity of point B

Vg4 = relative velocity of point B with respect to A
= velocity of point B “as observed” from point A

Relative motion, that is, the difference between the
motion of two points, can be written mathematically as

VB/A = VB - > VA (6.9)

or rearranged as

Vg =V, +> Vpy (6.10)

Note that equations (6.9) and (6.10) are vector
equations. Therefore, in order to use the equations, vector
polygons must be prepared in accordance with the
equations. The techniques discussed in Section 3.16 must be
used in dealing with these equations.

EXAMPLE PROBLEM 6.5

Figure 6.7 shows a cargo lift mechanism for a delivery truck. At this instant, point A has a velocity of 12 in./s in the
direction shown, and point B has a velocity of 10.4 in./s, also in the direction shown. Determine the angular veloc-
ity of the lower link and the relative velocity of point B relative to point A.

Vp=104in/s

B

V,= 1Zin./s

/

30°

FIGURE 6.7 Mechanism for Example Problem 6.5.

SOLUTION: L.

Draw a Kinematic Diagram and Identify Mobility

Figure 6.8a shows the kinematic diagram of this mechanism. Notice that it is the familiar four-bar mechanism,

having a single degree of freedom.

V, =104 in/s

V,=12in/s

(b)

FIGURE 6.8 Kinematic diagram for Example Problem 6.5.
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Calculate the Angular Velocity of Link 2

From the kinematic diagram, it should be apparent that as point A travels up and to the right, link 2 rotates
counterclockwise. Thus, link 2 has a counterclockwise angular velocity. The magnitude of the angular velocity is

found by rearranging equation (6.6) as follows:

wy; =

rao,  (24in.)

12 in.
va _ (2in/s) = 0.5rad/s

This can be converted to rpm by rearranging equation (6.7) as

,(rev/min) =

Including the direction,

% {wz(rad/s)} = % [0.5rad/s] = 4.8 rpm

w; = 4.8 rpm, counterclockwise

3. Calculate the Linear Velocity of Point B Relative to Point A

The relative velocity of B with respect to A can be found from equation (6.9):

Vpia = Vp—=>V,

A vector polygon is formed from this equation and is given in Figure 6.8b. Notice that this is a general triangle.

Either a graphical or analytical solution can be used to determine the vector vg/4.
Arbitrarily using an analytical method, the velocity magnitude v/ can be found from the law of cosines.

via = VIvi2+ vg— 2(v4) (vp) (cos 30°)]

= \/(12in./s)2 + (10.4 in./s)> — 2(12in./s) (10.4 in./s) (cos 30°)= .0 in./s

The angle between the velocity magnitudes vg/4 and vp is shown as 6 in Figure 6.8b. It can be found by us-

ing the law of sines:

6 — sl (12in./s)

: sin 30° | = 90°
6in./s

Thus, this vector polygon actually formed a right triangle. The relative velocity of B with respect to A is

stated formally as follows:

Vgia = 6.0 in./s <«

Relative velocity between two points on a link is useful in
determining velocity characteristics of the link. Specifically,
the relative velocity of any two points on a link can be used to
determine the angular velocity of that link. Assuming that
points A, B, and Clay on a link, the angular velocity can be
stated as

YAIB _ VBIC _ YAIC

VY'AB ¥BC YAC

(6.11)

Relative pivot

The direction of the angular velocity is consistent with
the relative velocity of the two points. The relative velocity of
B with respect to A implies that B is seen as rotating about A.
Therefore, the direction of the relative velocity of B “as seen
from” A suggests the direction of rotation of the link that is
shared by points A and B. Referring to Figure 6.9, when v, is
directed up and to the left, the angular velocity of the link is
counterclockwise. Conversely, when vy, is directed down and
to the right, the angular velocity of the link is clockwise.

V4 (drawn perpendicular
to line AB)

FIGURE 6.9 Relative velocity of two points on the same link.



130 CHAPTER SIX

6.6 GRAPHICAL VELOCITY ANALYSIS:
RELATIVE VELOCITY METHOD

Graphical velocity analysis will determine the velocity
of mechanism points in a single configuration. It must be
emphasized that the results of this analysis correspond to the
current position of the mechanism. As the mechanism
moves, the configuration changes, and the velocities also
change.

The basis of the relative velocity method of analysis is
derived from the following fact:

Two points that reside on the same link can only have a
relative velocity that is in a direction perpendicular to the
line that connects the two points.

This fact is an extension of the definition of relative
velocity. Figure 6.9 illustrates two points, A and B, that are
on the same link. Recall that vg,, is the velocity of B “as
observed” from A. For an observer at A, it appears that B is
simply rotating around A, as long as both A and B are on the
same link. Thus, the velocity of B with respect to A must be
perpendicular to the line that connects B to A.

With this fact and vector analysis techniques, the
velocity of points on a mechanism can be determined.

6.6.1 Points on Links Limited to Pure
Rotation or Rectilinear Translation

The most basic analysis using the relative velocity method
involves points that reside on links that are limited to pure
rotation or rectilinear translation. The reason is that the
direction of the motion of the point is known. Pin joints are
convenient points of analysis because they reside on two
links, where one is typically constrained to pure rotation or
rectilinear translation.

Figure 6.10 shows a slider-crank mechanism. Point B
resides on links 2 and 3. Notice that the direction of the
velocity of point B is known because link 2 is constrained
to pure rotation. Point Cresides on links 3 and 4. Likewise,
the direction of the velocity of point C is known because
link 4 is constrained to rectilinear translation. If the veloc-
ity of point B is known, the velocity of point C can
be quickly found because the direction of that velocity is

FIGURE6.10 Links constrained to pure rotation and
rectilinear translation.

also known. Only the magnitude and sense need to be
determined.

The general solution procedure to problems of this type
can be summarized as:

1. Determine the direction of the unknown velocity by
using the constraints imposed by the joint, either pure
rotation or pure translation.

2. Determine the direction of the relative velocity between
the two joints. For two points on the same link, the rel-
ative velocity is always perpendicular to the line that
connects the points.

3. Use the following relative velocity equation to draw a
vector polygon:

VUnknown point — Vknown point

+> VUnknown point/Known point

4. Using the methods outlined in Section 3.18, and the
vector equation above, determine the magnitudes of

VUnknown point and VUnknown point/Known point

This analysis procedure describes the logic behind graphi-
cal velocity analysis. The actual solution can be completed
using manual drawing techniques (using a protractor and
compass) or can be completed on a CAD system (using a rotate
and copy command). The logic is identical; however, the CAD
solution is not susceptible to limitations of drafting accuracy.
Regardless of the method being practiced, the underlying
concepts of graphical position analysis can be further illus-
trated and expanded through the following example problem.

EXAMPLE PROBLEM 6.6

Figure 6.11 shows a rock-crushing mechanism. It is used in a machine where large rock is placed in a vertical hopper

and falls into this crushing chamber. Properly sized aggregate, which passes through a sieve, is discharged at the

bottom. Rock not passing through the sieve is reintroduced into this crushing chamber.

Determine the angular velocity of the crushing ram, in the shown configuration, as the 60-mm crank rotates at

120 rpm, clockwise.

SOLUTION: 1.

Draw a Kinematic Diagram and Calculate Degrees of Freedom

Figure 6.12a shows a kinematic diagram of this mechanism. Notice that this mechanism is the familiar four-bar

linkage, having a single degree of freedom. With one degree of freedom, this mechanism is fully operated with
the one input motion. Of course, this motion is the rotation of link 2, at a rate of 120 rpm.
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FIGURE 6.12 Diagrams for Example Problem 6.6.

Decide on an Appropriate Relative Velocity Equation

The objective of the analysis is to determine the angular velocity of link 4. Link 2 contains the input motion (ve-
locity). Point B resides on both links 2 and 3. Point C resides on both links 3 and 4. Because points B and C re-

side on link 3, the relative velocity method can be used to relate the input velocity (link 2) to the desired velocity
(link 4). The relative velocity equation for this analysis becomes

Ve=Vg + > VC/B



120 rpm) = 12.56 rad/s, cw

Vg = Wy rpp = (12.56 rad/s) (60 mm) = 754 mm/s <

Because link 4 is fixed to the frame at D, link 4 is limited to rotation about D. Therefore, the velocity of point C

Also, as earlier stated, points B and C reside on link 3. Therefore, the relative velocity of C with respect to B

132 CHAPTER SIX
3.  Determine the Velocity of the Input Point
The velocity of point Bis calculated as
T
d/s) = —
) (ra / s) 30 (
4. Determine the Directions of the Desired Velocities
must be perpendicular to the line CD.
must lie perpendicular to the line BC.
5. Draw a Velocity Polygon

In the relative velocity equation, only the magnitudes of V-and V¢ are unknown. This is identical to the prob-
lems illustrated in Section 3.18. The vector polygon used to solve this problem is shown in Figure 6.12b. The
magnitudes can be determined by observing the intersection of the directed lines of Vand V5. The completed
vector polygon is shown in Figure 6.12c.

6. Measure the Velocities from the Velocity Polygon

The velocities are scaled from the velocity diagram to yield

Ve = 784.0 mm/s_7.0°\
Ve = 101.1 mm/s_72.7° \

7.  Calculate Angular Velocities

Ultimately, the angular velocities of link 4 is desired. The angular velocities of both links 3 and 4 can be deter-

mined from equation (6.6):

789.4 mm/s

v

w, = & = Q = 4.36 rad/s, cw
rep (180 mm)
VC/B 101.1 mm/s

wy = —— = 7/ = 0.25rad/s, cw
BC (400 mm)

6.6.2 General Points on a Floating Link

Determining the velocity of general points on a floating link
presents a slightly more complicated analysis. A floating link
is simply a link that is not limited to pure rotation or recti-
linear translation. The difficulty arises in that neither the
direction nor magnitude of the unknown velocity is known.
This is fundamentally different from the analysis presented
in Example Problem 6.6.

To determine the velocity of a general point on a float-
ing link, the velocity of two additional points on the link
must be already determined. The two points are commonly
pin joints constrained to either translation or rotation, as
presented in Section 6.6.1. The velocities of these special
points are readily obtained in an analysis similar to Example
Problem 6.6.

Figure 6.13a illustrates a link in which the velocities of
points A and B are already determined. To determine the
velocity of point C, the following procedure can be followed:

1. Two equations can be written.
VC = VA + > VC/A

VC: VB + > VC/B

Since points A, B, and C are on the same link, the
directions of V4 and Vp are perpendicular to lines
CA and CB, respectively.

2. The individual relative velocity equations can be set
equal to each other. In this case, this yields the following:

VC:VA + > VC/A:VB+>VC/B

3. The relative velocities can be solved by again using
the techniques outlined in Section 3.18. This involves
constructing the vector polygon as shown in
Figure 6.13b.

4. The relative velocity magnitudes can be measured from
the vector polygon.

5. Knowing the relative velocities, the velocity of the point
of interest, point C, can be determined using one of
the individual equations outlined in step 1. This can be
readily found from the original vector polygon, as
shown in Figure 6.13c.

Again, vector polygons can be constructed using identi-
cal logic with either manual drawing techniques or CAD.
This logic behind the analysis is illustrated in the following
example problem.
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FIGURE6.13 Velocity of a point of interest.

EXAMPLE PROBLEM 6.7

SOLUTION:

Figure 6.14 illustrates a mechanism that extends reels of cable from a delivery truck. It is operated by a hydraulic
cylinder at A. At this instant, the cylinder retracts at a rate of 5 mm/s. Determine the velocity of the top joint,
point E.

1.

Draw a Kinematic Diagram and Calculate Degrees of Freedom

Figure 6.15a shows the kinematic diagram of this mechanism. To fully understand this mechanism, the mobility

is computed.

n==6 i, = (5 pins + 2 sliders) = 7 i, =10
Jp P Ih

and

M=3n—1)—2j,—j=36-1)—27)—0=1

~—300

All dimensions are in mm.

FIGURE 6.14 Mechanism for Example Problem 6.7.
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FIGURE6.15 Diagrams for Example Problem 6.7.

With one degree of freedom, this mechanism is fully operated with the one input motion. Of course, this motion
is the actuation of the hydraulic cylinder upward at a rate of 5 mm/s.

2. Decide on a Method to Achieve the Desired Velocity

Link 5 carries both point C (known velocity) and point E (unknown velocity). However, link 5 is a floating link,
as it is not constrained to either pure rotation or pure translation. Therefore, prior to determining the velocity of
point E, one other velocity on link 5 must be established. Point D is a convenient point because it resides on link

5 and a link that is constrained to rotation (link 2).

3.  Determine the Velocity of the Convenient Point (Point D)

The equation that will allow determination of the velocity of point D can be written as

VD = VC +> VD/C

Because link 2 is fixed to the frame at B, point D is constrained to rotation about B. Therefore, the velocity

of point D must be perpendicular to the line BD.

In addition, both points D and C reside on the same link, namely, link 5. Therefore, the relative velocity of
D with respect to C must be perpendicular to the line DC. From the previous two statements, the directions of

both velocities Vp and V¢ are known.
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The vector polygon used to solve this problem is shown in Figure 6.15b. The magnitudes can be determined
by observing the intersection of the directed lines, V, and Vp,c. The magnitudes of the velocities can be scaled,
yielding the following equations:

Ve = 3.5mm/s\ 45°
Vp = 3.5mm/s /45°

Determine the Velocity of the Point on the Floating Link (Point 5)

Now that the velocities of two points on link 5 are fully known, the velocity of point E can be
determined. Using two forms of the relative velocity equation, the velocity of the points C, D, and E can be
related:

Vg=Vc+> Vgec=Vp+> Vgp
The velocities of Cand D as well as the direction of the relative velocities are known. A vector polygon is
constructed in Figure 6.15c.
Once the magnitudes of the relative velocities are determined, the polygon can be completed. The

completed polygon is shown in Figure 6.15d. The velocity of E can be included in the polygon according to the
vector equation above. Measuring the vectors from the completed polygon yields

VE/D = 2.65 mm/s ; 16.7°

VE/C = 5.95 mm/s§ 33.0°
Vg =5.29mm/s /19.4°

6.6.3 Coincident Points on Different Links motion is known. Therefore, the direction of the relative

Calculating velocities of moving links that are connected
through a sliding joint involves using coincident points that

velocity of the coincident points is known. This is sufficient
information to determine the motion of the driven links. The
concept is best illustrated through an example problem.

reside on the two bodies. Typically, the direction of the sliding

EXAMPLE PROBLEM 6.8

SOLUTION:

Figure 6.16 shows a mechanism that tips the bed of a dump truck. Determine the required speed of the hydraulic

cylinder in order to tip the truck at a rate of 5 rad/min.

1.

FIGURE 6.16 Dump truck mechanism for Example Problem 6.8.

Draw a Kinematic Diagram and Identify the Degrees of Freedom

Kinematically, this mechanism is an inversion to the common slider-crank mechanism. The slider-crank has one
degree of freedom, which in this case is the extension and contraction of the hydraulic cylinder. Figure 6.17a
shows the kinematic diagram of this mechanism.

Link I represents the bed frame, link 4 is the cylinder, link 3 is the piston/rod, and link 2 is the bed. Notice
that the pin joint that connects links 2 and 3 is labeled as point B. However, because links 2, 3, and 4 are located
at point B, these coincident points are distinguished as B,, B3, and By.
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FIGURE 6.17 Diagrams for Example Problem 6.8.

2. Decide on a Method to Achieve the Desired Velocity

The problem is to determine the speed of the hydraulic cylinder that will cause link 2 to rotate at a rate
of 5 rad/min, counterclockwise. In terms of the kinematic model, the velocity of B, relative to B, must be
determined.

The velocities of the coincident points are related through equation (6.9):

Va2 = Vgy + > Voypy

In this equation, the magnitude, Vg,, can be calculated from the rotational speed of link 2. Additionally,
because the links are constrained to pure rotation, the directions of Vp, and Vp, are perpendicular to links
2 and 4, respectively.

Finally, because B, and B, are connected through a sliding joint and the direction of the sliding is known,
the relative velocity, vgy g, must be along this sliding direction. Therefore, enough information is known to
construct a velocity polygon.

3. Determine the Velocity of the Input Point (Point B,)
The velocity of B, can be found with the following:
Vg2 = Wolypy = (5 rad/min) (7 ft) = 35 ft/min

The direction of the velocity of point B, is perpendicular to link 2, which is up and to the left.
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4. Determine the Velocity of the Point on the Follower Link (Point B,)

The vector polygon used to solve this problem is shown in Figure 6.17b. The magnitudes can be determined by
observing the intersection of the directed lines of vz, and vgy/py.

5. Measure the Desired Velocities from the Polygon

The magnitudes of the velocities can be scaled from the CAD layout in Figure 6.17¢, yielding the following:

Vgo/ps = 33.1 ft/min _56°\

Vi = 11.4 ft/min /34°

Therefore, at this instant, the cylinder must be extended at a rate of 33 ft/min to have the bed tip at a rate of 5

rad/min.

6.7 VELOCITY IMAGE

A useful property in velocity analysis is that each link in
a mechanism has an image in the velocity polygon. To
illustrate, a mechanism is shown in Figure 6.18a, with its
associated velocity diagram in Figure 6.18b.

Examine the triangle drawn using the terminus of the
three absolute velocity vectors. This triangle is shaped with
proportional dimensions to the floating link itself and
rotated 90°. The shape in the velocity polygon is termed a
velocity image of the link. The velocity image of link 5 in
Example Problem 6.7 can be seen in Figure 6.15d.

E

(a)

If this concept of velocity image is known initially,
the solution process can be reduced considerably. Once
the velocity of two points on a link is determined, the
velocity of any other point that sits on the link can be
readily found. The two points can be used as the base of
the velocity image. The shape of that link can be scaled
and constructed on the velocity polygon. Care must be
taken, however, not to allow the shape of the link to be
inverted between the kinematic diagram and the velocity

polygon.

Vp=Vet+>Vp,e=Vp+>Vy,p
(b)

FIGURE6.18 Velocity image.

6.8 ANALYTICAL VELOCITY ANALYSIS:
RELATIVE VELOCITY METHOD

Analytical velocity analysis involves exactly the same logic
as employed in graphical analysis. The vector polygons
are created according to the appropriate relative velocity
equations. Because analytical techniques are used, the

accuracy of the polygon is not a major concern, although a
rough scale allows insight into the solutions. The vector
equations can be solved using the analytical techniques
presented in Chapter 3.

Analytical solutions are presented in the following
example problems.

EXAMPLE PROBLEM 6.9

Figure 6.19 shows a primitive well pump that is common in undeveloped areas. To maximize water flow, the piston

should travel upward at a rate of 50 mm/s. In the position shown, determine the angular velocity that must be
imposed on the handle to achieve the desired piston speed.

SOLUTION: 1.

Draw a Kinematic Diagram and Identify the Degrees of Freedom

Figure 6.20a shows the kinematic diagram of this mechanism. Notice that this is a variation of a slider-crank

mechanism, which has one degree of freedom. Link 2 represents the handle. Therefore, the goal of this problem

is to determine @,.
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V3, drawn perpendicular to BC
(7.95° from horizontal, or
82.05° from vertical)

V=50 mm/s

Vg
Drawn perpendicular to AB
(15° from vertical)

Vi=Vet> Ve
(©

FIGURE6.20 Diagrams for Example Problem 6.9.
Analyze the Mechanism Geometry

Figure 6.20D isolates the geometry of the core mechanism links. Notice that this geometry was used to form two

right triangles. Focusing on the upper triangle, ABF, and using the trigonometric functions, the length of sides
BF and AF can be determined.

BF = (250 mm) cos 15° = 241.48 mm

AF = (250 mm) sin 15° = 64.70 mm
The length of BE is calculated by

BE = BF — EF = 241.48 mm — 200 mm = 41.48 mm
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Focusing on the lower triangle, the interior angle at C can be found with the following:

41.48
ZBCE = sin”! (—) = 7.95°
300

3. Assemble the Velocity Polygon
To solve for the angular velocity of link 2, the linear velocity of point B, which resides on link 2, must be
determined. Link 3 is of special interest because it carries both point C (known velocity) and point B (unknown
velocity).
Because link 2 is fixed to the frame at A, point B is limited to rotation about A. Therefore, the velocity of
point B must be perpendicular to line AB. In addition, since both points B and Creside on the same link (link 3),
the relative velocity of B with respect to C must lie perpendicular to the line BC.
From the previous two statements, the directions of both velocities Vg and Vp,c are known.
Velocity Vi is perpendicular to AB, 15° from the vertical. Velocity vg,c is perpendicular to BC, 7.95° from
the horizontal, or 90° — 7.95° = 82.05° from the vertical. These velocities can be related using equation
(6.10):
VB = VC + > VB/C
In this equation, only the magnitudes of Vg and V¢ are unknown. The vector polygon that is used to solve
this problem is shown in Figure 6.20c. The magnitudes can be determined by solving for the length of the sides
(vector magnitudes) of the general triangle.
The remaining interior angle of this vector triangle is
180° — 82.05° — 15° = 82.95°
4. Calculate the Velocity of Point B
The law of sines is used to determine the vector magnitudes:
Ve =V, ( sin 15° ) 13.04 mm/s 7.957
= ———— ] = 13.04mm/s 7.
BIE T TCN sin 82.95°
sin 82.05°
Vg = Vol ————— | = 49.90 159 = 49.9 75°
B C( sin 82.95° ) mm/s {1 /575N
5. Determine the Angular Velocity of Link 2
Now that the velocity Bis determined, the angular velocity of link 2 can be solved. Notice that consistent with the
direction of Vi, link 2 must rotate clockwise:
Vg 49.9 mm/s
w, = — = ——— = 0.20rad/s, cw
I'AB 250 mm
Convert this result to rpm with the following:
30 30
w(rev/min) = — |wlrad/s)| = — [0.20rad/s] = 1.9t cw
(resmin) = 2 [o{ra)] = 22 f0201305) = 15:pm
EXAMPLE PROBLEM 6.10

SOLUTION:

Figure 6.21 illustrates a roofing material delivery truck conveyor. Heavy roofing materials can be transported on the

conveyor to the roof. The conveyor is lifted into place by extending the hydraulic cylinder. At this instant, the cylinder

is extending at a rate of 8 fpm (ft/min). Determine the rate that the conveyor is being lifted.

1.

Draw the Kinematic Diagram and Identify the Degrees of Freedom

Figure 6.22a shows the kinematic diagram of this mechanism. Link 4 represents the conveyor, link 2 represents
the cylinder, and link 3 represents the piston/rod. Because a sliding joint is used to connect two rotating links,
defining coincident points will aid problem solution. Point B, is attached to link 2, and point B, is attached, as a
point of reference, to link 4. The goal of this problem is to determine aj.
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K

FIGURE 6.21 Conveyor for Example Problem 6.10.

Kinematic diagram

Mechanism geometry

Velocity polygon

V4= Vpapr+> Vi

Va2

Drawn perpendicular to AB \

Drawn perpendicular to BC
at 20° from vertical or
70° (90° — 20°) from the horizontal

Vg4 =8 fpm /

Drawn along AB at 47.47° (180° — 132.53°)
from the horizontal

47.47° 70°

(©)

FIGURE 6.22 Diagrams for Example Problem 6.10.

2. Analyze the Mechanism Geometry
Figure 6.22b isolates the geometry of the core mechanism links. Notice that this geometry was used to form two
triangles. Focusing on the lower right, triangle ACE yields the following:

AC = V[AE* + CE?]
= V(1) + 3ft) =3.161t

CE 3ft

Z/CAE = tan”! (—) = tan ! <—) = 71.57°
AE 1ft
[ AE L (1fe

ZACE = tan — | =tan (—— ) = 18.43°
CE 3 ft
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Because link 4 is inclined at 20° above horizontal, the full angle at Cis
ZBCE = 90° + 20° = 110°
then the angle at Cin the upper triangle is
ZACB = £BCE — ZACE = 110° — 18.43° = 91.57°

The geometry of the upper triangle can be fully determined by the law of cosines

AB = VAC® + BC® — 2(AC) (BC) cosZ ACB

= V(3.16 ft)? + (6 ft)?> — 2(3.16 ft) (6 ft) cos 91.57° = 6.86 ft

and the law of sines

6 ft
ZBAC = sin! {( )sin 91.57°} = 60.96°
6.86 ft

W
-

.16
ZCBA = sin‘l{( )sin 91.57°} = 27.42°
6.86 ft

Finally, the total included angle at A is

ZBAE = ZCAE + ZBAC = 71.57° + 60.96° = 132.53°

Assemble a Velocity Polygon

To solve for the angular velocity of link 2, the linear velocity of point B,, which resides on link 2, must be
determined. The extension of the hydraulic cylinder is given, which represents the velocity of point B on
link 4, relative to point B on link 2 (V4/p,). These velocities can be related using equation (6.10):

Vpy = Vpyp + > Vp,

Because link 4 is fixed to the frame at C, point By is limited to rotation about C. Therefore, the velocity of
point B, must be perpendicular to the line BC.

In addition, link 2 is fixed to the frame at A, and point B, is limited to rotation about A. Therefore, the
velocity of point B, must be perpendicular to the line AB.

From the previous two statements, the directions of both velocities V, and Vp, are known.

The vector polygon that is used to solve this problem is shown in Figure 6.22c. Notice that these vectors
form a right triangle. The magnitudes can be determined by solving for the length of the sides (vector magni-
tudes) of the right triangle.

The bottom interior angle of this vector triangle is

180° — 70° — 47.47° = 62.53°

Calculate the Velocity of Point B
The velocity of B, is found from the following trigonometric relationships of a right triangle:

Via/B2
Vi = <7 = 17.43 ft/min /70°

Cos 62.53°

Determine the Angular Velocity of Link 2
Now that velocity B, is known, the angular velocity of link 4 can be solved. Notice that consistent with the

direction of vpy, link 4 must rotate clockwise:

Vg _ 1743 ft/min

= = 2.89 rad/min, cw
BC 6 ﬁ

wy =

Convert this result to rpm by

2.89 rad 1 rev .
wy = = 0.46 rev/min, cw

min 27 rad
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6.9 ALGEBRAIC SOLUTIONS
FOR COMMON MECHANISMS

For the common slider-crank and four-bar mechanisms,
closed-form algebraic solutions have been derived [Ref. 12].
They are given in the following sections.

6.9.1 Slider-Crank Mechanism

A general slider-crank mechanism was illustrated in
Figure 4.19 and is uniquely defined with dimensions Ly, L,,
and L;. With one degree of freedom, the motion of one link
must be specified to drive the other links. Most often the
crank is driven. Therefore, knowing 6,, @,, and the position
of all the links, from equations (4.6) and (4.7), the velocities
of the other links can be determined. As presented in
Chapter 4, the position equations are

L+ L,sin 0
o {lthime)
Ly
Ly = Lycos(f,) + Lzcos(63) (4.7)

The velocity equations are given as [Refs. 10, 11, 12, 14]
<L2 cos 02)

Y

L; cos 65

Vy = _szz sin 62 + (1)3L3 sin 63

(6.12)

(6.13)

6.9.2 Four-Bar Mechanism

A general four-bar mechanism was illustrated in Figure
4.23 and is uniquely defined with dimensions L, L,, L3,
and L. With one degree of freedom, the motion of one
link must be specified to drive the other links. Most often
the crank is driven. Therefore, knowing 6,, @, and the
position of all the links, from equations (4.9) through
(4.12), the velocities of the other links can be determined.
As presented in Chapter 4, the position equations are as
follows:

BD = VI2 + 12 — 2(L,) (Ly)cos 6, (4.9)

_ 1[ (Ly)* + (Ly)* — (BD)T (4.10)
2(L3)(Ly) ’

0. = 2tan1[ —L,sinf, + Lysinvy } (4.11)
’ Ly + Ly — Lycosf, — Lycosy ’

0, — 2tan_l{ Lysinf, — Lysiny ] (412)
4 Lycos@, + Ly — Ly — Lycosy |

The velocity equations are as follows [Refs. 10, 11, 12, 14]:

L,sin(6, — 6
w3 = —wz[ e SIZ( N 2)} (6.14)
3sin 7y
L,sin(65 — 6
0 = _wz[ 251“(32)} (6.15)
Lysiny

6.10 INSTANTANEOUS CENTER OF
ROTATION

In determining the velocity of points on a mechanism, the
concept of instant centers can be used as an alternative
approach to the relative velocity method. This approach is
based on the fact that any link, regardless of the complexity
of its motion, instantaneously appears to be in pure rotation
about a single point. This instantaneous pivot point is
termed the instant center of rotation for the particular link.
The instant center for a floating link, link 3, in relation to the
frame is shown as (13) in Figure 6.23.

(13/)4 At this instant,
_-7 /1 link 3 "appears"
- / } to be rotating

- /

: about the point (13).

FIGURE 6.23 Instantaneous center.

Using this concept, each link can be analyzed as if it were
undergoing pure rotation. An instant center may exist on or off
the body, and its position is not fixed in time. As a link moves,
its instant center also moves. However, the velocities of differ-
ent points on a mechanism are also instantaneous. Therefore,
this fact does not place a serious restriction on the analysis.

This concept also extends to relative motion. That is, the
motion of any link, relative to any other link, instanta-
neously appears to be rotating only about a single point.
Again, the imagined pivot point is termed the instant center
between the two links. For example, if two links were desig-
nated as 1 and 3, the instant center would be the point at
which link 3 instantaneously appears to be rotating relative
to link 1. This instant center is designated as (13) and verbal-
ized as “one three,” not thirteen. Note that the instant center
shown in Figure 6.23 is designated as (13). If link 1 were the
frame, as is the typical designation, this instant center would
describe the absolute motion of link 3. From kinematic
inversion, this point is also the center of instantaneous
motion of link 1 relative to link 3. Thus, the instant center
(13) is the same as (31).

Because every link has an instant center with every other
link, each mechanism has several instant centers. The total
number of instant centers in a mechanism with 7 links is

n(n — 1)

Total number of instant centers = (6.16)

6.11 LOCATING INSTANT CENTERS

In a typical analysis, it is seldom that every instant center
is used. However, the process of locating each center should
be understood because every center could conceivably be
employed.
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which is constrained to straight sliding relative to
another link, is identical and in the direction of sliding.
Therefore, it can be imagined that this straight motion
is rotation about a point at a great distance because a
straight line can be modeled as a portion of a circle
with an infinitely large radius. Because velocity is always
perpendicular to a line drawn to the pivot, this instant
center must be perpendicular to the sliding direction.
This center could be considered to be on any line paral-

6.11.1 Primary Centers

Some instant centers can be located by simply inspecting
a mechanism. These centers are termed primary centers. In
locating primary centers, the following rules are used:

1. When two links are connected by a pin joint, the
instant center relating the two links is at this pivot
point. This first rule is illustrated in Figure 6.24a.

. The instant center for two links in rolling contact with
no slipping is located at the point of contact. This
second rule is illustrated in Figure 6.24b.

. The instant center for two links with straight line sliding

lel to the sliding direction because the lines meet at
infinity. This third rule is illustrated in Figure 6.24c.

. The instant center for two links having general sliding

contact must lie somewhere along the line normal to

is at infinity, in a direction perpendicular to the direc-
tion of sliding. The velocity of all points on a link,

the direction of sliding contact. This fourth rule is
illustrated in Figure 6.24d.

(23)

®

First rule

(a)

Second rule

(b)

/,
7,
/.
/

13 at infinity
7 (13e0)
/

Fourth rule

Third rule

23 along this common normal

d 23
© (@ (23)

FIGURE 6.24 Locating primary centers.

EXAMPLE PROBLEM 6.11

Figure 6.25 illustrates an air compressor mechanism. For this mechanism, locate all the primary instant centers.

SOLUTION: 1. Draw a Kinematic Diagram

The kinematic diagram for the air compressor is illustrated in Figure 6.26.

Intake —>~

——> Exhaust

FIGURE6.25 Air compressor for Example Problem 6.11.
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FIGURE 6.26 Kinematic diagram for Example Problem 6.11.

The four links are numbered on the kinematic diagram. The pin joints are also lettered. The first pin joint, A,

connects link 1 and link 2. From the first rule for primary instant centers, this joint is the location of instant

center (12). Similarly, pin joint Bis instant center (23) and pin joint Cis instant center (34).

It is clear from the kinematic diagram in Figure 6.26 that rolling contact does not join any links. Therefore,

2. Use the First Rule to Locate Primary Centers
the second rule does not apply to this mechanism.
3. Use the Third Rule to Locate Primary Centers

Because a straight sliding joint occurs between links 4 and 1, this instant center is visualized at infinity, in a

direction perpendicular to the sliding direction. Figure 6.27 illustrates the notation used to identify this, along

with labeling all other primary instant centers. Recall that this instant center could be on a line parallel to line

(14 00) because it can be considered that parallel lines intersect at infinity.

FIGURE6.27 Primary instant centers for Example Problem 6.11.

It is clear from the kinematic diagram in Figure 6.26 that general sliding does not join any links. Therefore, the fourth

rule does not apply to this mechanism.

6.11.2 Kennedy’s Theorem

Instant centers that cannot be found from the four rules
for primary centers are located with the use of Kennedy’s
theorem. It states that

“The three instant centers corresponding with any
three bodies all lie on the same straight line”

For example, imagine three arbitrary links—links 3, 4, and 5.
Kennedy’s theorem states that instant centers (34), (45), and
(35) all lie on a straight line. By applying this theorem, after
locating all primary instant centers, all other instant centers
can be found. Locating the precise position of the instant
centers can be accomplished by using either graphical or
analytical methods. Of course, graphical methods include
both manual drawing techniques or CAD.

6.11.3 Instant Center Diagram

An instant center diagram is a graphical technique used
to track the instant centers that have been located and those
that still need to be found. In addition, it indicates the

combinations of instant centers that can be used in applying
Kennedy’s theorem. It is rare that all instant centers need to
be located to perform a velocity analysis. The mechanism
and the actuation link(s) and required output should be
studied to determine the specific instant centers required.
Then, the instant center diagram can be used to find those
specific instant centers.

The instant center diagram is a circle divided into
segments, one for each link in the mechanism being
analyzed. The segment separators are labeled with the
numbers corresponding to the links. An instant center
diagram for a four-bar mechanism is shown in Figure 6.28a.

Any line that connects two points on the diagram rep-
resents an instant center, relating the two links identified by
the endpoints. For example, the line that connects point 1
and point 4 represents the instant center (14). For instant
centers that have been located, the corresponding line on
the diagram is drawn heavy. Figure 6.28b indicates that
instant centers (12), (23), (34), and (14) have been located.
Instant centers needing to be located may then be repre-
sented by dashed lines. Figure 6.28¢ indicates that instant
centers (13) and (24) have not yet been found. All instant
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(a)

(b)

FIGURE6.28 Instant center diagram.

centers are located when each point is connected to every
other point.

Note that the lines in the diagram form triangles.
Each triangle represents three instant centers, relating
the three links at the vertices. From Kennedy’s theorem, the
three instant centers represented by the sides of a triangle
must lie in a straight line. For example, refer to Figure 6.28¢
and isolate the triangle formed by lines (12), (23), and (13).
Kennedy’s theorem states that these three instant centers
must be collinear.

If two sides of a triangle are drawn heavy, a line can be
drawn on the mechanism diagram connecting the two
known instant centers. This line contains the third instant
center. If a second line can be drawn, the intersection of
these two lines will locate the third center. Summarizing, to
locate an instant center, two triangles must be found in
the diagram that have two known sides and have as the
unknown side the instant center being sought.

The following example problems illustrate the procedure
for finding all instant centers.

EXAMPLE PROBLEM 6.12

Figure 6.29 illustrates a self-locking brace for a platform used on shipping docks. For this mechanism, locate all the

instant centers.

FIGURE6.29 Locking brace for Example Problem 6.12.

SOLUTION: 1.

Draw a Kinematic Diagram

The kinematic diagram for the loading platform is illustrated in Figure 6.30a. The four links are numbered on

the kinematic diagram. The pin joints are also lettered. Compute the total number of instant centers, with n = 4

links, as follows:

Total number of instant centers =

2. Sketch an Instant Center Diagram

n(n—1) _ 4(4—1):6
2 2

An instant center diagram is shown in Figure 6.30b. Table 6.1 can be used to systematically list all possible instant

centers in a mechanism.

3.  Locate the Primary Instant Centers

The first pin joint, A, connects links 1 and 2. From the first rule for primary instant centers, this joint is the loca-
tion of instant center (12). Similarly, pin joints B, C, and D are instant centers (23), (34), and (14), respectively. In
Figure 6.30c, the instant center diagram is redrawn to reflect locating the primary instant centers (12), (23), (34),
and (14). The instant centers (13) and (24) remain to be determined.

Use Kennedy’s Theorem to Locate (13)

The instant center diagram that is used to obtain (13) is shown in Figure 6.30d. Focus on the lower
triangle formed by (13), (14), and (34). Applying Kennedy’s theorem, (13) must lie on a straight line
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TABLE 6.1 Possible Instant Centers
in a Mechanism (n = 4)

1 2 3 4
12 23 34

13 24

14

formed by (14) and (34), both of which have already been located, as indicated by the solid lines in
Figure 6.30d.

Also notice the upper triangle created by (13), (12), and (23). Likewise, (13) must also lie on a straight line
formed by (12) and (23), both of which have been previously located.

Thus, the intersection of these lines, (14)—(34) and (12)—(23), will determine the location of (13). Recall
that at this instant, link 3 appears to be rotating around point (13).

5. Use Kennedy’s Theorem to Locate (24)

The instant center diagram that is used to obtain (24) is shown in Figure 6.30e. In an identical process, Kennedy’s
theorem states that instant center (24) must lie on the same line as (14) and (12), which have been located.
Likewise, (24) must also lie on the same line as (23) and (34), also located. Thus, if a straight line is drawn
through (14) and (12) and another straight line is drawn through (23) and (34), the intersection of these lines
will determine the location of (24). At this instant, link 2 appears to be rotating, relative to link 4, around
point (24).

Figure 6.31 illustrates the mechanism with all instant centers located.

(12) and (23)

/
Line of
/
/ \
/

~~__ D
Line of 1
(12) and (14) Line of
T C (14) and (34)
(B4 " T~-_
(24) h
Lineof—_ =~ -

(23)and (34)- "~

FIGURE6.31 Instant centers for Example Problem 6.12.
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EXAMPLE PROBLEM 6.13

SOLUTION:

Figure 6.32 illustrates a rock crusher. For this mechanism, locate all the instant centers.

15.13"

FIGURE 6.32 Rock crusher for Example Problem 6.13.

Draw a Kinematic Diagram

The kinematic diagram for the rock crusher is illustrated in Figure 6.33a. The six links are numbered on the
kinematic diagram. The pin joints are also lettered. Compute the total number of instant centers, with n = 6
links, as follows:

n(n—1) B 6(6 — 1) B
2 - 2 B

Total number of instant centers = 15

Sketch an Instant Center Diagram

An instant center diagram is shown in Figure 6.33b. Table 6.2 systematically lists all possible instant centers in a
mechanism.

Locate the Primary Instant Centers

The first pin joint, A, connects links 1 and 2. From the first rule for primary instant centers, this joint is the location
of instant center (12). Similarly, pin joints B—F locate instant centers (23), (34), (14), (45), and (56), respectively.
Because a straight sliding joint exists between links 6 and 1, this instant center (16) is located at infinity, in
a direction perpendicular to the sliding direction. Recall that this instant center could be on a line parallel to this
line because the lines meet at infinity. In Figure 6.33¢, the instant center diagram is redrawn to locate (12), (23),
(34), (45), (56), (14), and (16).
Use Kennedy’s Theorem to Locate the Other Instant Centers
The remaining combinations that need to be determined are instant centers (13), (24), (35), (46), (25), (36),
(15), and (26).
The instant center diagram that is used to obtain (13) is shown in Figure 6.33d. Focus on the triangle
formed by (12), (23), and (13). Applying Kennedy’s theorem, (13) must lie on a straight line formed by (12) and
(23), which have already been located, as indicated by the solid lines in Figure 6.33d.
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FIGURE 6.33 Kinematic diagram for Example Problem 6.13.

(a) (h) @)

(k)

TABLE 6.2 Possible Instant Centers

in a Mechanism (n = 6)

1 2 3 4 5 6
12 23 34 45 56

13 24 35 46

14 25 36

15 26

16

Also notice the triangle created by (13), (34), and (14). Likewise, (13) must also lie on a straight line formed
by (13) and (34), which have been previously located. Thus, the intersection of these lines, (12)—(23) and
(13)—(34), will determine the location of (13).

Table 6.3 is formulated to locate all remaining instant centers.Note that the order in which instant centers are
found is extremely dependent on which instant centers are already located. This becomes quite an iterative process,
but the instant center diagram becomes valuable in devising this approach. Figure 6.34 illustrates the mechanism with
all instant centers located.

TABLE 6.3 Locating Instant Centers for Example Problem 6.13

To Locate Instant Center Use Intersecting Lines Instant Center Diagram
13 (12)—(23) and (14)—(34) Figure 6.33d
24 (12)—(14) and (23)—(34) Figure 6.33¢
15 (16)—(56) and (14)—(45) Figure 6.33f
46 (14)—(16) and (45)—(56) Figure 6.33g
36 (13)—(16) and (34)—(46) Figure 6.33h
26 (12)—(16) and (23)—(36) Figure 6.331
35 (56)—(36) and (34)—(45) Figure 6.33j
25 (24)—(45) and (23)—(35) Figure 6.33k
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FIGURE6.34 Instant centers for Example Problem 6.13.

6.12 GRAPHICAL VELOCITY
ANALYSIS: INSTANT CENTER
METHOD

The instant center method is based on the following three
principles:

I. The velocity of a rotating body is proportional to the
distance from the pivot point.

II. The instant center that is common to two links can be
considered attached to either link.

II. The absolute velocity of the point, which serves as the
common instant center, is the same, no matter which
link is considered attached to that point.

Using these principles, the absolute velocity of any
point on the mechanism can be readily obtained through a
general method. This method is outlined in the following
six steps:

1. Isolate the link with a known velocity (link A), the link
containing the point for which the velocity is desired
(link B), and the fixed link (link C).

2. Locate the instant center that is common to the link
with the known velocity and the fixed link (instant
center AC).

3. Locate the instant center that is common to the link
with the known velocity and the link that contains the
point where the velocity is desired (instant center AB).

4. Determine the velocity of the instant center (AB).
This can be done by understanding that the velocity
of a point on a link is proportional to the distance
from the pivot. The instant center (AC) serves as
the pivot. The known velocity on link A can be
proportionally scaled to determine the velocity of
the instant center (AB).

5. Locate the instant center that is common to the link
with the point whose velocity is desired and the fixed
link (instant center BC).

6. Determine the desired velocity. This can be done
by understanding that the velocity on a link is propor-
tional to the distance from the pivot. The instant center
(BC) serves as this pivot. The velocity of the common
instant center (AB) can be proportionally scaled to
determine the desired velocity.

A graphical technique for proportionally scaling a
vector uses a line of centers, LC. This is a line drawn from the
pivot point of the link to the start of the known vector. A line
of proportion, LP, must also be constructed. This is a line
drawn from the pivot point to the end of the known vector.
Figure 6.35a illustrates both the line of centers and the line
of proportion. The distance from the pivot to the desired
point can be transferred to the line of centers. The magni-
tude of the proportionally scaled vector is determined
as parallel to the known vector and extending from LC to LP
at the transferred distance. This is also illustrated in
Figure 6.35a.
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(a)

Of course, the magnitude of the velocity is per-
pendicular to the line that connects the point with
unknown velocity to the pivot point. Determining the
magnitude and positioning of that vector in the proper
direction fully defines the vector. Thus, the vector
is graphically proportioned. The result is shown in
Figure 6.35b.

(b)

FIGURE 6.35 Using a line of centers and line of proportion.

We have described the logic behind the instantaneous
center method of velocity analysis using graphical techniques.
The actual solution can be completed with identical logic
whether using manual drawing or CAD. Regardless of the
process used, the underlying concepts of a graphical approach
to the instantaneous center method of velocity analysis can be
illustrated through the following example problems.

EXAMPLE PROBLEM 6.14

Figure 6.29 illustrated an automated, self-locking brace for a platform used on shipping docks. Example Problem 6.12
located all instant centers for the mechanism. Determine the angular velocity of link 4, knowing that link 2 is rising at

a constant rate of 3 rad/s.

SOLUTION: L.

Draw a Kinematic Diagram with Instant Centers Located

The kinematic diagram, with the instant centers and scale information, is reproduced as Figure 6.36a.

Scale:

0 3 0 5 10

- R S
ft/s

FIGURE 6.36 Kinematic diagram for Example Problem 6.14.

2. Determine the Linear Velocity of a Convenient Point (B)

The linear velocity of point B can be determined from the angular velocity of link 2. Point B has been measured

to be 3 ft from the pivot of link 2 (point A).

Vg =rupm, = (3 ft)(S rad/s) = 9ft/s W
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3. Incorporate the General Instant Center Velocity Procedure
a. Isolate the links.
Link 2 contains the known velocity,
Link 4 contains the point for which the velocity is desired, and
Link 1 is the fixed link.

b. The common instant center between the known and fixed link velocities is (12).

c¢.  The common instant center between the known and unknown link velocities is (24).

d.  The velocity of instant center (24) is graphically proportioned from the velocity of point B. Link 2 contains
both point B and instant center (24); therefore, the velocity is proportionally scaled relative to instant
center (12). This construction is shown in Figure 6.36b. The magnitude of this velocity, v(,4), is scaled
to 7.4 ft/s.

e. The common instant center between the unknown and fixed link velocities is (14).

f.  The velocity of point C is graphically proportioned from the velocity of instant center (24). Link 4
contains both point C and instant center (24); therefore, the velocity is proportionally scaled relative to
instant center (14). This construction is shown in Figure 6.36¢c. The magnitude of this velocity, v, is
scaled to 13.8 ft/s.

4. Determine the Angular Velocity of Link 4

Finally, the angular velocity of link 4 can be found from the velocity of point C. Point C has been scaled to be
positioned at a distance of 5.4 ft from the pivot of link 4 (point D).

v, 13.8 ft/s

wg= & = 138115 = 2.6rad/s
Tep 5.4 ft
Because the direction of the angular velocity is consistent with the velocity of point C, the link rotates coun-
terclockwise. Therefore,
w, = 2.6 rad/s, counterclockwise

Note that this rotational velocity could also be determined from the velocity of instant center (24) because this

point is considered to consist of both links 2 and 4. However, as the first example problem on the topic, it can be

difficult to visualize this point rotating with link 4.

EXAMPLE PROBLEM 6.15

SOLUTION:

Figure 6.32 illustrates a rock-crushing device. Example Problem 6.13 located all instant centers for the mechanism. In

the position shown, determine the velocity of the crushing ram when the crank is rotating at a constant rate of 60 rpm

clockwise.

1.

Draw a Kinematic Diagram with Instant Centers Located
The kinematic diagram with the scale information is reproduced as Figure 6.37a.
Determine the Linear Velocity of a Convenient Point B

The linear velocity of point B can be determined from the angular velocity of link 2. Point B has been scaled to
be positioned at a distance of 4.5 in. from the pivot of link 2 (point A):

®, = 60 rpm (%) = 6.28 rad/s

Vg = rypw, = (4.5 in.)(6.28 rad/s) = 28.3in./s A40°

The purpose of this problem is to determine the linear velocity of point C.
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30

T
in./s

FIGURE 6.37 Diagrams for Example Problem 6.15.

3. Incorporate the General Instant Center Velocity Procedure

a. Isolate the links.

Link 2 contains the known velocity,

Link 5 (or 6) contains the point for which the velocity is desired, and

Link 1 is the fixed link.

b. The common instant center between the known and fixed link velocities is (12).

c.  The common instant center between the known and unknown link velocities is (25).

d.  The velocity of the instant center (25) is graphically proportioned from the velocity of point B. Link 2

contains both point B and instant center (25); therefore, the velocity is proportionally scaled relative to

instant center (12). This construction is shown in Figure 6.37b. The magnitude of this velocity, v(,5), is

scaled to 37.1 in./s.

e. The common instant center between the unknown and fixed link velocities is (15).

f.  The velocity of point Cis graphically proportioned from the velocity of instant center (25). Link 5 contains

both point Cand instant center (25); therefore, the velocity of instant center (25) is rotated to a line of cen-

ters created by point Cand instant center (15). The velocity of instant center (25) is used to create a line of

proportions. This line of proportions is then used to construct the velocity of C. This construction is shown

in Figure 6.37c. The magnitude of this velocity, v, is scaled to 33.8 in./s.

Formally stated,

Ve = 33.8in./s |

6.13 ANALYTICAL VELOCITY
ANALYSIS: INSTANT CENTER
METHOD

The instant center method is virtually unaltered when

an analytical approach is used in the solution. The only
difference is that the positions of the instant centers must

be determined through trigonometry, as opposed to
constructing lines and locating the intersection points.
This can be a burdensome task; thus, it is common to
locate only the instant centers required for the velocity
analysis. An analytical approach is illustrated through the
following example problem.
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EXAMPLE PROBLEM 6.16

Figure 6.38 shows a mechanism used in a production line to turn over cartons so that labels can be glued to the
bottom of the carton. The driver arm is 15 in. long and, at the instant shown, it is inclined at a 60° angle with a
clockwise angular velocity of 5 rad/s. The follower link is 16 in. long. The distance between the pins on the carriage
is 7 in., and they are currently in vertical alignment. Determine the angular velocity of the carriage and the
slave arm.

Carriage

—_—>

FIGURE 6.38 Turnover mechanism for Example Problem 6.16.

SOLUTION: 1. Draw a Kinematic Diagram

The kinematic diagram is shown in Figure 6.39a. A point of interest, X, was included at the edge of the
carriage.

FIGURE 6.39 Kinematic diagram for Example Problem 6.16.

2. Analyze the Mechanism Geometry

Trigonometry is used to determine the distances and angles inherent in this mechanism’s configuration.
Triangles used to accomplish this are shown in Figure 6.39b. The distances BM and AM can be determined from

triangle ABM.
BM = AB sin (60°) = (151in.) sin (60°) = 13.0 in.
AM = AB cos (60°) = (151in.) cos (60°) = 7.5 in.
Along the vertical BCM,

CM = BM — BC = 13.0 — 7.0 = 6.0in.

The angle ADC and the distance DN can be determined from triangle CDM.

CM 6 in.
ZADC = sinfl(f) = sin ! K ITI )} = 22.0°
CD 16 in.

DM = CD cos (22°) = (16in.) cos (22°)

14.8 in.
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Incorporate the General Instant Center Velocity Procedure
At this point, the general method for using the instant center method can be followed to solve the problem.
a. Isolate the links.

Link 2 contains the known velocity,
Link 3 contains the point for which the velocity is desired, and
Link 1 is the fixed link.

b.  The common instant center between the known and fixed link velocities is (12). By inspection, this instant

center is located at point A.

¢.  The common instant center between the known and unknown link velocities is (23). By inspection, this

instant center is located at point B.

d.  The velocity of instant center (23) is simply the velocity of point B. This can be determined as

Vi = rapw, = (15in.) (5rad/s) = 75 in./s /30°

e. The common instant center between the unknown and fixed link velocities is (13). This instant center is
located at the intersection of instant centers (12)—(23) and (14)—(34). By inspection, instant center (34)
is located at point Cand (14) is located at point D. Therefore, instant center (13) is located at the intersec-
tion of links 2 and 4. This point is labeled N in Figure 6.39b. The angles DAN, AND, and the distance AN

can be determined from the general triangle AND.

ZDAN = 180° — 60° = 120°
ZAND = 180° — (120° + 22°) = 38°

. AD . 7.3 1in. .
AN = |sin(LADN) | —————— || = |sin22°( ——— || = 5.5in.
sin (£LAND) sin (38°)
BN = BA— AN =15—-55=95in.

Similarly,

. AN . 5.51n. .
DN = |sin ZDAN | ———— || = [sin 120° — = 7.7 in.
sin ZAND sin 38°

CN=CD—-DN=16—77 = 83in.

f.  Link 3 instantaneously rotates around instant center (13). Thus, the angular velocity of link 3 can be calcu-
lated from the velocity of the common instant center (23) relative to instant center (13). This is illustrated

in Figure 6.39¢ and is calculated as follows:

% 751in./s
B - ( / ) = 79rad/s
T(13)—(23) (9.51in.)

w3 =

Because the direction of the angular velocity is consistent with the velocity of point (23) relative to (13), the

link rotates clockwise. Therefore,

w3 = 7.9rad/s, cw

The velocity of point (34) can also be obtained using the angular velocity of link 3 because it is

instantaneously rotating around instant center (13).
Visg) = @3 113)—34) = (7.9 rad/s) (8.3 in.) = 65.6 in./s \% = 65.6in./s/68°

Because link 4 is rotating relative to (14), the slave link velocity is

V3 65.61in./s
wy = @ _ - / = 4.1rad/s, cw
r(14)7(23) 16 in.
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6.14 VELOCITY CURVES

The analyses presented up to this point in the chapter are
used to calculate the velocity of points on a mechanism at a
specific instant. Although the results can be useful, they
provide only a “snapshot” of the motion. The obvious short-
coming of this analysis is that determination of the extreme
conditions is difficult. It is necessary to investigate several
positions of the mechanism to discover the critical phases.

It is convenient to trace the velocity magnitude of a certain
point, or link, as the mechanism moves through its cycle. A
velocity curve is such a trace. A velocity curve can be generated
from a displacement diagram, as described in Section 4.11.

Recall that a displacement diagram plots the movement
of a point or link as a function of the movement of an input
point or link. The measure of input movement can be read-
ily converted to time. This is particularly common when the
driver operates at a constant velocity.

As discussed throughout the chapter, velocity is the time
rate of change of displacement. Restating equations (6.1)
and (6.2),

Linear velocity magnitude = v = Change in linear
displacement per change in time

AR
At

R
V:

E_

Restating equations (6.4) and (6.5),

Rotational velocity = w = Change in angular
displacement per change in time

do A6
w=——=—
dt At

Often, the driver of a mechanism operates at a constant
velocity. For example, an input link driven by an electric
motor, in steady state, operates at constant velocity. The
motor shaft could cause the crank to rotate at 300 rpm, thus
providing constant angular velocity. This constant velocity
of the driver link converts the x-axis of a displacement
diagram from rotational displacement to time. In linear
terms, rearranging equation (6.2) yields:

AR
At =— (4.17)
v
In rotational terms, rearranging equation (6.5) yields:
Ab
At =— (6.18)
®

Thus, equations (6.17) and (6.18) can be used to
convert the displacement increment of the x-axis to a time
increment. This is illustrated with Example Problem 6.17.

EXAMPLE PROBLEM 6.17

A displacement diagram of the piston operating in a compressor was plotted in Example Problem 4.11. This diagram

was plotted relative to the crankshaft rotation. Use this data to plot the piston displacement relative to time when the

crankshaft is driven by an electric motor at 1750 rpm.

SOLUTION: L.

Calculate the Time for 30° of Crank Rotation

The main task of this problem is to convert the increment of crank angle in Figure 4.41 to time. The

x-axis increment is 30° and the crankshaft rotates at 1750 rpm. To keep units consistent, the x-axis increment is

converted to revolutions.

A0 = 30°<

1rev
360°

) = 0.08333 rev

The time increment for the crank to rotate 0.08333 rev (30°) can be computed from equation (6.18).

At

Add Time Column to Displacement Table

Ao (0.08333 rev)
o (1750 rev/min)

60 s )
min

0.0000476 min

(0.0000476 min) ( ] 0.00286 s

The results of position analysis are reproduced with the time increment inserted into a spreadsheet. This is

shown as Figure 6.40, which shows time tabulated in thousandths of a second. If not familiar with a spreadsheet,

refer to Chapter 8.

Use Displacement and Time Data to Plot a Displacement Curve

Using a spreadsheet, these values are plotted in Figure 6.41 to form a displacement diagram relative

to time.
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FIGURE 6.40 Time and displacement values for Example Problem 6.17.
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FIGURE6.41 Time displacement diagram for Example Problem 6.17.
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These displacement diagrams relative to time can be used to generate a velocity curve because

Velocity =

d (displacement)
d(time)

Differential calculus declares that the velocity at a particular instant is the slope of the displacement diagram at that
instant. The task is to estimate the slope of the displacement diagram at several points.

6.14.1 Graphical Differentiation

The slope at a point can be estimated by sketching a line
through the point of interest, tangent to the displacement
curve. The slope of the line can be determined by calculating
the change in y-value (displacement) divided by the change
in x-value (time).

The procedure is illustrated in Figure 6.42. Notice that
a line drawn tangent to the displacement diagram at #; is
horizontal. The slope of this tangent line is zero. Therefore,
the magnitude of the velocity at #; is zero.

A line drawn tangent to the displacement diagram at t, is
slanted upward as shown. The slope of this line can be calcu-
lated as the change of displacement divided by the correspond-
ing change in time. Notice that this AR, At triangle was drawn
rather large to improve measurement accuracy. The velocity at
1, is found as AR/At and is positive due to the upward slant of
the tangent line. Also notice that this is the steepest section of
the upward portion of the displacement curve. This translates
to the greatest positive velocity magnitude.

This procedure can be repeated at several locations
along the displacement diagram. However, only the velocity

extremes and abrupt changes between them are usually
desired. Using the notion of differential calculus and slopes,
the positions of interest can be visually detected. In general,
locations of interest include:

B The steepest portions of the displacement diagram,
which correspond to the extreme velocities

® The locations on the displacement diagram with the
greatest curvature, which correspond to the abrupt
changes of velocities

As mentioned, the velocity at t, is greatest because t,
is the steepest portion of the displacement diagram. The
velocity at t, is the greatest velocity in the negative direction
because 1, is the steepest downward portion of the displace-
ment diagram.

Identifying the positions of extreme velocities is
invaluable. A complete velocity analysis, as presented
in the previous sections of this chapter, can then be per-
formed at these locations. Thus, comprehensive velocity
analysis is performed only during important mechanism
configurations.

Magnitude
of Linear
displacement ‘ Slope at 1,
(AR) of | _AR
point A } vty = At
| | |
\ .l \
; ; : } —o Time (£)
t /o1 e It t
1 2 '3 4 NS
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velocity v | | }
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; 5 (15) Time (7)
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FIGURE 6.42 Velocity curves.
EXAMPLE PROBLEM 6.18

A displacement diagram relative to time was constructed for a compressor mechanism in Example Problem 6.17. Use

this data to plot a velocity curve relative to time.
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SOLUTION:

. Identify Horizontal Portions of the Displacement Diagram

Piston displacement (in.)

The main task of constructing a velocity curve is to determine the slope of many points on the displacement
curve. This curve is reprinted as Figure 6.43.

Displacement curve

1.5+
1.254 i
Ma)}{mum Slope =0 Maximum
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att, negative
1 slope, 1, . 1 p
: slope, t;
| I
I I
0.75 4 |
I AR =0.6" AR, =0.6" 1
I : I
HE H |
0.5 —t== _ Sl 0
Slope =0 Aty = .004 s Aty =004 s ope =
atz, : : S aty,
0.25 /
0 T T T : T T T 1
0.000 0.005 0.010 0.015 0.020 0.025 0.030 0.035
Time (s)

FIGURE 6.43 Displacement curve for Example Problem 6.18.

From this curve, it is apparent that the curve has a horizontal tangent, or zero slope, at 0, 0.017, and 0.034 s.
Therefore, the velocity of the piston is zero at 0, 0.017, and 0.034 s. These points are labeled t, t,, and t,,
respectively.

Calculate the Slope at the Noteworthy Portions of the Displacement Diagram

The maximum upward slope appears at 0.008 s. This point is labeled as #;. An estimate of the velocity can be made
from the values of AR and At read off the graph. The velocity at 0.008 s is estimated as

0.60 in.
0.004 s

v(t) = v = = —150in./s

Likewise, the maximum downward slope appears at 0.027 s. This point is labeled as t5. Again, an estimate
of the velocity can be made from the values of AR; and At; read off the graph. The velocity at 0.027 s is
estimated as

—0.60 in.

= —150in./s
0.004 s

v(ts) = vz =

The procedure of determining the slope of the displacement curve can be repeated at other points in time.
Sketch the Velocity Curve

Compiling the slope and time information, a velocity curve can be constructed as shown in Figure 6.44.

Velocity curve
150

100 +
v(r) = 150 iy —0
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50 + _
V(1)) =0 \Time (s)
0 1 1 1 1 1 1 ]

0 0.005 0.01 0.015 0.02 0.025 0.03
-50 4+

Piston velocity (in./s)

Wig) =0 v(t;) =150

—-100 +

-150 -

FIGURE 6.44 Velocity curve for Example Problem 6.18.
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6.14.2 Numerical Differentiation

In creating a velocity curve using graphical differentiation,
the theories of differential calculus are strictly followed.
However, even with careful attention, inaccuracies are com-
monly encountered when generating tangent curves. Thus,
other methods, namely numerical approaches, are often
used to determine the derivative of a curve defined by a
series of known points. The most popular method of
numerically determining the derivative is The Richardson
Method [Ref. 2]. It is valid for cases where the increments
between the independent variables are equal. This limits the
analysis to a constant time interval, which is not typically
difficult. The derivative of the displacement—time curve can
be numerically approximated from the following equation:

_|AR; — AR
Vi_{ 2At }
AR;iy —2AR; 4 +2AR,_—AR;_,
_[ 12 At

(6.19)

where:
i = data point index
AR; = displacement at data point i
At=t)—t)h=t3—th=1t,— I3
t; = time at data point i

Although the general form may look confusing with the
terms i, i+1, and so on, actual substitution is straightfor-
ward. To illustrate the use of this equation, the velocity at the
fifth data point can be found by the following equation:

_ |: ARé - AR4:|
'S 2A¢
12At

Some confusion may occur when calculating the deriva-
tive at the endpoints of the curves. For mechanism analysis,
the displacement diagram repeats with every revolution of
crank rotation. Therefore, as the curve is repeated, the data
points prior to the beginning of the cycle are the same points
at the end of the cycle. Thus, when 12 points are used to
generate the displacement curve, the displacement at point 1
is identical to the displacement at point 13. Then the velocity
at point 1 can be calculated as

3 {ARZ— ARIZ] B {AR3 —2AR, + 2AR,, — AR,
" 2At 12At

Because this equation is a numerical approximation, the
associated error decreases drastically as the increment of the
crank angle and time are reduced.

EXAMPLE PROBLEM 6.19

A displacement diagram of the piston operating in a compressor was plotted in Example Problem 4.11. This diagram

was converted to a displacement curve relative to time in Example Problem 6.17. Use this data to numerically gener-

ate a velocity curve.

SOLUTION: 1.

Determine the Time Increment between Position Data Points

The spreadsheet from Example Problem 6.17 is expanded by inserting an additional column to include the pis-
ton velocity. The time increment is calculated as follows:

At = t, — t; = (0.00289 — 0.0) = 0.00286's
2. Use Equation (6.19) to Calculate Velocity Data Points

To illustrate the calculation of the velocities, a few sample calculations are shown:

_ _(AR3 - AR]):| _ |: AR4 - 2AR3 + ZARl - AR12:|
2o 2A¢ 12A¢

[(0.483 — 0.0)} - [0.896 — 2(0.483) + 2(0.0) — 0.136

= 142.67 in.
2(0.00286) 12(0.00286) } in./s

[ (ARIO - ARS):| |:AR11 - ZARIO + 2AR8 - AR7:|
Vg = -

L At 12At
(0.896 — 1.435)} {0.483 — 2(0.896) + 2(1.435) — 1.50} .
= - = —95.48in./s
2(0.00286) 12(0.00286)
- [ (ARy; — ARH):| B {ARz — 2ARy3 + 2ARy; — AR10:|
271 20t 12At ’

= —91.47in./s

0.0 - 0.483)} - [0.136 — 2(0.0) + 2(0.483) — 0.896}
| 2(0.00286) 2(0.00286)
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3. Compute the Velocity Data and Plot the Velocity Curve

The results can be computed and tabulated as shown in Figure 6.45. A spreadsheet was used efficiently to perform
these redundant calculations. For those who are unfamiliar with spreadsheets, refer to Chapter 8.

| O LR E Fig6-45.s [Compatibility Mode] - Microsoft Excel = x |
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FIGURE 6.45 Velocity data for Example Problem 6.19
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FIGURE6.46 Velocity curve for Example Problem 6.19.
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These values are plotted in Figure 6.46 to form a velocity diagram relative to time. Notice that this curve is still

rather rough. For accuracy purposes, it is highly suggested that the crank angle increment be reduced to 10° or 15°.

When a spreadsheet is used to generate the velocity data, even smaller increments are advisable to reduce the difficulty

of the task.

PROBLEMS

General Velocity

6-1.

6-2.

6-3.

A package is moved at a constant rate from one end
of a 25-ft horizontal conveyor to the other end in 15s.
Determine the linear speed of the conveyor belt.

A hydraulic cylinder extends at a constant rate of
2 fpm (ft/min). Determine the time required to
traverse the entire stroke of 15 in.

Determine the average speed (in mph) of an athlete
who can run a 4-minute mile.

. Determine the average speed (in mph) of an athlete

who can run a 100-m dash in 10 s.

. A gear uniformly rotates 270° clockwise in 2 s.

Determine the angular velocity in rpm and rad/s.

. Determine the angular velocity (in rpm) of the

second, minute, and hour hand of a clock.

. A servo-driven actuator is programmed to extend

according to the velocity profile shown in Figure P6.7.
Determine the total displacement during this
programmed move.

v (in./s)

6-8.

6-9.

6-10.

6-11.

—
2

FIGURE P6.7 Problems 7 and 8.

A servo-driven actuator is programmed to extend
according to the velocity profile shown in
Figure P6.7. Use a spreadsheet to generate plots of
velocity versus time and displacement versus time
during this programmed move.

A linear motor is programmed to move according to
the velocity profile shown in Figure P6.9. Determine
the total displacement during this programmed move.

A linear motor is programmed to move according to
the velocity profile shown in Figure P6.9. Use a
spreadsheet to generate plots of velocity versus
time and displacement versus time during this
programmed move.

The drive roller for a conveyor belt is shown in
Figure P6.11. Determine the angular velocity of the
roller when the belt operates at 10 fpm (10 ft/min).

v (in./s)

6—-14.

5 6

IR i TR - i N |[(S)
2 4

FIGURE P6.9 Problems 9 and 10.

16" @

= ',

FIGUREP6.11 Problems 11 and 12.

. The drive roller for a conveyor belt is shown in

Figure P6.11. Determine the linear speed of the belt
when the roller operates at 30 rpm counterclockwise.

. Link 2 is isolated from a kinematic diagram and

shown in Figure P6.13. The link is rotating coun-
terclockwise at a rate of 300 rpm. Determine the
velocity of points A and B. Use y = 50° and
B = 60°.

18"

FIGURE P6.13 Problems 13 and 14.

Link 2 is isolated from a kinematic diagram and
shown in Figure P6.13. The link is rotating clock-
wise, driving point A at a speed of 40 ft/s. Determine
the velocity of points A and B and the angular veloc-
ity of link 2. Use y = 50°and 8 = 60°.



162 CHAPTER SIX

Relative Velocity

6-15. A kinematic diagram of a four-bar mechanism is
shown in Figure P6.15. At the instant shown,
v4 = 800 mm/s and vg = 888 mm/s. Graphically
determine the relative velocity of point B with
respect to point A. Also determine the angular
velocity of links 2 and 4.

150

FIGURE P6.15 Problems 15 and 16.

6-16. A kinematic diagram of a four-bar mechanism is
shown in Figure P6.15. At the instant shown,
v4 = 20 mm/s and vg = 22.2 mm/s. Graphically
determine the relative velocity of point B with
respect to point A. Also determine the angular
velocity of links 2 and 4.

6-17. A kinematic diagram of a slider-crank mechanism is
shown in Figure P6.17. At the instant shown,
v4 = 380 ft/s and vz = 400 ft/s. Graphically deter-
mine the relative velocity of point A with respect to
point B. Also, determine the angular velocity of link 2.

FIGURE P6.17 Problems 17 and 18.

6-18. A kinematic diagram of a slider-crank mechanism is
shown in Figure P6.17. At the instant shown,
v4 = 20 ft/s and vg = 21 ft/s. Graphically determine
the relative velocity of point A with respect to point
B. Also, determine the angular velocity of link 2.

Relative Velocity Method—Graphical

6-19. For the compressor linkage shown in Figure P6.19,
use the relative velocity method to graphically deter-
mine the linear velocity of the piston as the crank
rotates clockwise at 1150 rpm.

FIGURE P6.19 Problems 19, 20, 41, 52, 63, 74, 85, 96,
104, and 112.

6-20. For the compressor linkage shown in Figure P6.19,
use the relative velocity method to graphically deter-
mine the linear velocity of the piston as the crank
rotates counterclockwise at 1775 rpm.

6-21. For the reciprocating saw shown in Figure P6.21, use
the relative velocity method to graphically deter-
mine the linear velocity of the blade as the crank
wheel rotates counterclockwise at 1500 rpm.

50" Crank wheel

21 100D
3;5\* 13055\7\65

FIGURE P6.21 Problems 21,22, 42, 53, 64, 75, 86, 97,
105, and 113.

6-22. For the reciprocating saw shown in Figure P6.21, use
the relative velocity method to graphically deter-
mine the linear velocity of the blade as the crank
wheel rotates clockwise at 900 rpm.

6-23. For the shearing mechanism in the configuration
shown in Figure P6.23, use the relative velocity
method to graphically determine the linear velocity
of the blade as the crank rotates clockwise at 100 rpm.

i

FIGURE P6.23 Problems 23, 24, 43, 54, 65, 76, 87, 98, 106,
and 114.
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6-24.

6-25.

For the shearing mechanism in the configuration
shown in Figure P6.23, use the relative velocity
method to graphically determine the linear velocity
of the blade as the crank rotates counterclockwise
at 80 rpm.

For the rear windshield wiper mechanism shown in
Figure P6.25, use the relative velocity method to
graphically determine the angular velocity of the
wiper arm as the crank rotates counterclockwise
at 40 rpm.

Wiper blade

FIGURE P6.25 Problems 25, 26, 44, 55, 66, 77, 88, 99,

6-26.

6-27.

120 mm

107, and 115.

For the rear windshield wiper mechanism shown
in Figure P6.25, use the relative velocity method to
graphically determine the angular velocity of
the wiper arm as the crank rotates clockwise at
60 rpm.

The device in Figure P6.27 is a sloshing bath used
to wash vegetable produce. For the configuration
shown, use the relative velocity method to graph-
ically determine the angular velocity of the water
bath as the crank is driven counterclockwise at
100 rpm.

Water bath
0 mm
800 mm
Crank — — /
80 mm
- 1200 mm 1

FIGURE P6.27 Problems 27, 28, 45, 56, 67, 78, 89, 100,

6-28.

108, and 116.

The device in Figure P6.27 is a sloshing bath used to
wash vegetable produce. For the configuration

6-29.

shown, use the relative velocity method to graphically
determine the angular velocity of the water bath as
the crank is driven clockwise at 75 rpm.

The device in Figure P6.29 is a drive mechanism
for the agitator on a washing machine. For the
configuration shown, use the relative velocity
method to graphically determine the angular
velocity of the segment gear as the crank is driven
clockwise at 50 rpm.

FIGURE P6.29 Problems 29, 30, 46, 57, 68, 79, 90, 101,

6-30.

6-31.

6-32.

109, and 117.

The device in Figure P6.29 is a drive mechanism for
the agitator on a washing machine. For the configu-
ration shown, use the relative velocity method
to graphically determine the angular velocity of
the segment gear as the crank is driven counter-
clockwise at 35 rpm.

For the hand-operated shear shown in Figure P6.31,
use the relative velocity method to graphically deter-
mine the angular velocity of the handle required to
have the blade cut through the metal at a rate of
3 mm/s. Also determine the linear velocity of point X.

75 mm

FIGURE P6.31 Problems 31, 32, 47, 58, 69, 80, and 91.

For the hand-operated shear shown in Figure P6.31,
use the relative velocity method to graphically deter-
mine the linear velocity of the blade as the handle is
rotated at a rate of 2 rad/s clockwise. Also determine
the linear velocity of point X.
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6-33.

For the foot-operated air pump shown in
Figure P6.33, use the relative velocity method to
graphically determine the angular velocity of the
foot pedal required to contract the cylinder at a
rate of 5 in./s. Also determine the linear velocity
of point X.

FIGURE P6.33 Problems 33, 34, 48, 59, 70, 81, and 92.

6-34.

6-35.

For the foot-operated air pump shown in
Figure P6.33, use the relative velocity method to
graphically determine the rate of cylinder compres-
sion when the angular velocity of the foot pedal
assembly is 1 rad/s counterclockwise. Also deter-
mine the linear velocity of point X.

A two-cylinder compressor mechanism is shown in
Figure P6.35. For the configuration shown, use the
relative velocity method to graphically determine
the linear velocity of both pistons as the 1.5-in.
crank is driven clockwise at 1775 rpm. Also deter-
mine the instantaneous volumetric flow rate out of
the right cylinder.

FIGURE P6.35 Problems 35, 36, 49, 60, 71, 82,93, 102,

6-36.

6-37.

110, and 118.

A two-cylinder compressor mechanism is shown in
Figure P6.35. For the configuration shown, use the
relative velocity method to graphically determine
the linear velocity of both pistons as the 1.5-in.
crank is driven counterclockwise at 1150 rpm. Also
determine the instantaneous volumetric flow rate
out of the left cylinder.

A package-moving device is shown in Figure P6.37.
For the configuration illustrated, use the relative
velocity method to graphically determine the linear
velocity of the package as the crank rotates clock-
wise at 40 rpm.

.65 m

32 m
. —4m
.6m

N*)
=]
G

~—.37 m—

FIGURE P6.37 Problems 37, 38, 50, 61, 72, 83, 94, 103,

6-38.

6-39.

111, and 119.

A package-moving device is shown in Figure P6.37.
For the configuration illustrated, use the relative
velocity method to graphically determine the linear
velocity of the package as the crank rotates clock-
wise at 65 rpm.

A package-moving device is shown in Figure P6.39.
For the configuration illustrated, use the relative
velocity method to graphically determine the linear
velocity of the platform as the hydraulic cylinder
extends at a rate of 16 fpm.

45—

6.8'
vl
45 ——~—3.6'—

FIGURE P6.39 Problems 39, 40, 51, 62, 73, 84, and 95.

6—-40.

A package-moving device is shown in Figure P6.39.
For the configuration illustrated, use the relative
velocity method to graphically determine the linear
velocity of the platform as the hydraulic cylinder
retracts at a rate of 12 fpm.

Relative Velocity Method—Analytical

6—41.

6—42.

For the compressor linkage shown in Figure P6.19,
use the relative velocity method to determine the
linear velocity of the piston as the crank rotates
clockwise at 950 rpm.

For the reciprocating saw shown in Figure P6.21, use
the relative velocity method to analytically deter-
mine the linear velocity of the blade as the crank
wheel rotates counterclockwise at 1700 rpm.
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6—43.

6—44.

6—-45.

6—46.

6—-47.

6—48.

6—49.

6-50.

6-51.

For the shearing mechanism in the configuration
shown in Figure P6.23, use the relative velocity
method to analytically determine the linear velocity
of the blade as the crank rotates clockwise at 85 rpm.

For the rear windshield wiper mechanism shown in
Figure P6.25, use the relative velocity method to
analytically determine the angular velocity of the
wiper arm as the crank rotates counterclockwise at
45 rpm.

The device in Figure P6.27 is a sloshing bath used to
wash vegetable produce. For the configuration
shown, use the relative velocity method to analyti-
cally determine the angular velocity of the water bath
as the crank is driven counterclockwise at 90 rpm.

The device in Figure P6.29 is a drive mechanism for
the agitator on a washing machine. For the configura-
tion shown, use the relative velocity method to analyt-
ically determine the angular velocity of the segment
gear as the crank is driven clockwise at 60 rpm.

For the links for the hand-operated shear shown in
Figure P6.31, use the relative velocity method to
analytically determine the angular velocity of the
handle required to have the blade cut through the
metal at a rate of 2 mm/s.

For the foot-operated air pump shown in Figure
P6.33, use the relative velocity method to analyti-
cally determine the rate of cylinder compression as
the foot pedal assembly rotates counterclockwise at
arate of 1 rad/s.

A two-cylinder compressor mechanism is shown in
Figure P6.35. For the configuration shown, use the
relative velocity method to analytically determine
the linear velocity of both pistons as the 1.5-in.
crank is driven clockwise at 2000 rpm. Also deter-
mine the instantaneous volumetric flow rate out of
the right cylinder.

A package-moving device is shown in Figure P6.37.
For the configuration illustrated, use the relative
velocity method to analytically determine the linear
velocity of the package as the crank rotates clock-
wise at 80 rpm.

A package-moving device is shown in Figure P6.39.
For the configuration illustrated, use the relative
velocity method to analytically determine the linear
velocity of the platform as the hydraulic cylinder
retracts at a rate of 10 fpm.

Locating Instantaneous

Centers—Graphically

6-52.

6-53.

For the compressor linkage shown in Figure P6.19,
graphically determine the location of all the instan-
taneous centers.

For the reciprocating saw shown in Figure P6.21,
graphically determine the location of all the instan-
taneous centers.

6-54.

6-55.

6-56.

6-57.

6-58.

6-59.

6—-60.

6-61.

6-62.

For the shearing mechanism in the configuration
shown in Figure P6.23, graphically determine the
location of all the instantaneous centers.

For the rear windshield wiper mechanism shown in
Figure P6.25, graphically determine the location of
all the instantaneous centers.

For the produce-washing bath shown in Figure
P6.27, graphically determine the location of all the
instantaneous centers.

For the washing machine agitation mechanism
shown in Figure P6.29, graphically determine the
location of all the instantaneous centers.

For the hand-operated shear shown in Figure P6.31,
graphically determine the location of all the instan-
taneous centers.

For the foot-operated air pump shown in Figure
P6.33, graphically determine the location of all the
instantaneous centers.

For the two-cylinder compressor mechanism shown
in Figure P6.35, graphically determine the location
of all the instantaneous centers.

For the package-moving device shown in Figure
P6.37, graphically determine the location of all the
instantaneous centers.

For the package-moving device shown in Figure
P6.39, graphically determine the location of all the
instantaneous centers.

Locating Instantaneous

Centers—Analytically

6-63.

6—64.

6—-65.

6—-66.

6-67.

6—-68.

6—-69.

6-70.

For the compressor linkage shown in Figure P6.19,
analytically determine the location of all the instan-
taneous centers.

For the reciprocating saw shown in Figure P6.21,
analytically determine the location of all the instan-
taneous centers.

For the shearing mechanism in the configuration
shown in Figure P6.23, analytically determine the
location of all the instantaneous centers.

For the rear windshield wiper mechanism shown in
Figure P6.25, analytically determine the location of
all the instantaneous centers.

For the produce-washing bath shown in Figure
P6.27, analytically determine the location of all the
instantaneous centers.

For the washing machine agitation mechanism
shown in Figure P6.29, analytically determine the
location of all the instantaneous centers.

For the hand-operated shear shown in Figure P6.31,
analytically determine the location of all the instan-
taneous centers.

For the foot-operated air pump shown in Figure
P6.33, analytically determine the location of all the
instantaneous centers.
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6-71.

6-72.

6-73.

For the two-cylinder compressor mechanism shown
in Figure P6.35, analytically determine the location
of all the instantaneous centers.

For the package-moving device shown in Figure
P6.37, analytically determine the location of all the
instantaneous centers.

For the package-moving device shown in Figure

P6.39, analytically determine the location of all the
instantaneous centers.

Instantaneous Center Method—Graphical

6-74.

6-75.

6-76.

6-77.

6-78.

6-79.

6-380.

6-81.

6-82.

For the compressor linkage shown in Figure P6.19,
use the instantaneous center method to graphically
determine the linear velocity of the piston as the
crank rotates counterclockwise at 1500 rpm.

For the reciprocating saw shown in Figure P6.21, use
the instantaneous center method to graphically
determine the linear velocity of the blade as the
crank wheel rotates clockwise at 1200 rpm.

For the shearing mechanism in the configuration
shown in Figure P6.23, use the instantaneous center
method to graphically determine the linear velocity
of the blade as the crank rotates counterclockwise
at 65 rpm.

For the rear windshield wiper mechanism shown
in Figure P6.25, use the instantaneous center
method to graphically determine the angular
velocity of the wiper arm as the crank rotates
clockwise at 55 rpm.

For the produce-sloshing bath shown in Figure
P6.27, use the instantaneous method to graphically
determine the angular velocity of the water bath as
the crank is driven clockwise at 110 rpm.

For the washing machine agitator mechanism
shown in Figure P6.29, use the instantaneous center
method to graphically determine the angular veloc-
ity of the segment gear as the crank is driven coun-
terclockwise at 70 rpm.

For the hand-operated shear in the configuration
shown in Figure P6.31, use the instantaneous
method to graphically determine the angular veloc-
ity of the handle required to have the blade cut
through the metal at a rate of 4 mm/s.

For the foot-operated air pump shown in Figure
P6.33, use the instantaneous center method to
graphically determine the rate of cylinder compres-
sion as the foot pedal assembly rotates counter-
clockwise at a rate of 0.75 rad/s.

A two-cylinder compressor mechanism is shown in
Figure P6.35. For the configuration shown, use the
instantaneous center method to graphically deter-
mine the linear velocity of both pistons as the 1.5-in.
crank is driven counterclockwise at 2200 rpm. Also
determine the instantaneous volumetric flow rate
out of the right cylinder.

6-83.

6—-84.

A package-moving device is shown in Figure P6.37.
For the configuration illustrated, use the graphical
instantaneous center method to determine the
linear velocity of the package as the crank rotates
clockwise at 70 rpm.

A package-moving device is shown in Figure P6.39.
For the configuration illustrated, use the instanta-
neous center method to graphically determine
the linear velocity of the platform as the hydraulic
cylinder extends at a rate of 8 fpm.

Instantaneous Center Method—Analytical

6-85.

6-86.

6-87.

6-88.

6-89.

6-90.

6-91.

6-92.

6-93.

For the compressor linkage shown in Figure P6.19,
use the instantaneous center method to analytically
determine the linear velocity of the piston as the
crank rotates clockwise at 1100 rpm.

For the reciprocating saw shown in Figure P6.21, use
the instantaneous center method to analytically
determine the linear velocity of the blade as the
crank wheel rotates counterclockwise at 1375 rpm.

For the shearing mechanism in the configuration
shown in Figure P6.23, use the instantaneous center
method to analytically determine the linear velocity
of the blade as the crank rotates clockwise at 55 rpm.

For the rear windshield wiper mechanism shown in
Figure P6.25, use the instantaneous center method
to analytically determine the angular velocity of
the wiper arm as the crank rotates counterclockwise
at 35 rpm.

For the produce-sloshing bath shown in Figure
P6.27, use the instantaneous method to analytically
determine the angular velocity of the water bath as
the crank is driven counterclockwise at 95 rpm.

For the washing machine agitator mechanism shown
in Figure P6.29, use the instantaneous center method
to analytically determine the angular velocity of the
segment gear as the crank is driven clockwise at
85 rpm.

For the hand-operated shear in the configuration
shown in Figure P6.31, use the instantaneous
method to analytically determine the angular
velocity of the handle required to have the blade
cut through the metal at a rate of 2.5 mm/s.

For the foot-operated air pump shown in Figure
P6.33, use the instantaneous center method to ana-
lytically determine the rate of cylinder compression
as the foot pedal assembly rotates counterclockwise
at a rate of 0.6 rad/s.

A two-cylinder compressor mechanism is shown in
Figure P6.35. For the configuration shown, use the
instantaneous center method to analytically deter-
mine the linear velocity of both pistons as the 1.5-in.
crank is driven clockwise at 1775 rpm. Also deter-
mine the instantaneous volumetric flow rate out of
the right cylinder.
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6-94.

6-95.

A package-moving device is shown in Figure P6.37.
For the configuration illustrated, use the graphical
instantaneous center method to determine the
linear velocity of the package as the crank rotates
clockwise at 30 rpm.

A package-moving device is shown in Figure P6.39.
For the configuration illustrated, use the instanta-
neous center method to analytically determine the
linear velocity of the platform as the hydraulic
cylinder retracts at a rate of 7 fpm.

Velocity Curves—Graphical

6-96.

6-97.

6-98.

6-99.

6-100.

6-101.

The crank of the compressor linkage shown in
Figure P6.19 is driven clockwise at a constant rate of
1750 rpm. Graphically create a curve for the linear
displacement of the piston as a function of the crank
angle. Convert the crank angle to time. Then graph-
ically calculate the slope to obtain a velocity curve of
the piston as a function of time.

The crank wheel of the reciprocating saw shown
in Figure P6.21 is driven counterclockwise at a
constant rate of 1500 rpm. Graphically create a
curve for the linear displacement of the saw blade
as a function of the crank angle. Convert the crank
angle to time. Then graphically calculate the slope
to obtain a velocity curve of the saw blade as a func-
tion of time.

The crank of the shearing mechanism shown in
Figure P6.23 is driven clockwise at a constant rate of
80 rpm. Graphically create a curve for the linear
displacement of the shear blade as a function of the
crank angle. Convert the crank angle to time. Then
graphically calculate the slope to obtain a velocity
curve of the shear blade as a function of time.

The crank of the rear windshield wiper mechanism
shown in Figure P6.25 is driven clockwise at a
constant rate of 65 rpm. Graphically create a curve
for the angular displacement of the wiper blade as a
function of the crank angle. Convert the crank angle
to time. Then graphically calculate the slope to
obtain an angular velocity curve of the wiper blade
as a function of time.

The crank of the sloshing bath shown in Figure
P6.27 is driven counterclockwise at 90 rpm.
Graphically create a curve for the angular displace-
ment of the bath as a function of the crank angle.
Convert the crank angle to time. Then graphically
calculate the slope to obtain an angular velocity
curve of the bath as a function of time.

The crank of the washing machine agitator mecha-
nism shown in Figure P6.29 is driven clockwise at
80 rpm. Graphically create a curve for the angular
displacement of the segment gear as a function of the
crank angle. Convert the crank angle to time. Then
graphically calculate the slope to obtain an angular
velocity of the segment gear as a function of time.

6-102.

6-103.

The crank of the two-cylinder compressor mecha-
nism shown in Figure P6.35 is driven clockwise at
1250 rpm. Graphically create a curve for the linear
displacement of both pistons as a function of the
crank angle. Convert the crank angle to time. Then
graphically calculate the slope to obtain velocity
curves of both pistons as a function of time.

The crank of the package-moving device shown in
Figure. P6.37 is driven clockwise at 25 rpm.
Graphically create a curve for the linear displace-
ment of the ram as a function of the crank angle.
Convert the crank angle to time. Then graphically
calculate the slope to obtain a velocity curve of the
ram as a function of time.

Velocity Curves—Analytical

6-104.

6-105.

6-106.

6-107.

6-108.

The crank of the compressor linkage shown in
Figure P6.19 is driven counterclockwise at a con-
stant rate of 2150 rpm. Use a spreadsheet to analyti-
cally create a curve for the linear displacement of the
piston as a function of the crank angle. Convert the
crank angle axis to time. Then use numerical differ-
entiation to obtain a velocity curve of the piston as a
function of time.

The crank wheel of the reciprocating saw shown in
Figure P6.21 is driven clockwise at a constant rate of
1900 rpm. Use a spreadsheet to analytically create a
curve for the linear displacement of the saw blade as
a function of the crank angle. Convert the crank
angle axis to time. Then use numerical differentia-
tion to obtain a velocity curve of the saw blade as a
function of time.

The crank of the shearing mechanism shown in
Figure P6.23 is driven clockwise at a constant rate of
80 rpm. Use a spreadsheet to analytically create a
curve for the linear displacement of the shear blade
as a function of the crank angle. Convert the crank
angle axis to time. Then use numerical differentia-
tion to obtain a velocity curve of the shear blade as a
function of time.

The crank of the rear windshield wiper mecha-
nism shown in Figure P6.25 is driven counter-
clockwise at a constant rate of 55 rpm. Use a
spreadsheet to analytically create a curve for the
angular displacement of the wiper blade as a func-
tion of the crank angle. Convert the crank angle
axis to time. Then use numerical differentiation to
obtain an angular velocity curve of the wiper
blade as a function of time.

The crank of the sloshing bath shown in Figure
P6.27 is driven clockwise at 65 rpm. Use a spread-
sheet to analytically create a curve for the angular
displacement of the bath as a function of the crank
angle. Convert the crank angle axis to time. Then
use numerical differentiation to obtain an angular
velocity curve of the bath as a function of time.
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6-109.

6-110.

6-111.

The crank of the washing machine agitator mecha-
nism shown in Figure P6.29 is driven counterclock-
wise at 65 rpm. Use a spreadsheet to analytically
create a curve for the angular displacement of the
segment gear as a function of the crank angle.
Convert the crank angle axis to time. Then use
numerical differentiation to obtain an angular veloc-
ity curve of the segment gear as a function of time.

The crank of the two-cylinder compressor mecha-
nism shown in Figure P6.35 is driven counterclock-
wise at 1500 rpm. Use a spreadsheet to analytically
create a curve for the linear displacement of both
pistons as a function of the crank angle. Convert
the crank angle axis to time. Then use numerical
differentiation to obtain velocity curves of both
pistons as a function of time.

The crank of the package-moving device shown in
Figure P6.37 is driven counterclockwise at 30 rpm.
Use a spreadsheet to analytically create a curve for
the linear displacement of the ram as a function of
the crank angle. Convert the crank angle axis to
time. Then use numerical differentiation to obtain a
velocity curve of the ram as a function of time.

Velocity Using Working Model

6-112.

6-113.

6-114.

6-115.

6-116.

6-117.

The crank of the compressor linkage shown in
Figure P6.19 is driven clockwise at a constant rate
of 1750 rpm. Use the Working Model software to
create a simulation and plot the linear velocity of the
piston as a function of the crank angle.

The crank wheel of the reciprocating saw shown
in Figure P6.21 is driven counterclockwise at a
constant rate of 1500 rpm. Use the Working Model
software to create a simulation and plot the linear
velocity of the saw blade as a function of the crank
angle.

The crank of the shearing mechanism shown in
Figure P6.23 is driven clockwise at a constant rate of
80 rpm. Use the Working Model software to create a
simulation and plot the angular velocity of the
wiper blade as a function of the crank angle.

The crank of the rear windshield wiper mechanism
shown in Figure P6.25 is driven clockwise at a con-
stant rate of 65 rpm. Use the Working Model software
to create a simulation and plot the angular velocity of
the wiper blade as a function of the crank angle.

The crank of the sloshing bath shown in Figure
P6.27 is driven counterclockwise at 90 rpm. Use the
Working Model software to create a simulation and
plot the angular velocity of the bath as a function of
the crank angle.

The crank of the washing machine agitator mecha-
nism shown in Figure P6.29 is driven clockwise at
80 rpm. Use the Working Model software to create a
simulation and plot the angular velocity of the
segment gear as a function of the crank angle.

6-118. The crank of the two-cylinder compressor mecha-

nism shown in Figure P6.35 is driven clockwise
at 1250 rpm. Use the Working Model software to
create a simulation and plot the angular velocity of
both pistons as a function of the crank angle.

6-119. The crank of the package-moving device shown in

Figure P6.37 is driven clockwise at 25 rpm. Use the
Working Model software to create a simulation and
plot the linear velocity of the ram as a function of
the crank angle.

CASE STUDIES

6-1. Figure C6.1 illustrates a mechanism that is used to

drive a power hacksaw. The mechanism is powered
with an electric motor shaft, keyed to gear A.
Carefully examine the configuration in question,
then answer the following leading questions to gain
insight into the operation of the mechanism.

FIGURE C6.1 (Courtesy, Industrial Press.)

. When gear A is forced to rotate counterclockwise,
what is the motion of mating gear B?

. When gear A is forced to rotate counterclockwise,
what is the motion of stud pin C?

. When gear A is forced to rotate counterclockwise,
what is the motion of lever D?

. How does the motion of lever D differ from the
motion of lever E?

. Determine the position of gear B that would place
lever D at its lower extreme position.

. Determine the position of gear B that would place
lever D at its upper extreme position.

. Examine the amount of rotation of gear B to raise
lever D and the amount of rotation to lower the
lever.

. Approximately what is the difference between the
time to raise and the time to lower lever D?

. Comment on the continual motion of lever E.
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6-2.

o N

10.
. Compute the mobility of this mechanism.

Figure C6.2 illustrates the mechanism that drives a
table for a special grinding operation. Carefully
examine the configuration in question, then answer
the following leading questions to gain insight into
the operation of the mechanism.

FIGUREC6.2 (Courtesy, Industrial Press.)

. When wheel C is forced to rotate counterclockwise,

what is the motion of pin D?

. When wheel Cis forced to rotate counterclockwise,

what is the motion of link G?

Determine the position of wheel C that would place
point [ at its upper extreme position.

Determine the position of wheel C that would place
point I at its lower extreme position.

. Examine the amount of rotation of wheel C to raise

point I and the amount of rotation to lower the
point.

Approximately what is the difference between the
time to raise and the time to lower point I?
Comment on the cyclical motion of lever E.
Describe the motion of table R.

What is the function of this mechanism?

Why are there screw threads on both ends of link H?

6-3.

10.

Figure C6.3 illustrates the mechanism that drives a
bellows for an artificial respiration machine.
Carefully examine the configuration in question,
then answer the following leading questions to gain
insight into the operation of the mechanism.

Front View

FIGURE C6.3 (Courtesy, Industrial Press.)

. When link E drives continually counterclockwise

and rides slot J, at the instant shown, what is the
motion of disk F?

. When link E drives continually counterclockwise

and rides slot J, at the instant shown, what is the
motion of strap G?

. When link E drives continually counterclockwise

and rides slot J, at the instant shown, what is the
motion of slide A?

. As link E approaches the ramped pad M, what

happens to the spring N?

As link E contacts the ramped pad M, what happens
tolink E?

As link E contacts the ramped pad M, what is the
motion of disk F?

As link E contacts the ramped pad M, what is the
motion of slide A?

. As link E continues to rotate beyond the ramped

pad M, what is the motion of disk F?

As link E catches slot K, what is the motion of disk F?
Describe the continual motion of slide A, which
drives one end of the bellows.



ACCELERATION ANALYSIS

OBJECTIVES

Upon completion of this chapter, the student will be
able to:

1. Define linear, rotational, normal, tangential, Coriolis,
and relative accelerations.

2. Use the relative acceleration method to graphically
solve for the acceleration of a point on a link,
knowing the acceleration of another point on
that link.

3. Use the relative acceleration method to graphically
determine the acceleration of a point of interest on a
floating link.

4. Understand when the Coriolis acceleration is present,
and include it in the analysis.

5. Use the relative acceleration method to analytically
solve for the acceleration of a point.

6. Use the relative acceleration method to analytically
determine the acceleration of a point of interest on a
floating link.

7. Construct an acceleration curve to locate extreme
acceleration values.

7.1 INTRODUCTION

Acceleration analysis involves determining the manner in
which certain points on the links of a mechanism are either
“speeding up” or “slowing down.” Acceleration is a critical
property because of the inertial forces associated with it. In
the study of forces, Sir Isaac Newton discovered that an iner-
tial force is proportional to the acceleration imposed on a
body. This phenomenon is witnessed anytime you lunge
forward as the brakes are forcefully applied on your car.

Of course, an important part of mechanism design is to
ensure that the strength of the links and joints is sufficient to
withstand the forces imposed on them. Understanding all
forces, especially inertia, is important. Force analysis is
introduced in Chapters 13 and 14. However, as a preliminary
step, acceleration analysis of a mechanism’s links must be
performed.

The determination of accelerations in a linkage is the
purpose of this chapter. The primary procedure used in this
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analysis is the relative acceleration method, which utilizes
the results of the relative velocity method introduced in
Chapter 6. Consistent with other chapters in this book, both
graphical and analytical techniques are utilized.

7.2 LINEAR ACCELERATION

Linear acceleration, A, of a point is the change of linear
velocity of that point per unit of time. Chapter 6 was dedi-
cated to velocity analysis. Velocity is a vector quantity, which
is defined with both a magnitude and a direction. Therefore,
a change in either the magnitude or direction of velocity
produces an acceleration. The magnitude of the acceleration
vector is designated a = |Al.

7.2.1 Linear Acceleration of Rectilinear
Points

Consider the case of a point having straight line, or recti-
linear, motion. Such a point is most commonly found on a
link that is attached to the frame with a sliding joint. For this
case, only the magnitude of the velocity vector can change.
The acceleration can be mathematically described as

AV  dv

A- gt a o)
However, because
v ®
dt
then
A= cj;tl: (7.2)

For short time periods, or when the acceleration can be
assumed to be linear, the following relationship can be used:

AV

A= —
At

(7.3)
Because velocity is a vector, equation (7.1) states that
acceleration is also a vector. The direction of linear acceleration
is in the direction of linear movement when the link accelerates.
Conversely, when the link decelerates, the direction of linear
acceleration is opposite to the direction of linear movement.
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Linear acceleration is expressed in the units of velocity
(length per time) divided by time, or length per squared time.
In the U.S. Customary System, the common units used are
feet per squared second (ft/s*) or inches per squared second
(in./s?). In the International System, the common units used
are meters per squared second (m/s®) or millimeters per
squared second (mm/s*). For comparison purposes, linear
acceleration is often stated relative to the acceleration due to
gravity g = 32.17 ft/s?> = 386.4in./s> = 9.81 m/s’. Thus, a
10g acceleration is equivalent to 3864 in./s.

7.2.2 Constant Rectilinear Acceleration

Rewriting equation (7.3), the velocity change that occurs
during a period of constant acceleration is expressed as

AV = Viinal = Vinitial = A At (7-4)

Additionally, the corresponding displacement that
occurs during a period of constant acceleration can be
written as

1
AR = EAAtz + Vinitial At (7.5)

Equations (7.4) and (7.5) can be combined to give

(Vﬁnal)2 = (Vinitial)2 + 2AAR (7.6)
Since rectilinear motion is along a straight line, the direction
of the displacement, velocity, and acceleration (7, v, a) can be
specified with an algebraic sign along a coordinate axis.
Thus, equations (7.4), (7.5), and (7.6) can be written in
terms of the vector magnitudes (7, v, a).

EXAMPLE PROBLEM 7.1

An express elevator used in tall buildings can reach a full speed of 15 mph in 3 s. Assuming that the elevator experiences

constant acceleration, determine the acceleration and the displacement during the 3 s.

SOLUTION: 1.

Calculate Acceleration

Assuming that the acceleration is constant, equation (7.3) can be accurately used. Because the elevator starts at

rest, the velocity change is calculated as

AV = (15mph — 0) = 15 mph

B (15 miles

hr

Then, the acceleration is calculated as

5280 ft 1 hr
- = 22 ft/s
1 mile 3600 s

AV (22ft/s)
At 3s

=731t/

2. Normalize the Acceleration with Respect to Gravity

When people accelerate in an elevator, the acceleration is often “normalized” relative to the acceleration due to

gravity. The standard acceleration due to gravity (g) on earth is 32.17 ft/s? or 9.81 m/s. Therefore, the accelera-

tion of the elevator can be expressed as

A=73 ft/sz(

18 )*022
02fs)  E

3. Calculate the Displacement during the 3-Second Interval

The displacement can be determined from equation (7.5).

1

1
AR = 5 aAt?® + viaAt = 5 (7.3 ft/s*)(3s)* + (0)(3s)

= 32.9ft 1 (or roughly 3 floors)

7.2.3 Acceleration and the Velocity Profile

As stated in equation (7.1), the instantaneous acceleration is
the first derivative of the instantaneous velocity with respect
to time. Occasionally, a closed-form equation for the instan-
taneous velocity of a point is available. In these cases, the
derivative of the equation, evaluated at the specified time,

will yield the instantaneous acceleration. More often, espe-
cially in programmable actuators used in automation,
velocity profiles are specified as introduced in Chapter 6.
Recall that the displacement for a certain time interval is the
area under the v-t curve for that time interval. Conversely,
the acceleration at a certain time is the slope of the v-f curve.
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EXAMPLE PROBLEM 7.2

An automated assembly operation requires linear motion from a servo actuator. The total displacement must be 10 in.

For design reasons, the maximum velocity must be limited to 2 in./s, and the maximum acceleration or deceleration

should not exceed 4 in./s. Plot the velocity profile for this application.

SOLUTION: 1.

2.

Determine the Motion Parameters during Speed-Up

For the standard velocity profile for a servomotor, the speed-up portion of the motion is constant acceleration.
Rewriting and substituting the magnitudes of the velocity v and acceleration a into equation (7.3) gives the time
consumed during speed-up.

A 2 — 0)in./s
At=l=%=053
a 41in./s

Equation (7.5) is used to calculate the magnitude of the displacement during speed-up.
1 2
AR = EaAt + VinitialAt
1
= (4in/s7) (55" + (0)(55) = 05 in.

Determine the Motion Parameters during Slow-Down

For a standard velocity profile, the slow-down portion of the motion is constant acceleration. The time
consumed during slow-down is

A 0—2)in./
ar= Ay O7Dinds o
a —41in./s

The magnitude of the displacement during slow-down is
1 2
AR = E alt” + vigisaAt

1
= 5 (—4 in./s2>(.5 s)> + 221in./s(.5s) = 0.5 in.

Determine the Motion Parameters during Steady-State

Because 0.5 in. of displacement occurs during speed-up and another 0.5 in. during shut-down, the remaining 9.0
in. of displacement is during constant velocity motion. Equation (6.2) is used to calculate the time consumed
during constant velocity.

AR 9 in.
At=— = — =45s
v 21in./s

Determine the Motion Parameters during Steady-State

Using the velocity and time information for this sequence, the velocity profile shown in Figure 7.1 is
generated.

v (in./s)

2.0

1.0

FIGURE7.1 Velocity profile for Example Problem 7.2.
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7.2.4 Linear Acceleration of
a General Point

As earlier mentioned, the velocity of a point moving in a
general fashion may change in two ways:

1. The magnitude of the velocity can change. This pro-
duces an acceleration acting along the path of motion,
as presented in the previous section. This acceleration
is termed tangential acceleration, A'.

2. The direction of the velocity vector can change over
time. This occurs as the link, with which the point is
associated, undergoes rotational motion. It produces a
centrifugal acceleration that acts perpendicular to the
direction of the path of motion. This acceleration is
termed normal acceleration, A".

Figure 7.2 illustrates point A, which is moving along a
curved path. The tangential acceleration of point A, Al is
the linear acceleration along the direction of motion. Note
that the vector points in the direction of motion because
point A is accelerating. If point A were decelerating, the
acceleration vector would point opposite to the direction of
motion. Of course, the velocity vector always points in the
direction of motion. Therefore, an accelerating point is
associated with a tangential acceleration vector that is con-
sistent with the velocity vector. Conversely, deceleration is
associated with a tangential acceleration vector that opposes
the velocity vector. The magnitude of tangential acceleration
can be determined using equations (7.1), (7.2), or (7.3).

Af4 (tangential acceleration of point A)

V4 (velocity of point A)

> Path of
movement

A'/} (normal acceleration of point A)

FIGURE 7.2 Acceleration of point A.

The normal acceleration of point A, A}, is a result of a
change in the direction of the velocity vector. It acts along a
line that is perpendicular to the direction of movement and
toward the center of curvature of this path. Further details
pertaining to tangential and normal accelerations are pre-
sented in Section 7.4.

7.3 ACCELERATION OF A LINK

Recall from Section 6.3 that any motion, however complex,
can be viewed as a combination of a straight line movement
and a rotational movement. Fully describing the motion of a
link can consist of specifying the linear motion of one point
and the rotational motion of the link about that point.

As with velocity, several points on a link can have different
accelerations, yet the entire link has the same rotational
acceleration.

7.3.1 Angular Acceleration

Angular acceleration, ¢, of a link is the angular velocity of
that link per unit of time. Mathematically, angular accelera-
tion of a link is described as

_ i B _ do 7.7)
TN D0Ar T dr :
However, because
do
w= 2
dt
then
40
= — 7.8
= (7.8)

For short time periods, or when the angular acceleration is
assumed to be linear, the following relationship can be used:

Aw

E (7.9)

a =

Similarly to the discussion in Section 7.2, the direction
of angular acceleration is in the direction of motion when
the angular velocity increases or the link accelerates.
Conversely, the angular acceleration is in the opposite direc-
tion of motion when the angular velocity decreases, or the
link is decreasing. In planar analyses, the direction should be
described as either clockwise or counterclockwise.

Angular acceleration is expressed in the units of angular
velocity (angle per time) divided by time, or angle per
squared time. In both the U.S. Customary System and
the International System, the common units used are degrees
per squared second (deg/s?), revolutions per squared second
(rev/s?), or the preferred unit of radians per squared
second (rad/s?).

7.3.2 Constant Angular Acceleration

Rewriting equation (7.7), the angular velocity change that
occurs during a period of constant angular acceleration is

expressed as
Aw = ©fna — Oipitial = @ At (7.10)

Additionally, the corresponding angular displacement
that occurs during a period of constant angular acceleration
can be written as

1
A = EaAtz + Oinitial At (7.11)

Equations (7.10) and (7.11) can be combined to give

(wﬁnal)2 = (winitial)2 + 2aA0 (7.12)
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EXAMPLE PROBLEM 7.3

An electric motor drives the grinding wheel clockwise, as shown in Figure 7.3. It will speed up to 1800 rpm in 2 s
when the power is turned on. Assuming that this speed-up is at a constant rate, determine the angular
acceleration of the grinding wheel. Also determine the number of revolutions that the wheel spins before it is at
full speed.

FIGURE 7.3 Grinding wheel for Example Problem 7.3.

SOLUTION: 1. Calculate the Acceleration

Since acceleration is typically specified in rad/s?, convert the speed of the grinding wheel to rad/s with the fol-

lowing:

Aw = 1800 rpm<

27 rad \/ 1 min
= 188.5 rad/s, cw
1 rev 60 s

With constant acceleration, equation (7.9) can be used, giving

_ Ao
At

B (188.5 rad/s — 0
2s

> = 942 rad/s?, cw

The direction of the acceleration is clockwise, which is in the direction of motion because the grinding

wheel is speeding up.

2. Calculate the Displacement during the 2-Second Interval

The number of revolutions during this speed-up period can be determined through equation (7.11).

A6

2

1 rev

188.4 rad(
27 rad

1 1
—aAP + oAt = 5 <94.2 rad/sz>(2 $)2 + (0)(2s)

) = 30.0 revolutions

7.4 NORMAL AND TANGENTIAL
ACCELERATION

As presented in Section 7.2.4, the velocity of a point mov-
ing in a general path can change in two independent ways.
The magnitude or the direction of the velocity vector can
change over time. Of course, acceleration is the time rate of
velocity change. Thus, acceleration is commonly separated
into two elements: normal and tangential components. The
normal component is created as a result of a change in the
direction of the velocity vector. The tangential component

is formed as a result of a change in the magnitude of the
velocity vector.

7.4.1 Tangential Acceleration

For a point on a rotating link, little effort is required to
determine the direction of these acceleration compo-
nents. Recall that the instantaneous velocity of a point on
a rotating link is perpendicular to a line that connects that
point to the center of rotation. Any change in the magni-
tude of this velocity creates tangential acceleration, which
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is also perpendicular to the line that connects the point
with the center of rotation. The magnitude of the tan-
gential acceleration of point A on a rotating link 2 can be
expressed as

dvy d(wyros) dw,

[ —
ay = = = Toa dr

7.13
dt dt ( )

= ToA%)

It is extremely important to remember that the angular
acceleration, o, in equation (7.13) must be expressed as units
of radians per squared time. Radians per squared second is
the most common unit. Similarly to the discussion in
Section 7.2, tangential acceleration acts in the direction of
motion when the velocity increases or the point accelerates.
Conversely, tangential acceleration acts in the opposite
direction of motion when the velocity decreases or the point
decelerates.

7.4.2 Normal Acceleration

Any change in velocity direction creates normal accele-
ration, which is always directed toward the center of
rotation. Figure 7.4a illustrates a link rotating at constant
speed. The velocity of point A is shown slightly before and
after the configuration under consideration, separated by a
small angle d6,. Because the link is rotating at constant
speed, the magnitudes of Vy and V4 are equal. Thus,
Vi = Vy.

Figure 7.4b shows a velocity polygon, vectorally solving
for the change in velocity, dv. Notice that the change of the
velocity vector, dv, is directed toward the center of link rota-
tion. In fact, the normal acceleration will always be directed
toward the center of link rotation. This is because, as the
point rotates around a fixed pivot, the velocity vector will
change along the curvature of motion. Thus, the normal

vector to this curvature will always be directed toward the
fixed pivot.

In Figure 7.4a, because A# is small, the following
relationship can be stated:

dVA = ‘VAdez

Because acceleration is defined as the time rate of velocity
change, both sides should be divided by time:

dVA d02
T e T e

ay =

Using equation (6.6), the relationships between the magni-
tude of the linear velocity and angular velocity, the following
equations for the magnitude of the normal acceleration of a
point can be derived:

a}l = vawy, = (wyrop)wy = wiros (7.14)
% A

aﬁ = Vpwy = VA(A> = A (7.15)
roA ToA

7.4.3 Total Acceleration

As previously mentioned, acceleration analysis is important
because inertial forces result from accelerations. These loads
must be determined to ensure that the machine is
adequately designed to handle these dynamic loads. Inertial
forces are proportional to the total acceleration of a body.
The total acceleration, A, is the vector resultant of the
tangential and normal components. Mathematically, it is
expressed as

Ay = AL +> Al (7.16)

FIGURE 7.4 Normal acceleration.

EXAMPLE PROBLEM 7.4

The mechanism shown in Figure 7.5 is used in a distribution center to push boxes along a platform and to a loading

area. The input link is driven by an electric motor, which, at the instant shown, has a velocity of 25 rad/s and

accelerates at a rate of 500 rad/s*. Knowing that the input link has a length of 250 mm, determine the instantaneous

acceleration of the end of the input link in the position shown.
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FIGURE7.5 Transfer mechanism for Example Problem 7.4.

SOLUTION: 1.  Draw a Kinematic Diagram and Calculate Degrees of Freedom

The kinematic diagram for the transfer mechanism is shown as Figure 7.6a. Notice that it is the familiar four-bar
mechanism.

© B
@, =25 rad/s o =500 rad/s? @
Oy

Scale:
0 100
"t
,40° mm/s’
Ay
Ay
Al
(b) A=Al +>A}

FIGURE7.6 Diagrams for Example Problem 7.4.

2. Determine the Tangential Acceleration of Point A

Because the input link (link 2) is in pure rotation, the acceleration components of the end of the link
can be readily obtained. Equation (7.13) can be used to determine the magnitude of the tangential
acceleration.

a§ = ra, = (250 mm) (500 rad/s?) = 125,000 mm/s> = 125.0 m/s*

Because the link is accelerating, the direction of the vector is in the direction of the motion at the end of the
link, which is perpendicular to the link itself. Thus, the tangential acceleration is

Al = 125.0m/s> \50°

3. Determine the Normal Acceleration of Point A

Equation (7.14) can be used to determine the magnitude of the normal acceleration.
aj = ro,awh = (250 mm) (25 rad/s)? = 156,250 mm/s> = 156.25 m/s’

Normal acceleration always occurs toward the center of rotation. Thus, normal acceleration is
calculated as

All = 15625 m/s? 407

The components of the acceleration are shown in Figure 7.6b.
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4. Determine the Total Acceleration of Point A

The total acceleration can be found from analytical methods presented in Chapter 3. A sketch of the vector addi-
tion is shown in Figure7.6¢. Because the normal and tangential components are orthogonal, the magnitude of

the total acceleration is computed as

ay = V(ap)® + (a)?

= V(125.0 m/s?)* + (2156.25 m/s?)> = 200.10 m/s*

The angle of the total acceleration vector from the normal component can be calculated as

B = tanfl(

a 4 125.0 m/s? o
o) =tan ———5 | = 38.7
a 156.25 m/s

The direction of the total acceleration vector from the horizontal axis is

40.0° + 38.7° = 78.7°

Formally, the total acceleration can then be written as

A4 = 200.10 m/s>  78.7/

The total acceleration can also be determined through a graphical procedure using either CAD or traditional drawing

techniques, as explained in Chapter 3.

7.5 RELATIVE MOTION

As discussed in detail in Chapter 6, the difference between
the motion of two points is termed relative motion. Relative
velocity was defined as the velocity of one object as
observed from another reference object that is also moving.
Likewise, relative acceleration is the acceleration of one
object as observed from another reference object that is
also moving.

7.5.1 Relative Acceleration

As with velocity, the following notation is used to distinguish
between absolute and relative accelerations:

A, = absolute acceleration (total) of point A

>
o
|

= absolute acceleration (total) of point B

Ap 4 = relative acceleration (total) of point B
with respect to A

acceleration (total) of point B “as observed”
from point A

From equation (6.10), the relationship between
absolute velocity and relative velocity can be written as

VB = VA +> VB/A

Taking the time derivative of the relative velocity equation
yields the relative acceleration equation. This can be written
mathematically as

AB = AA +>AB/A (7.17)
Typically, it is more convenient to separate the total acceler-
ations in equation (7.17) into normal and tangential
components. Thus, each acceleration is separated into its
two components, yielding the following:

AL +>Ap = A} +>AL +>Ap, +>AL,  (7.18)

Note that equations (7.17) and (7.18) are vector equa-
tions and the techniques discussed in Chapter 3 must be
used in dealing with these equations.

EXAMPLE PROBLEM 7.5

SOLUTION:

Figure 7.7 shows a power hacksaw. At this instant, the electric motor rotates counterclockwise and drives the free
end of the motor crank (point B) at a velocity of 12 in./s. Additionally, the crank is accelerating at a rate of 37 rad/s’.
The top portion of the hacksaw is moving toward the left with a velocity of 9.8 in./s and is accelerating at a rate of
82 in./s%. Determine the relative acceleration of point C with respect to point B.

1. Draw a Kinematic Diagram and Identify the Degrees of Freedom

Figure 7.8a shows the kinematic diagram of the power hacksaw. Notice that it is the familiar slider-crank mech-
anism with one degree of freedom.
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(a) (b)

E\

Ac A

Acp=Ac—>AL—>Aj
©)

FIGURE7.8 Kinematic diagram for Example Problem 7.5.

2. Determine the Tangential Acceleration of Point B
From the kinematic diagram, it should be apparent that point B travels up and to the left as link 2 rotates coun-
terclockwise. Because the motor crank (link 2) is in pure rotation, the components of the acceleration at the end
of the link can be readily obtained. Equation (7.13) can be used to determine the magnitude of the tangential ac-
celeration.
f_ _ . 2\ _ 2
ah = rape = (1.75in.) (37 rad/s?) = 64.75 in/s
Because the link accelerates, the direction of the vector is in the direction of the motion at the end of the

link. Thus, the tangential acceleration is calculated as

Aj = 64.75in/s>  60°

3. Determine the Normal Acceleration of Point B

Equation (7.15) can be used to determine the magnitude of the normal acceleration.

2 (12in./s)?
ap =28 = 2T 0~ 8229 ins?
TAB 1.75 in.

Normal acceleration is always directed toward the center of rotation. Thus, normal acceleration is
AL = 8229in./s? 300
Link 2 is isolated and the components of this acceleration are shown in Figure 7.8b.

4.  Specify the Acceleration of Point C

Point Cis constrained to linear motion. Therefore, point C does not experience a normal acceleration. The total
acceleration is given in the problem statement as

Ac = 82in/s* «—
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Construct the Velocity Polygon for the Acceleration of C Relative to B

To determine the relative acceleration, equation (7.16) can be written in terms of points B and C and
rearranged as

Agp = Ac—>Ag
Because two acceleration components of point B exist, the equation is written as
Acp = Ac —>(Aj +>Ap) = Ac —>Aj —> A

A vector polygon is formed from this equation (Figure 7.8¢). The unknown vector can be determined
using the methods presented in Chapter 3. Either a graphical or analytical solution can be used to determine
vector Acyp.

Solve for the Unknown Vector Magnitudes

Arbitrarily using an analytical method, the acceleration A¢/g can be found by separating the vectors into

horizontal and vertical components. See Table 7.1.

TABLE 7.1 Horizontal and Vertical Vector Components for Acceleration A¢/p
Horizontal Component Vertical Component
Vector Reference Angle (6 ,) ap, = acos 0, a, = asin@,
A, 180° — 82.00 0
Ag" 210° — 71.26 — 41.15
Ag 120° — 32.83 56.08

Separate algebraic equations can be written for the horizontal and vertical components as follows:

AC/B = AC —>Ag —>Ag

horizontal comp.: A", = (—82.0) — (=71.27) — (—32.38)

vertical comp.:

+ 21.35 = 21.35in./s*

Ay = (0) — (—41.15) — (+56.08) = —14.93 in./s®

The magnitude of the acceleration can be found by

Acp =V (ﬂ}é/B)z + (‘12/:/3)2

= V(21.35)2 + (—14.93)2 = 26.05 in./s>

The direction of the vector can be determined by

h .2
4| %cB _,| —14.93in./s o -
a'cp 21.35in./s

Finally, the relative acceleration of C with respect to Bis

Agp = 26.05in./s> \35°

7.5.2 Components of Relative Acceleration

The acceleration of points on a mechanism can be much
more easily analyzed when separated into normal and
tangential components. For links that are attached directly
to the frame, the direction of the acceleration components
is obvious, as described in the previous section. The
normal component is always directed to the center of rota-
tion, and the tangential component is perpendicular to the
normal component and in the direction that is consistent

with either the acceleration or deceleration of the point.
Recall that tangential acceleration is in the direction of
motion when the point accelerates. Conversely, tangential
acceleration is opposite to the direction of motion when
the point decelerates.

For points that are on the same link, a link that is not
directly attached to the frame, the analysis focuses on the
relative accelerations of these points. Figure 7.9 shows such a
link that is not directly attached to the frame, typically called
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FIGURE7.9 Relative normal and tangential accelerations.

a floating link. The relative acceleration between two points
that reside on that link is shown. Notice that the normal and
tangential components of this acceleration are also shown
and are directed along the link (normal) and perpendicular
to the link (tangential). Reiterating, the relative acceleration
of two points is the acceleration of one point as seen from
the other reference point.

As with velocity analysis, relative motion consists of
pure relative rotation of the observed point about the

reference point. In other terms, the relative motion of Bwith
respect to A is visualized as if point B were rotating around
point A. Thus, a normal component of relative acceleration
is directed toward the center of relative rotation, or the refer-
ence point. The tangential relative acceleration is directed
perpendicular to the normal relative acceleration. The
magnitudes of these components are computed in a similar
fashion to the absolute acceleration of points rotating
around fixed points.

dv d(wsrps)
¢ BIA 37BA
a = = = rgac 7.19
BIA it it BAX3 (7.19)
(vea)°
apa = rpaw’ = o (7.20)

The direction of the relative tangential acceleration is
consistent with the angular acceleration of the floating
link, and vice versa. Referring to Figure 7.9, the relative
tangential acceleration shows the tangential acceleration of
point B as it rotates around point A directed upward and
toward the right, which infers a clockwise angular accele-
ration of link 3.

EXAMPLE PROBLEM 7.6

For the power hacksaw in Example Problem 7.5, determine the angular acceleration of the 6-in. connecting link

(link 3).

SOLUTION: 1.  Identify the Relevant Link Geometry

The relative acceleration of C with respect to B was determined as

Acip = 26.05in./s> \35°

Also note from Figure 7.7 that the connecting link is inclined at a 15° angle. Using this data, the total rela-

tive acceleration can be resolved into normal and tangential components. These components are shown in

Figure 7.10.

B

FIGURE7.10 Relative accelerations for Example Problem 7.6.

2. Resolve the Total Relative Acceleration into Normal and Tangential Components

Figure 7.10 illustrates that 20° (35°-15°) separates the total relative acceleration vector and the normal

component. Thus, the magnitudes of the relative acceleration components can be analytically determined from

the following trigonometric relationships:

A'gp = agp(sin 20°) = 26.05 in./s* (sin 20°) = 8.91in./s> \I5

n
Ac/p

o

acyp(cos 20°) = 26.05 in/.s> (cos 20°) = 24.48 in./s> 75
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3.

Calculate the Rotational Acceleration of Link 3

From Figure 7.10, the tangential acceleration of point C with respect to Bis downward and to the right. This im-

plies that the angular acceleration of link 3 is counterclockwise. The magnitude can be determined as

a3 =

agp  891in/s’

Tce

- = 1.49 rad/s
6 1n.

Therefore, the angular acceleration of the connecting link is determined by

a3 = 1.49 rad/s?, counterclockwise

7.6 RELATIVE ACCELERATION ANALYSIS:
GRAPHICAL METHOD

Acceleration analysis is usually employed to determine the
acceleration of several points on a mechanism at a single con-
figuration. It must be understood that the results of this
analysis yield instantaneous motion characteristics. As the
mechanism moves, even an infinitesimal amount, the motion
characteristics change. Nonetheless, the instantaneous char-
acteristics are needed, particularly the extreme values. It was
emphasized earlier that accelerations impose inertial forces
onto the links of a mechanism. The resulting stresses must be
tully understood to ensure safe operation of a machine.

The strategy for determining the acceleration of a point
involves knowing the acceleration of another point on that
same link. In addition, the velocity of the desired point and
the relative velocity between the two points must be known.
This information can complete a relative velocity analysis as
described in Chapter 6.

Analysis can proceed throughout a mechanism by using
points that are common to two links. For example, a point
that occurs on a joint is common to two links. Therefore,
determining the acceleration of this point enables one to
subsequently determine the acceleration of another point on
either link. In this manner, the acceleration of any point on a
mechanism can be determined by working outward from
the input link.

Recall from equation (7.18) that the relative acceleration
equation can be expanded to include the normal and tan-
gential components.

Al +>AL = AL +>AL +>AL  +>Ak

Assume that the acceleration of point B needs to be
determined and the acceleration of point A is already known.
Also assume that a full velocity analysis, involving the two
points, has already been conducted. In a typical situation, the
directions of all six components are known. All normal com-
ponents are directed toward the center of relative rotation. All
tangential components are perpendicular to the normal
components. In addition, the magnitudes of all the normal
acceleration vectors can be found from equation (7.14) or
(7.15). Of course, the magnitude of the tangential accelera-
tion of the known point (point A) is also established.
Therefore, the vector analysis only needs to determine the
magnitude of the tangential component of the point desired
and the magnitude of the relative tangential component.

Relative acceleration analysis forms a vector problem
identical to the general problems presented in Sections 3.18
and 3.19. Both graphical and analytical solutions are feasible,
as seen throughout Chapter 3. In many problems, the magni-
tude of certain terms may be zero, eliminating some of the six
vector components in equation (7.18). For example, when the
known point is at a joint that is common to a constant angular
velocity link, the point has no tangential acceleration. Another
example occurs when a point is common to a link that is
restricted to linear motion. The velocity of the point does not
change direction and the point has no normal acceleration.

As in velocity analysis, the graphical solution of accelera-
tion polygons can be completed using manual drawing tech-
niques or on a CAD system. The logic is identical; however, the
CAD solution is not susceptible to limitations of drafting accu-
racy. Regardless of the method being practiced, the underlying
concepts of graphical position analysis can be further illus-
trated and expanded through the following example problems.

EXAMPLE PROBLEM 7.7

The mechanism shown in Figure 7.11 is designed to move parts along a conveyor tray and then rotate and lower those

parts to another conveyor. The driving wheel rotates with a constant angular velocity of 12 rpm. Determine the angu-

lar acceleration of the rocker arm that rotates and lowers the parts.

SOLUTION: L.

Draw the Kinematic Diagram and Identify the Degrees of Freedom

The portion of the mechanism that is under consideration includes the driving wheel, the follower arm, and the

link that connects the two. Notice that, once again, this is the common four-bar mechanism having one degree of

freedom. A scaled, kinematic diagram is shown in Figure 7.12a.
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2. Decide on a Method to Achieve the Desired Acceleration

The angular acceleration of the rocker (link 4) can be determined from the tangential component of the ac-
celeration of point C. Thus, the crux of the problem is to determine the acceleration of point C. In turn, the accel-
eration of point C, which also resides on link 3, can be determined from knowing the acceleration of point B.
Point Bis positioned on both links 2 and 3. Therefore, the acceleration of point B can be determined from know-

ing the motion of the input link, link 2.

O N 2
SE====2— <= ==
Rocker &
arm 4.75' 12/rpm [
— = P 75 1.75'
Driving wheel 1
-/
1.5 375

FIGURE7.11 Mechanism for Example Problem 7.7.
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FIGURE7.12 Diagrams for Example Problem 7.7.
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FIGURE 7.12 Continued

Determine the Velocity of Points B and C

The first step is to construct a velocity diagram that includes points B and C. Calculating the magnitude of the
velocity of point B can be accomplished with the following:

wy(rad/s) = - (wrpm) = 31(.) (12 rpm) = 1.26 rad/s, counterclockwise

30
Vi = wonyp = (126 rad/s)(0.75 ft) = 943 fi/s  \45°

The direction of Vp is perpendicular to link 2 and in the direction consistent with ®,, down and to
the right. Using CAD, a vector can be drawn to scale, from the velocity diagram origin, to represent this
velocity.

The relative velocity equation for points B and C can be written as

VC = VB +>VC/B

Thus, at the origin of the velocity diagram, a line can be drawn to represent the direction of vector V.
This is perpendicular to link 4 because point C resides on a link that pivots about a fixed center. At the end of
the vector Vp, a line can also be drawn to represent the direction of V3. As with all relative velocity vectors,
the direction is perpendicular to the line that connects points C and B. The intersection of the Vi and V¢
direction lines determines the magnitudes of both vectors. The completed velocity diagram is shown in
Figure 7.12b.

Scaling the vectors from the diagram yields the following:

Ve = 1.290ft/s /76

o

Ve = 1.950 ft/s 80

Calculate Acceleration Components
The next step is to construct an acceleration diagram that includes points B and C. Calculating the magnitudes
of the known accelerations is accomplished by
. (Vp?2  (0.943 ft/s)?
Aj = =
s 0.75 ft

= 1.186 ft/s>  /45°

(directed toward the center of rotation,
point A)
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af = ayrap = (0) (0.75 ft) = 0 ft/s’

(Vep)®  (1.950 ft/s)?
= = .800 ft/s 10°
rCB 4.75 ft

n
Acgp =

(directed from C toward B, measured
from CAD)

(Vo (1.290 fi/s)

= 1.109 ft/s’ 14°
cp 1.5 ft

n
AC =
(directed toward the center of rotation,
point D, measured from CAD)

Construct an Acceleration Diagram

The relative acceleration equation for points B and C can be written as
AC+>AL= A +>Ap +>A0p +>Ags

In forming the acceleration diagram, vector construction arbitrarily begins on the right side of the
equation. At the origin of the acceleration diagram, a line can be drawn to represent the vector A which is
completely known. Because it has zero magnitude, the vector Aj can be eliminated in the acceleration
diagram. Therefore, at the end of vector Ag another line can be drawn to represent the vector
Ay, which is also completely known. At the end of this vector, a line can be drawn to represent the direc-
tion of vector Agyz. The magnitude is not known, but the direction is perpendicular to the normal
component, A¢yp.

Focusing on the left side of the equation, a new series of vectors will begin from the origin of the
acceleration diagram. A line can be drawn to represent vector A, which is completely known. At the end of this
vector, a line can be drawn to represent the direction of vector Al however, the vector magnitude is unknown.
The line is directed perpendicular to the normal component, A¢. Finally, the intersection of the A& and Agyp
direction lines determines the magnitudes of both vectors. The completed acceleration diagram is shown in
Figure 7.12c.

Measure the Desired Acceleration Components

Scaling the vector magnitudes from the diagram yields the following:

A¢ = 1.879 fu/s® /76°
Agp = 585 ft/s> 80\

Notice that the tangential acceleration of point Cis in the same direction as the velocity. This indicates that
point Cis accelerating (speeding up), not decelerating.

Calculate the Desired Angular Acceleration

Finally, the angular acceleration of link 4 can be determined. By observing the direction of the tangential compo-
nent of the acceleration of point C (up and to the right), it is obvious that link 4 accelerates in a clockwise direc-
tion. The magnitude of this angular acceleration is computed as

ot (1879 fus?)

ay =~ =~ = 1251ad/s®
YT e 1.5 ft

Therefore, the angular acceleration of the rocker arm is

oy = 1.25rad/s?, cw

EXAMPLE PROBLEM 7.8

The mechanism shown in Figure 7.13 is a common punch press designed to perform successive stamping operations.
The machine has just been powered and at the instant shown is coming up to full speed. The driveshaft rotates
clockwise with an angular velocity of 72 rad/s and accelerates at a rate of 250 rad/s®. At the instant shown, determine
the acceleration of the stamping die, which will strike the workpiece.
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SOLUTION:

1.

o =250 rad/s?

/ Stamping die
/ Workpiece

FIGURE7.13 Mechanism for Example Problem 7.8.

Draw the Kinematic Diagram and Identify the Degrees of Freedom

The portion of the mechanism that is under consideration includes the driving wheel, the stamping die, and the
link that connects the two. Notice that this is the common slider-crank mechanism, having a single degree of free-
dom. A scaled kinematic diagram is shown in Figure 7.14a.

Decide on a Method to Achieve the Desired Acceleration

The acceleration of the die (link 4) is strictly translational motion and is identical to the motion of point A. The
acceleration of point A, which also resides on link 3, can be determined from knowing the acceleration of point
B. Point B is positioned on both links 2 and 3. Therefore, the acceleration of point B can be determined from
knowing the motion of the input link, link 2.

Determine the Velocity of Points A and B
Calculating the magnitude of the velocity of point Bis as follows:
Vg = wynp = (72rad/s)(1.0in.) = 72in./s 60°

The direction of Vg is perpendicular to link 2 and consistent with the direction of @,, up and to the left. Using
CAD, a vector can be drawn to scale, from the velocity diagram origin, to represent this velocity.

0 = 250 rad/s?
//Y, W, =72 rad/s

C

()

FIGURE 7.14 Diagrams for Example Problem 7.8.
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FIGURE 7.14 Continued

The next step is to construct a velocity diagram that includes points A and B. The relative velocity equation
for points A and B can be written as

VA = VB +>VA/B'

Thus, at the origin of the velocity diagram, a line can be drawn to represent the direction of vector V 4. This
is parallel to the sliding surface because link 4 is constrained to vertical sliding motion. At the end of the vector
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V3, aline is drawn to represent the direction of V 4/5. As with all relative velocity vectors between two points on
the same line, the direction is perpendicular to the line that connects points A and B. The intersection of the V 4
and Vg direction lines determines the magnitudes of both vectors. The completed velocity diagram is shown in
Figure 7.14b.

Scaling the vector magnitudes from the diagram is determined as follows:

V, = 703 in/s |
36.8in./s /13°

VB

Calculate the Acceleration Components

The next step is to construct an acceleration diagram that includes points A and B. Calculating the magnitudes
of the known accelerations is accomplished by the equations:

2 : 2
% 72 in./s
Ap = )" _ D207 g i /30°

rBC 1.0 in.
(directed toward the center of rotation,
point C)

o

A} = apnp = (250 rad/s?) (1.0in.) = 250 in./s*> 60
(directed perpendicular to BC,
in the direction of rotational
acceleration)

(VA/B)Z (368 in./s)z

Alp = = - = 338in./s> 77°
TAB 4.0 1n.

(directed from A toward B,
measured from CAD)

Note that point A does not have a normal acceleration because the motion is strictly translational.
Construct an Acceleration Diagram

The relative acceleration equation for points A and B can be written as
Al +>A4 = A +>AL +>AL +>Au

In forming the acceleration diagram, vector construction will arbitrarily start on the right side of the equa-
tion. At the origin of the acceleration diagram, a line can be drawn to represent the vector A which is known. At
the end of A%, a line can be drawn to represent vector A which is also known. At the end of vector A} another
line can be drawn to represent vector A4,z which is also known. At the end of this vector, a line can be drawn to
represent the direction of vector Az This is perpendicular to the normal component, Ay, but has an
unknown magnitude.

Focusing on the left side of the equation, a new series of vectors will begin from the origin of the accelera-
tion diagram. The vector A’} has zero magnitude and is ignored. A line can be drawn to represent the direction
of vector Az; however, the magnitude is unknown. The line is directed parallel to the sliding motion of link 4.
Finally, the intersection of the Ay and A% direction lines determines the magnitudes of both vectors. The
completed acceleration diagram is shown in Figure 7.14c.

Measure the Desired Acceleration Components

Scaling the vector magnitudes from the diagram is done with the following:

Ajp = 4404 in/s®> 13
A4 = 2138in./s> 1

Thus the total acceleration of point A is

A, = A} = 2138in./s* = 178 ft/s? = 553 g |

Notice that the tangential acceleration of point A is in the same direction as the velocity. This indicates that
point A is accelerating (speeding up), not decelerating.
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7.7 RELATIVE ACCELERATION ANALYSIS:
ANALYTICAL METHOD

The strategy for analytically determining the acceleration
of various points on a mechanism is identical to the
method outlined in the previous section. The difference is
that vector polygons only need to be roughly sketched.

The magnitude and angles can be solved using the ana-
lytical methods introduced in Chapter 3 and incor-
porated in Chapter 6 and earlier sections in this chapter.
The most effective manner of presenting the analytical
method of acceleration analysis is through an example
problem.

EXAMPLE PROBLEM 7.9

The mechanism shown in Figure 7.15 is used to feed cartons to a labeling machine and, at the same time, to prevent

the stored cartons from moving down. At full speed, the driveshaft rotates clockwise with an angular velocity

of 200 rpm. At the instant shown, determine the acceleration of the ram and the angular acceleration of the

connecting rod.

FIGURE7.15 Mechanism for Example Problem 7.9.

SOLUTION: 1.

Draw a Kinematic Diagram

The portion of the mechanism that is under consideration includes the drive crank, the pusher ram, and the link

that connects the two. Once again, notice that this is the common in-line, slider-crank mechanism. A kinematic

diagram is shown in Figure 7.16a.

Ac

A =1314.6

Ve
Alp=3075

13.9°

FIGURE7.16 Diagrams for Example Problem 7.9.

2. Decide on a Method to Achieve the Desired Acceleration

As in Example Problem 7.8, the acceleration of the ram (link 4) is strictly translational motion and is identical to the

motion of point C. The acceleration of point C, which also resides on link 3, can be determined from knowing

the acceleration of point B. Point Bis positioned on both links 2 and 3. Therefore, the acceleration of point B can be

determined from knowing the motion of the input link, link 2.

3. Analyze the Mechanism Geometry

The angle between link 3 and the horizontal sliding surface of link 4, 3 in Figure 7.16a, can be determined from

74psin 40° (3 in.) sin 40°
B = sin*‘(“i) = sin*‘(7> = 13.9°

the law of sines.

(81n.)
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Determine the Velocity of Points B and C

Calculate the magnitude of the velocity of point B using the following equation:

w, %(200 rpm) = 20.9 rad/s

o

Vp = wyrap = (20.9rad/s) (3.0in.) = 62.8in./s  \50

The direction of Vy is perpendicular to link 2 and consistent with the direction of ®,, down and to the
right. The velocity of point C s parallel to the horizontal sliding surface, and the velocity of C with respect to B
is perpendicular to the link that connects points B and C. Calculating this angle,

90° + (—B) = 90° + (—13.9°) = 76.1°

By understanding the directions of the vectors of interest, a velocity polygon can be assembled
(Figure 7.16b). The magnitude of the third angle in the velocity polygon can be determined because the sum of
all angles in a triangle is 180°.

180° — (50° + 76.1°) = 53.9°

The magnitudes of the velocities can be found from the law of sines.

sin 53.9° ) sin 53.9° )
VC = VB - o= 62.8 in./s - o= 52.3in./s —
sin 76.1 sin 76.1

Solve for the unknown velocities with the following:
Vo = Vi 2250 — easinss( S220) — doginss e
B B\ sin 76.1° OIS sin 76.1° 1S -

Calculate Acceleration Components
The next step is to construct an acceleration diagram that includes points B and C. Calculate the magnitudes of

the known accelerations using the following equations:

(Vp)?  (62.8in./s)? O
=0 = 1314.6 in./s* 4Q7
Uin.

(directed toward the center of

no_
"=

TAB
rotation, point A)

Ap = ayrip = (0rad/s®) (3.0in.) = 0
(because the driving link is rotating at
constant velocity)

(Vo) (49.61in./s)?
Al = e 80, = 307.5in./s 13.9°\

(directed from C toward B)

Note that point C does not have a normal acceleration because the motion is strictly translational.
Using Vector Methods, Solve the Relative Acceleration Equation

The relative acceleration equation for points B and C can be written as
n t _ an t n t

In forming an acceleration diagram, vector placement arbitrarily starts on the right side of the equation. At
the origin of the acceleration diagram, vector Ag, which is completely known, is placed. Because no tangential
component of the acceleration of point B exists, A} is ignored. Vector Ay, which is also completely known, is
placed at the end of Aj. At the end of Afyp, the vector A% is placed; however, only the direction of this vector is
known. It is directed perpendicular to the normal component, A{yg, and thus, perpendicular to the line that
connects Band C. The angle has been calculated as

90° + (—B) = 90° + (—13.4°) = 76.1°

The first term on the left side of the equation can be ignored because there is no normal component of the
acceleration of point C. Therefore, the vector representing the tangential acceleration of point C is placed at the
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origin. However, only the direction of this vector is known: It is parallel to the horizontal surface that link 4 is
constrained to slide upon. The vector polygon is illustrated in Figure 7.16¢. The unknown vector magnitudes, A
and A, can be determined using the methods presented in Chapter 3. First, each vector can be separated into
horizontal and vertical components, as shown in Table 7.2.

TABLE 7.2 Acceleration Components for Example Problem 7.9

Reference Horizontal Component Vertical Component
Vector Angle (0,) ap = acosf, a, = asinf,
ap A% 220° 1007.0 845.0
Agp 166.1° ~298.5 73.9
AGp 76.1° 240 alyp 971 alyp
Ac 180° —ac 0

Separate algebraic equations can be written for the horizontal and vertical components.
Ac=Ap +>A8p+>Alp
horizontal comp.: + ac = (—1007.0) + (—298.5) + (+0.240a(;;)

vertical comp.: 0 = (—845.0) + (+73.9) + (+0.971 atC/B)
The vertical component equation can be solved algebraically to give the magnitude
ap = 794.1 in./s?
This result can then be substituted into the horizontal equation to give the magnitude
ac = 1496.1 in./s’

7.  Clearly Specify the Desired Results

Formally stated, the motion of the ram is

V.=523in/s —
A, = 1496.1 in./s <

Notice that because the acceleration is in the opposite direction of the ram movement and velocity, the ram
is decelerating.

8.  Calculate the Angular Acceleration

Finally, the motion of the connecting arm is calculated.

VoB  49.6in./s

w3 = = ——— = 6.2 rad/s, counterclockwise
rCB 8 in.

where the direction is consistent with the velocity of Crelative to B, counterclockwise. Also

agp 7941 in/s

az = = """ = 993 rad/s?, counterclockwise
Tep 8.0 in.

where the direction is consistent with the tangential acceleration of Crelative to B, counterclockwise.

7.8 ALGEBRAIC SOLUTIONS 7.8.1 Slider-Crank Mechanism
FOR COMMON A general slider-crank mechanism was illustrated in Figure 4.20
MECHANISMS and is uniquely defined with dimensions L;, L,, and L;. With
For the common slider-crank and four-bar mechanisms, ~ one degree of freedom, the motion of one link must be
closed-form algebraic solutions have been derived [Ref. 12]. specified to drive the other links. Most often the crank is

They are given in the following sections. driven and 6,, ®,, and «, are specified. To readily address
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the slider-crank mechanism, position, velocity, and accelera-
tion equations (as a function of 6,, ®,, and «,) are available.
As presented in Chapter 4, the position equations include

L + L,sin6
03 — Sin*l <1251I12> (4.6)
Ly
Ly = L, cos(0,) + Lscos(63) (4.7)

As presented in Chapter 6, the velocity equations are

3 (Lz cos 02)
@3 “2 L cos 05

Vy = _0)2L2 sin 02 + (1)3L3 sin03

(6.12)

(6.13)

The acceleration equations are then given as [Ref. 12]

2 : 3 .
w5 L,sin 0, + w3 Lysin 05 — a,L, cos 0
@ = 2 Lo 2 2 L3 3 2L 2 (7.21)
L3 cos 65
oy = —a2L2 Sin 02 - C!3L3 sin 03
— w3L, cos B, — w}L;cos b3 (7.22)

Note that an in-line slider-crank is analyzed by substituting
zero for L; in equation (4.6).

7.8.2 Four-Bar Mechanism

A general four-bar mechanism was illustrated in Figure 4.22
and is uniquely defined with dimensions Ly, L,, L3, and L,.
With one degree of freedom, the motion of one link must be
specified to drive the other links. Most often the crank is
driven and 6, @, and o are specified. To readily address the
four-bar mechanism, position, velocity, and acceleration
equations (as a function of 6,, ®,, and ,) are available. As
presented in Chapter 4, the position equations are

BD = VI + L} — 2(L,) (L,)cos(6,) (4.9)
(15 + Lj — BD?
y=cos |————— (4.10)
2(L3) (Ly)
—L,sinf, + L4sin
0, = 2tan_1[ 2SI T ZaSRY }(4.11)
Ly + Ly — Lycos@, — Lycosy
L,sinf, — L3sin
0, = 2tan1[ 23072 T SRy } (4.12)
Lycos6, + Ly — L; — Lzcosvy

As presented in Chapter 6, the velocity equations are

L,sin(6, — 6
w; = —wz{z (©, Z)} (6.14)
Ly siny
L,sin(6; — 0
N - TULL1
Lysiny

The acceleration equations can be presented as

L, sin(0, — 0,) + wilycos(0, — 04) — wily + wilscos(0, — 65)
L3 Sil’l(04 - 93)

a3 =

(7.23)

L, sin(, — 03) + w3y cos(, — 03) — wiLycos(0, — 03) + wils
Lysin(6, — 603)

ay =

(7.24)

7.9 ACCELERATION OF
A GENERAL POINT ON
A FLOATING LINK

Recall that a floating link is not directly connected to the
fixed link. Therefore, the motion of a floating link is not
limited to only rotation or translation, but a combination of
both. In turn, the direction of the motion of points that
reside on the floating link is not generally known. Contrast
this with the motion of a point on a link that is pinned to the
fixed link. The motion of that point must pivot at a fixed
distance from the pin connection. Thus, the direction of
motion is known.

During the acceleration analyses presented in the
preceding sections, the underlying premise of the solution is
that the direction of the motion is known. For a general
point on a floating link, this is not true. For these cases, two
relative acceleration equations must be used and solved
simultaneously.

To illustrate the strategy of determining the acceleration
of a general point on a floating link, consider the kinematic
sketch of the four-bar linkage shown in Figure 7.17.

Link 3 is a floating link because it is not directly
attached to link 1, the fixed link. Because points A and B
both reside on links attached to the fixed link, the accele-
ration of these points can be readily determined. That is,
using the methods in the previous two sections, both the
direction and magnitude of A%}, A}, A}, and Aj can be
established.

However, point C does not reside on a link that is
directly attached to the fixed link. Therefore, the exact path
of motion of point C is not obvious. However, two relative
acceleration equations can be written as

Ac=Aj+>Ap +> Al +>Acp (725

Ac = A} +> A} +> A +>A0,  (7.26)

In equation (7.25), both the magnitude and direction of
ac is unknown along with the magnitude of a(yp. Equation
(7.26) introduces an additional unknown, namely the
magnitude of Agy, Overall, two vector equations can be
written, each with the capability of determining two

FIGURE7.17 Point on a floating link.
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unknowns. In the typical analysis, these two equations  be determined either through a graphical or analytical
present four unknown quantities. Therefore, using the two  procedure. The following example problem illustrates this
equations simultaneously, the acceleration of point Ccan  method.

EXAMPLE PROBLEM 7.10

The mechanism shown in Figure 7.18 is used to pull movie film through a projector. The mechanism is driven by the
drive wheel rotating at a constant 560 rpm. At the instant shown, graphically determine the acceleration of the claw,
which engages with the film.

All dimensions are in mm.

FIGURE7.18 Film advance mechanism for Example Problem 7.10.

SOLUTION: 1. Draw a Kinematic Diagram

A scaled kinematic diagram of this mechanism is shown in Figure 7.19a. Notice that this is the basic slider-crank
mechanism with a point of interest, point X, located at the claw.

The first step is to construct a velocity diagram that includes points B, C, and X. Calculate the magnitude of
the velocity of point B with the following:

T
w = % (560 rpm) = 58.6 rad/s, counterclockwise

Vi = wyrap = 258.6 rad/s(18 mm) = 1055 mm/s = 1.055 mm/s \30°

The direction of Vi, is perpendicular to link 2 and consistent with the direction of ®,, down and to the right.
Therefore, a vector can be drawn to scale from the velocity diagram origin to represent this velocity.
The relative velocity equation for points B and C can be written as

VC = VB+> VC/B

The velocity of Cis constrained to translation in the vertical direction. Of course, the relative velocity of C
with respect to Bis perpendicular to the line that connects Cand B. The velocity diagram shown in Figure 7.19b
was drawn and the vector magnitudes were measured as

Vo= 1.087m/s |

VC/B = 1.072 m/s 31.50;

(a)

FIGURE7.19 Diagrams for Example Problem 7.10.
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Because it is a general point on a floating link, the velocity of point X must be determined from solving the
simultaneous vector equations.

VX = VB +>VX/B

VX = VC +>Vx/c
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The velocities of points B and C are already known and the directions of Vg and V¢ are perpendicular to
the lines that connect points X and B and X and C, respectively. These velocities were drawn to scale and added
to the velocity polygon. The completed velocity diagram is shown in Figure 7.19c. The magnitudes of the un-

Vyc = 0.625m/s \35.2°
Vyp = 1.046 m/s 66.4Y

Calculate the Acceleration Components

known velocities were found as

The next step is to construct an acceleration diagram that includes points A and B and, eventually, X. Calculate
the magnitudes of the known accelerations with the following:

n

(vp?* (1055 mm/s)?
= =

= 61,834 mm/s’> = 61.8 m/s’>/60°

TAB 18 mm
(directed toward the center of

rotation, point A)

Ap = 0 (because ay = 0)

(vgp)* (1072 mm/s)?

= = 23,941 mm/s* = 23.9 m/s? \58.5°
rCB 48 mm

n
Acsp

(directed from C toward B
measured from CAD)

Note that point C does not have normal acceleration because the motion is strictly translational.

(vyp)* (1046 mm/s)?

Ay = = = 24,313 mm/s’ = 24.3 m/s’ \23.6°
XIB BX 45 mm
(directed from X toward B
measured from CAD)
(vye)*  (62.5mm/s)?
Ayc = = = 13,950 mm/s*> = 13.9 m/s> /54.8°

T'ex 28 mm
(directed from X toward C
measured from CAD)

Construct an Acceleration Diagram

Understanding that there are no Af and A¢: components of acceleration, the relative acceleration equation for
points Band C can be written as

Ac=AL=Ap+>Ap +> Alp +> Alp
An acceleration diagram drawn to scale is shown in Figure 7.19d.

Measure the Unknown Components

Scaling the vector magnitudes from the diagram gives the following results.

ALy = 509m/s* 315

Ac= AL = 65m/s 1

Continue the Acceleration Diagram

As with velocities, because point X is a general point on a floating link, its acceleration must be determined from
solving the simultaneous vector equations.

Ax= A} +>Ap +>Ayp +>A)p
Ax = AL +>AL +>A% c+>Ak ¢

As determined, the accelerations Aj and A are zero. Also, Ag,AtC, A¥/p and A%, c have been
determined.
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Again, in a similar fashion to the velocity analysis, the two acceleration equations are superimposed
onto the original acceleration polygon. The accelerations were drawn to scale, and the completed accelera-
tion diagram is shown in Figure 7.19e.

6. Measure the Desired Components

The magnitudes of the unknown accelerations were measured as

Ay c = 31.6m/s? 5.2°
A p = 48.1m/s> 6647

Ay = 33.8m/s> \0.3°

and finally,

7.10 ACCELERATION IMAGE points B and X. Similarly, Figure 7.20d shows a triangle that
was constructed from the total acceleration vectors of points
B, C, and X. Again, this triangle is a proportional image of
the link that contains points B, C, and X. These shapes in the
acceleration polygons are wisely termed the acceleration
images of the links.

This concept provides a convenient means of con-
structing the acceleration polygon for a mechanism with
complex links. The magnitudes of the relative acceleration

As with a velocity polygon, each link in a mechanism has an
image in the acceleration polygon [Ref. 10]. To illustrate, a
mechanism is shown in Figure 7.20a, with its associated
velocity diagram in Figure 7.20b and acceleration diagrams
in Figure 7.20c and 7.20d.

In Figure 7.20c, a triangle was drawn using the total
acceleration vectors of points B and X. Notice that this
triangle is a proportional image of the link that contains

t
AX/B

n
AX/B

FIGURE7.20 Acceleration image.
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vectors for all points on a link will be proportional to the
distance between the points. It means that the points on the
acceleration diagram will form an image of the correspond-
ing points on the kinematic diagram. Once the acceleration
of two points on a link is determined, the acceleration of
any other point can be readily found. The two points can be
used as the base of the acceleration image. As with the
velocity image, care must be taken, however, not to allow
the shape of the link to be mirrored between the kinematic
diagram and the velocity polygon.

7.11 CORIOLIS ACCELERATION

Throughout the preceding analyses, two components of an
acceleration vector (i.e., normal and tangential) were
thoroughly examined. In certain conditions, a third compo-
nent of acceleration is encountered. This additional compo-
nent is known as the Coriolis component of acceleration and is
present in cases where sliding contact occurs between two
rotating links.

Mechanisms used in machines have been known to fail
due to the mistaken omission of this Coriolis component.
Omitting the Coriolis component understates the accelera-
tion of a link and the associated inertial forces. The actual
stresses in the machine components can be greater than
the design allows, and failure may occur. Therefore, every
situation must be studied to determine whether a Coriolis
acceleration component exists.

Specifically, the Coriolis component is encountered
in the relative acceleration of two points when all of the
following three conditions are simultaneously present:

1. The two points are coincident, but on different links;
2. The point on one link traces a path on the other link; and
3. The link that contains the path rotates.

Figure 7.21 illustrates a rear hatch of a minivan and
the related kinematic diagram. Notice that point B can be
associated with link 2, 3, or 4. To clarify the association to a
link, point B is referred to as B,, B, and B,. Up to this point
in the chapter, a coincident point on different links had the
same acceleration because only pin joints were used to
connect two rotating links. In Figure 7.21, both pin and
sliding joints are used to connect the two rotating links, links
2 and 4. In this case, the velocities and accelerations of the
coincident points B, and B, are not the same.

Relative motion equations can be used to relate the
velocities and accelerations as follows:

Vi = Vs +> Vs
Apy = Apst>Apyp
This situation represents a mechanism analysis case where

the Coriolis component must be included in the relative
acceleration term, Ap,,p,s. Notice that

(@) (b)

FIGURE 7.21 Case where Coriolis acceleration is
encountered.

B The points are coincident, but not on the same link
(condition 1);

B Point B, slides along and traces a path on link 4
(condition 2); and

B The link that contains the path, link 4, rotates (condition 3).
Separating the relative acceleration term into its compo-
nents yields

t
Apyps = AR ps +> Apy g +> Ap)pa (7.27)

where
A%y ps = the Coriolis component of acceleration

The magnitude of the Coriolis component has been
derived [Ref. 4] as

Apy/pa = 2V pa®y (7.28)

Both the relative linear velocity and the absolute angular
velocity can be determined from a thorough velocity analysis
of the mechanism. The angular velocity, @, must be of the
link that contains the path of the sliding point. Care must be
taken because a common error in calculating the Coriolis
component is selecting the wrong angular velocity.

The direction of the Coriolis component is per-
pendicular to the relative velocity vector, vgy/p,. The sense
is obtained by rotating the relative velocity vector such
that the head of the vector is oriented in the direction of
the angular velocity of the path. Thus, when the angular
velocity of the path, w,, rotates clockwise, the Coriolis
direction is obtained by rotating the relative velocity
vector 90° clockwise. Conversely, when the angular
velocity of the path, @, rotates counterclockwise, the
Coriolis direction is obtained by rotating the relative
velocity vector 90° counterclockwise. Figure 7.22
illustrates the four cases where the direction of the
Coriolis component is determined.

Because both the magnitude and direction of the
Coriolis component can be readily calculated from the
velocity data, no additional unknown quantities are added
to the acceleration equation. However, in solving problems,
it is more convenient to write the acceleration equation with
the point tracing on the left side. The technique for such
acceleration analyses is best illustrated through the following
example problem.
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Relative motion
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Rotated A
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of slider
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o, (ccw)
2 ®, (ccw)

FIGURE7.22 Directions of the Coriolis acceleration component.

e
EXAMPLE PROBLEM 7.11

Figure 7.23 illustrates handheld grass shears, used for trimming areas that are hard to reach with mowers or weed
whackers. The drive wheel rotates counterclockwise at 400 rpm. Determine the angular acceleration of the oscillating

blades at the instant shown.

Stationary

shears Oscillating

blades

Housing

Drive wheel

14"

FIGURE7.23 Grass shears for Example Problem 7.11.

SOLUTION: 1. Draw a Kinematic Diagram
A scaled kinematic diagram of this mechanism is shown in Figure 7.24a.
2. Decide on a Method to Achieve the Desired Acceleration

The acceleration of B, can be readily determined from the input information of link 2. The acceleration of B,
must be found to determine the angular acceleration of link 4. Notice that sliding occurs between rotating links
(2 and 4); thus, all three of the Coriolis conditions are met. The acceleration of link 4 will be obtained by incor-

porating equations (7.27) and (7.28).
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FIGURE7.24 Diagrams for Example Problem 7.11.

Complete a Full Velocity Analysis

The first step is to construct a velocity diagram that includes points B, and B,. Calculate the magnitude of the
velocity of point B, with the following:

l
30
Vi, = wyryp = 241.9rad/s(1.41in.) = 58.61in./s  \45°

w; = (400 rpm) = 41.9 rad/s, counterclockwise

The direction of Vp, is perpendicular to link 2 and consistent with the direction of ®,, down and to the right.
Therefore, a vector can be drawn to scale from the velocity diagram origin to represent this velocity.
The relative velocity equation for points B, and B, can be written as

Vg = Vpy +> Vpypy

Because link 4 is pinned to the fixed link, the velocity of B, is perpendicular to the line that connects B, with
the center of rotation (point C). For this case, the relative velocity of B, with respect to B, is parallel to link 4
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FIGURE 7.24 Continued

because B, slides along link 4. The velocity diagram shown in Figure 7.24b was drawn to scale to find the velocity
magnitudes of

Vg = 50.7in/s  \15°
VBZ/B4 = 29.3in./s 750;

The distance between points C and B, was measured from CAD as 3.8 in. Therefore, the angular velocity of
link 4 can be calculated as
Ve 50.7in/s

= = - = 13.3 rad/s, counterclockwise
Tcpa 3.8 in.

Because the velocity of By has been found to be directed down and to the right, the angular velocity of link
4 must be counterclockwise.

4.  Calculate Acceleration Components

Calculate the magnitudes of the known accelerations with the following:

(Vg)?  (58.6in/s)?

Al = = = 2453 in./s’ = 204 ft/s?> /45°
B2 cg 1.41in. H/s s

(directed toward the center of
rotation, point A)

Al =0(a, =0)

(Vg)? (507 in./s)?

AL = = : = 676 in./s> = 56 ft/s> /75°
Topa 3.8 1in.

(directed toward the center of
rotation, point C)

n
Apyps = 0
(because B, is sliding on B, and the relative motion is purely translational)

Apy gy = 2(vpypy)(wg) = 2(29.3 in./s) (13.3 rad/s)
= 779 in./s* = 65 ft/s*  \15°
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The direction of the Coriolis component is that of vgy 4, which is parallel to the path of B, relative
to By, (75;" ), rotated 90° in the direction of @, (counterclockwise). Therefore, the Coriolis component is directed
perpendicular to link 4, down and toward the right (\15°).

5. Construct an Acceleration Diagram

The next step is to construct an acceleration diagram that includes points B, and B,. As mentioned, it is typically
more convenient to write the acceleration equation with the point doing the tracing, B,, on the left side. Using
this guideline, the acceleration equation is written as

t _ n t n t c
Ap 2+>Apy = Apy +> Al +> Ay +>Apyyps +> Ay

The unknown quantities in the acceleration equation are A, and Aj,;py. Rewrite the acceleration equation
so that each unknown is the last term on both sides of the equation:

Afy +>Ap +> Abypy = Afyps +> Afyps +> Ay +>Apy

An acceleration diagram drawn to scale is shown in Figure 7.24c.
6. Measure the Desired Acceleration Components

Scale the vector magnitudes from the diagram using the following equations:

Afoyps = 112 ft/s> /75°

Afy = 37 ft/s? = 444in./s? \15°
and finally,
aj 444 in./s’
ay = B ——— =117 rad/s’
TCB4 3.8 in.

Because the tangential acceleration of B, was determined to be down and to the right, the corresponding
rotational acceleration of link 4 must be counterclockwise; therefore,

a4 = 177 rad/s?, counterclockwise

7.12 EQUIVALENT LINKAGES the center of curvature for the contacting surfaces of the two
mating links. For a finite length of time, the centers of curva-
ture for the two mating surfaces will remain a constant
distance apart. The rationale behind this stems from the
concept of instantaneous center, introduced in Section 6.10.
Therefore, a coupler link, with two pin joints, can be used to
replace the higher-order joint. It is important to note that
the location of the center of curvature will change as the
mechanism moves. However, once the equivalent linkage has
been constructed, the method of analysis is identical to the
problems previously encountered in this text.

Up to this point in the text, the examples of motion analysis
involved only mechanisms with primary joints; that is, pin
and sliding joints. Recall from Chapter 1 that a higher-order
joint, such as a cam or gear joint, involves rolling and sliding
motion. Both cams and gears are the focus in later chapters.
However, the motion analysis of mechanisms with higher-
order joints can be performed using the concepts already
presented.

Velocity and acceleration analysis of mechanisms
that utilize higher-order joints is greatly simplified by
constructing an equivalent linkage. This method converts
the instantaneous configuration of a mechanism to an
equivalent linkage, where the links are connected by
primary joints. Figure 7.25 illustrates two cam mechanisms
that contain rolling and sliding joints. The dotted lines rep- c
resent the equivalent linkages.

Notice that the coupler of these equivalent linkages is
drawn from the respective centers of curvature of the two ®)
mating links. For a finite length of time, the two centers of
curvature for the two mating links will remain a constant
distance apart. Notice in Figure 7.25 that a coupler is used to
replace the higher-order joint. This coupler extends between FIGURE7.25 Equivalent linkages.

(a) (b)
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7.13 ACCELERATION CURVES

The analyses presented up to this point in the chapter are
used to calculate the acceleration of points on a mechanism
at a specific instant. Although they are important, the results
provide only a snapshot of the motion. The obvious short-
coming of this analysis is that determination of the extreme
conditions throughout a cycle is difficult. It is necessary to
investigate several positions of the mechanism to discover
the critical phases.

As shown with velocity, it is also convenient to trace the
acceleration magnitude of a certain point, or link, as the
mechanism moves through its cycle. Such a trace provides
information about critical phases in the cycle. An accele-
ration curve provides this trace. An acceleration curve plots
the acceleration of a point, or link, as a function of time. It
can be generated from a velocity curve, which was intro-
duced in Section 6.14.

Recall that a velocity curve plots the velocity magni-
tude of a point or link as a function of time. A velocity
curve is generated from a displacement curve, which was
introduced in Section 4.11. Thus, a displacement curve can
be used to generate a velocity curve, which, in turn, can be
used to generate an acceleration curve. This is because
acceleration can be expressed as

d(velocity)

Acceleration =
dt

Differential calculus suggests that the acceleration at a
particular instant is the slope of the velocity curve at that
instant. Because velocity is the time derivative of displace-
ment, acceleration can also be expressed as

d( displacement)

Acceleration = 5
dr

This equation suggests that acceleration at a particular
instant is the curvature of the displacement curve.
Admittedly, curvature may not be so convenient to determine
as the slope. However, it is easy to visualize the locations of
extreme accelerations by locating the regions of sharp curves
on the displacement diagram. Although values may be diffi-
cult to calculate, the mechanism can be configured to the

desired position, then a thorough acceleration analysis can be
performed, as presented in the preceding sections.

To determine values for the acceleration curves, it is best
to determine the slope at several regions of the velocity curve
(see Section 6.14).

7.13.1 GRAPHICAL DIFFERENTIATION

The task is to estimate the slope of the velocity curve at
several points. The slope of a curve, at a point, can be
graphically estimated by sketching a line tangent to
the curve at the point of interest. The slope of the line can
be determined by calculating the measured change in
“rise” (velocity) divided by the measured change in “run”
(time).

This procedure can be repeated at several points along
the velocity diagram. However, only the acceleration
extremes and abrupt changes are usually desired. Using the
notion of differential calculus and slopes, the positions of
interest can be visually detected. They include:

B The steepest portions of the velocity diagram, which
correspond to the extreme accelerations; and

B The locations on the velocity diagram with the greatest
curvature, which correspond to the abrupt changes of
accelerations.

It must be noted that errors can easily occur when
determining the slope of a curve. These errors are magnified
as the slope is measured from a derived curve. This is the
case as an acceleration curve stems from a velocity curve,
which stems from a displacement curve. Therefore, the
values obtained for the acceleration diagram should be used
cautiously.

Nevertheless, identifying the positions of extreme accel-
erations is invaluable. A complete acceleration analysis, as
presented in the previous sections of this chapter, should
then be performed at these mechanism orientations to
obtain accurate acceleration values. The benefit of the
acceleration curve is locating the important mechanism
configurations; therefore, a comprehensive acceleration
analysis can be performed.

EXAMPLE PROBLEM 7.12

A velocity curve was constructed for a compressor mechanism in Example Problem 6.18. Use these data to plot an

acceleration curve.

SOLUTION: 1.

Identify the Horizontal Portions of the Velocity Diagram

The main task of constructing an acceleration curve is to determine the slope of many points on

the velocity curve. This velocity curve was constructed in Example Problem 6.18 and is reprinted as

Figure 7.26.

From this curve, it is apparent that the curve has a horizontal tangent, or zero slope, at 0.007 and 0.027 s.

Therefore, the acceleration of the piston is zero at 0.007 and 0.027 s. These points are labeled #; and ts,

respectively.
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Velocity curve
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FIGURE7.26 Velocity curve for Example Problem 7.12.

Calculate the Slope at the Noteworthy Portions of the Velocity Curve

The maximum upward slope appears at 0 s. This point was labeled as #,. An estimate of the velocity can be made
from the values of Avy and Aty read from the graph. Acceleration at 0 s is estimated as

80 in./s

. AVO _
0.0025 s

ay = = 32,000 in./s>
O Ay

Likewise, the maximum downward slope appears at 0.017 s. This point was labeled as t,. Again, an estimate
of the acceleration can be made from the values of Av, and At, read from the graph. The velocity at 0.017 s is

estimated as

—85in./s . o
= — = —17,000in./s
0.005 s

AVZ
@ = —=
27 Ap

Sketch the Acceleration Curve

The procedure for determining the slope of the velocity curve can be repeated at other points in time. By com-

piling the slope and time information, an acceleration curve can be constructed (Figure 7.27).

Acceleration curve
40,000 -

30,000

20,000

10,000

0 } } } } } } {  Time (s)
0.01 0.015 0.02

Piston acceleration (in./s2)

—-10,000 +

-20,000 -~

FIGURE 7.27 Acceleration curve for Example Problem 7.12.
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7.13.2 Numerical Differentiation

Similar to Section 6.14.2, the acceleration curve can be deter-
mined from the velocity data by numerical differentiation.
Again, the Richardson method [Ref. 3] is used for determin-
ing the derivative of a series of data points with an equally
spaced, independent variable. Thus, the derivative of the
velocity-time curve can be numerically approximated by
using the following equation:

Viel ~ Vie1 Vies T 2Vig1F 20 — Vi
i:{l 1 :|_|:1 1 1 1 (7.29)

2A¢t 12A¢t
where:

i = data point index
v; = velocity at data point i

At=t —t1=t3 —hL =1t — 13
t; = time at data point i

The second derivative can also be determined through
numerical approximations. Although not as accurate, this
allows the acceleration curve to be derived directly from the
displacement—time curve. Again, the Richardson method is
used to numerically determine the second derivative with
the following equation:

_ ARi+1 - 2AR1+ AR,‘71
AP

a; (7.30)

where, in addition to the notation above,
AR; = displacement at data point i

EXAMPLE PROBLEM 7.13

A displacement diagram of the piston operating in a compressor was plotted in Example Problem 4.11. From this

diagram, a velocity curve was derived in Example Problem 6.18. Use this data to numerically generate an

acceleration curve.

SOLUTION: 1.

Determine the Time Increment Between Data Points

The spreadsheet data from Example Problem 6.17 (Figure 6.40) was expanded by inserting an additional column

to include the magnitude of piston acceleration. In addition, in Example Problem 6.18 the time increment was

calculated as

At =1t, — t; = (0.00286 — 0.0) = 0.00286 s

2. Use Equation (7.29) to Calculate Acceleration Data Points

To illustrate the calculation of the accelerations, a few sample calculations using equation (7.29) follow:

0 = |:V3 - V1:| . |:V4 - 21/3 + 2V1 - V12:|
: 12A¢

2At

137.50 — 2(142.67) + 2(0.0) — (—91.47)

B {142.67 - 0.0} 3 {
| 2(.00286)

26,898 in./s

12(.00286)

do = |:V10 - V8:| . |:V11 - 2V10 + 2V8 - V7
’ 2At

12At }

B [(—142.67) - (—95.48)} - [(—91.47) —2(—142.67) +2(—95.48) — (46.03)

2(.00286)

—17,305 in./s

12(.00286)

1 2At

_ |:V13 - Vu} _ {Vz —2v3 + 2y — V10:|
12A¢

B {(o.o) — (—142.67)

2(.00286)

= 26,898 in./s’

} - [(91.47) —2(0.0) +2(—91.47) — (142.67)

12(.00286)



Acceleration Analysis 205

3. Compile the Acceleration Results and Plot the Curve

The resulting information, with all acceleration magnitudes calculated, is given in Figure 7.28. These values are
plotted in Figure 7.29 to form an acceleration diagram, relative to time.

Notice that this curve is still rather rough. For accuracy purposes, it is highly suggested that the crank angle in-
crement be reduced to 10° or 15°. When a spreadsheet is used to generate the acceleration data, even smaller incre-
ments are advisable and do not make the task any more difficult.

Home | Inset  Pagelayout Formulas Data  Review View Developer Addlns  GetStated ®) - = X

[@ do-0- = Fig7-28.xds [Compatibility Mode] - Microsoft Exce - v]

% TmesNewRi~[10 =~ |™ gyl S General - A Femsen-  E-
AT @

S B ucAx] EEEE (5% o ¥ Detete -

Pl g B A ] ([ | T Eremet- | 2- A sees
Clipboard ™= Font s Alignment i Humber [ Cells Editing |
[ H16 v 3

A B C D E F z

1 Data Crank Piston Piston Piston

2 Point Angle Time Displacement  Velocity Acceleration

3 Index (deg) (0.001 sec) (in.) (in./sec) (in.fseczj

4 1 0 0.00 2.000 0.00 34655

5 2 30 2.86 0.136 91.47 26898

6 3 60 5.72 0.483 142.67 7901 !

7 4 90 8.57 0.896 137.50 -10181

8 5 120 11.43 1.233 95.48 -17305

9 6 150 14.29 1.435 46.03 -16761

10 7 180 17.15 1.500 0.00 -15759

11 8 210 20.00 1.435 -46.03 -16761

12 9 240 22.86 1.233 -95.48 -17305

13 10 270 25.72 0.896 -137.50 -10181

14 11 300 28.58 0.483 -142.67 7901

15 12 330 3143 0.136 -91.47 26898

FIGURE7.28 Acceleration data for Example Problem 7.13.
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FIGURE 7.29 Acceleration curve for Example Problem 7.13.
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PROBLEMS v (in./s)
Manual drawing techniques can be instructive for problems 10 +
requiring graphical solution, but using a CAD system is +
highly recommended. 5+

General Acceleration

7-1.

7-2.

7-4.

7-5.

7-6.

Boxes are sitting on a conveyor belt as the conveyor is
turned on, moving the boxes toward the right. The
belt reaches full speed of 45 fpm (ft/min) in 0.5 s.
Determine the linear acceleration of the boxes
assuming that this acceleration is constant. Also
determine the linear displacement of the boxes dur-
ing this speed-up period.

A high-performance vehicle has a 0-to-60 (mph)
time of 8.3 s. Determine the linear acceleration
of the vehicle and the distance traveled in reaching
60 mph.

. An elevator moves upward at a velocity of 12 ft/s.

Determine the distance required to stop if the con-
stant deceleration is not to exceed 10 ft/s?.

Point A is on a slider that is accelerating uniformly
upward along a vertical straight path. The slider has a
velocity of 100 mm/s as it passes one point and
300 mm/s as it passes a second point, 0.2 s later.
Determine the linear acceleration and the linear dis-
placement of point A during this interval of time.

A linear actuator is used to push a load leftward.
Starting at rest, it requires 1.5 s to reach a full speed of
0.75 m/s. Determine the linear acceleration of the
load. Also determine the linear displacement of
the load during this acceleration phase of the motion.

Starting from rest, a cam accelerates uniformly to
750 rpm clockwise in 8 s. Determine the angular
acceleration of the cam.

. The rotor of a jet engine rotates clockwise and idles at

10,000 rpm. When the fuel is shut off, the engine slows
to a stop in 2 min. Assuming that the speed reduces
uniformly, determine the angular acceleration of the
engine. Also determine the rotational displacement of
the rotor during this shutdown period.

. The angular velocity of a shaft is increased with con-

stant acceleration from 1000 rpm to 2500 rpm
clockwise in 20 s. Determine the angular accelera-
tion of the shaft.

. A wheel rotates 400 revolutions counterclockwise

while decelerating from 1100 rpm to 800 rpm.
Determine the angular acceleration of the wheel.

Velocity Profiles

A servo-driven actuator is programmed to extend
according to the velocity profile shown in
Figure P7.10. Determine the maximum accele-
ration, maximum deceleration, and linear displace-
ment during this programmed move.

7-12.

1 1
i i
| |
i i
| |
1
2 8

FIGURE P7.10 Problems 10 and 11.

. A servo-driven actuator is programmed to extend

according to the velocity profile shown in Figure
P7.10. Use a spreadsheet to generate plots of
displacement versus time, velocity versus time, and
acceleration versus time during this programmed
move.

A linear motor is programmed to move right-
ward according to the velocity profile shown in
Figure P7.12. Determine the maximum accele-
ration, maximum deceleration, and linear displace-
ment during this programmed move.

v (in./s)

7-16.

| |
T T T T T T T T
4

i 1(s)
2 5 6

FIGURE P7.12 Problems 12 and 13.

. A linear motor is programmed to move rightward

according to the velocity profile shown in Figure P7.12.
Use a spreadsheet to generate plots of displacement
versus time, velocity versus time, and acceleration
versus time during this programmed move.

. Alinear actuator is programmed to move 10 in. The

maximum velocity is 4 in./s, and the constant
acceleration and deceleration is limited to 6 in./s.
Use a spreadsheet to generate plots of displacement
versus time, velocity versus time, and acceleration
versus time during this programmed move.

. Alinear actuator is programmed to move 75 mm. The

maximum velocity is 50 mm/s, and the constant accel-
eration and deceleration is limited to 100 mm/s’.
Use a spreadsheet to generate plots of displacement
versus time, velocity versus time, and acceleration
versus time during this programmed move.

Normal and Tangential Acceleration

Link 2 is isolated from a kinematic diagram and
shown in Figure P7.16. The link is rotating counter-
clockwise at a constant rate of 300 rpm. Determine
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7-17.

7-18.

7-19.

7-20.

7-21.

FIGURE P7.16 Problems 16, 17, and 18.

the total linear acceleration of points A and B. Use
v = 50°and = 60°.

Link 2 is isolated from a kinematic diagram and
shown in Figure P7.16. The link is rotating counter-
clockwise at a rate of 200 rpm, and accelerating at
400 rad/s*. Determine the total linear acceleration of
points Aand B. Use y = 50°and 8 = 60°.

Link 2 is isolated from a kinematic diagram and
shown in Figure P7.16. The link is rotating counter-
clockwise at a rate of 300 rpm, and decelerating at
800 rad/s”. Determine the total linear acceleration of
points A and B. Use y = 50°and 8 = 60°.

Figure P7.19 shows a centrifugal clutch that
engages two shafts at a threshold rotational velocity.

FIGURE P7.19 Problems 19, 20, and 21.

Determine the total acceleration of point A on the
friction pad of the centrifugal clutch shown in
Figure P7.19. At the instant shown, the driveshaft
rotates at a constant 300 rpm clockwise.

Determine the total acceleration of point A on the
friction pad of the centrifugal clutch shown in
Figure P7.19. At the instant shown, the driveshaft is
rotating at 300 rpm clockwise and is speeding up at
a rate of 300 rad/s.

Determine the total acceleration of point A on the
friction pad of the centrifugal clutch shown in

Figure P7.19. At the instant shown, the driveshaft is
rotating at 300 rpm clockwise and is slowing down
at a rate of 300 rad/s>.

Relative Acceleration

7-22.

7-23.

7-24.

7-25.

For the kinematic diagram shown in Figure P7.22,
the length of link ABis 100 mm and § = 35°. Box A
moves upward at a velocity of 10 mm/s and acceler-
ates at 5 mm/s”. At the same time, the velocity of box
Bis 7 mm/s and accelerates at a rate of 25 mm/s>.
Graphically determine the linear velocity of A with res-
pect to B and the linear acceleration of A with
respect to B.

FIGURE P7.22 Problems 22 and 23.

For the kinematic diagram shown in Figure P7.22, the
length of link ABis 15 in.and 6§ = 40°. Box A moves
upward at a velocity of 50 in./s and decelerates at
125 in./s. At the same time, the velocity of box B is
42 in./s and accelerates at a rate of 48.6 in./s*. Analy-
tically determine the linear velocity of A with respect
to Band the linear acceleration of A with respect to B.

Figure P7.24 shows a device to open windows com-
monly found in elevated locations of gymnasiums
and factories. At the instant when # = 25°, the drive
nut moves to the right at a velocity of 1 ft/s and
accelerates at 1 ft/s>. At the same time, the velocity of
the shoe is 0.47 ft/s, and it accelerates at a rate of
0.91 ft/s*. Graphically determine the linear velocity
of C with respect to B and the linear acceleration of
C with respect to B.

B
f—
‘ Drive nut Motor
3
Window
Shoe —

FIGURE P7.24 Problems 24 and 25.

For the window-opening mechanism shown in
Figure P7.24, at the instant when 0 = 55°, the drive
nut moves to the right at a velocity of 2 ft/s and
accelerates at 1 ft/s%. At the same time, the velocity of
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the shoe is 2.85 ft/s, and it accelerates at a rate of
8.51 ft/s*. Graphically determine the linear velocity
of C with respect to B and the linear acceleration of
C with respect to B.

Relative Acceleration Method—Graphical

7-26.

Piston

For the compressor linkage shown in Figure P7.26,
use the relative acceleration method to graphically
determine the linear velocity and linear acceleration
of the piston as the crank rotates clockwise at a con-
stant rate of 1150 rpm.

Crank

FIGURE P7.26 Problems 26, 27, 28, 44, 75, 81, and 87.

7-27.

7-28.

7-29.

For the compressor linkage in Figure P7.26, at the
instant shown, the crank is rotating counterclock-
wise at 2000 rpm and accelerating at 10,000 rad/s%.
Use the relative acceleration method to graphically
determine the linear velocity and linear acceleration
of the piston.

For the compressor linkage in Figure P7.26, at the
instant shown, the crank is rotating clockwise at 1500
rpm and decelerating at 12,000 rad/s®. Use the rela-
tive acceleration method to graphically determine the
linear velocity and linear acceleration of the piston.

For the sewing machine linkage in Figure P7.29, at the
instant when @ = 30°, the drive wheel rotates counter-
clockwise at a constant 200 rpm. Use the relative accel-
eration method to graphically determine the linear
velocity and linear acceleration of the needle.

— ~— 8§ mm

uuuuu I

3 {

FIGURE P7.29 Problems 29, 30, 31, 45, 76, 82, and 88.

7-30. For the sewing machine linkage in Figure P7.29, at
the instant when 6 = 30°, the drive wheel is rotating
clockwise at 300 rpm and accelerating at 800 rad/s”.
Use the relative acceleration method to graphically
determine the linear velocity and linear acceleration
of the needle.

7-31. For the sewing machine linkage in Figure P7.29, at
the instant when 6 = 120°, the drive wheel is rotat-
ing clockwise at 200 rpm and decelerating at
400 rad/s®. Use the relative acceleration method to
graphically determine the linear velocity and linear
acceleration of the needle.

7-32. For the power hacksaw in Figure P7.32, at the
instant shown, the 1.75-in. crank rotates clockwise
at a constant 80 rpm. Use the relative acceleration
method to graphically determine the linear velocity
and linear acceleration of the saw blade.

7-33. For the power hacksaw in Figure P7.32, at the instant
shown, the 1.75-in. crank rotates clockwise at 60 rpm

[ 60"
2'5"‘ 7/ ________ \_L\;l 130°

FIGURE P7.32 Problems 32, 33, 34, 46, 77, 83, and 89.

and accelerates at 40 rad/s. Use the relative accelera-
tion method to graphically determine the linear
velocity and linear acceleration of the saw blade.

7-34. For the power hacksaw in Figure P7.32, at the instant
shown, the 1.75-in. crank rotates clockwise at 70 rpm
and decelerates at 45 rad/s>. Use the relative accelera-
tion method to graphically determine the linear
velocity and linear acceleration of the saw blade.

7-35. The motor on the coin-operated horse in Figure P7.35
rotates clockwise at a constant rate of 90 rpm. At the

FIGURE P7.35 Problems 35, 36, 37, 47, 78, 84, and 90.
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7-36

7-37

7-38.

7-39

7-40.

7-41.

instant when 6 = 30°, use the relative acceleration
method to graphically determine the angular velocity
and angular acceleration of the horse.

. At the instant when 6 = 45°, the motor on the

coin-operated horse in Figure P7.35 rotates clock-
wise at 60 rpm and accelerates at 30 rad/s%. Use the
relative acceleration method to graphically deter-
mine the angular velocity and angular acceleration
of the horse.

. At the instant when 6 = 120°, the motor on the

coin-operated horse in Figure P7.35 rotates clock-
wise at 40 rpm and decelerates at 20 rad/s®. Use the
relative acceleration method to graphically deter-
mine the angular velocity and angular acceleration
of the horse.

The motor on the car wash sprayer in Figure P7.38
rotates counterclockwise at a constant rate of
120 rpm. At the instant when 0 = 40°, use the rela-
tive acceleration method to graphically determine
the angular velocity and angular acceleration of the
nozzle arm.

FIGURE P7.38 Problems 38, 39, 40, 48, 79, 85, 91.

. At the instant when 6 = 90°, the motor on the car
wash sprayer in Figure P7.38 rotates counter-
clockwise at 150 rpm and accelerates at 200 rad/s’.
Use the relative acceleration method to graphically
determine the angular velocity and angular acceler-
ation of the nozzle arm.

At the instant when 6 = 120°, the motor on the car
wash sprayer in Figure P7.38 rotates counter-
clockwise at 100 rpm and decelerates at 100 rad/s’.
Use the relative acceleration method to graphically
determine the angular velocity and angular acceler-
ation of the nozzle arm.

The 12-in. crank on the small aircraft landing gear
actuation in Figure P7.41 rotates counterclockwise

FIGURE P7.41 Problems 41, 42, 43, 49, 80, 86, and 92.

7-42.

7-43.

at a constant rate of 20 rpm. At the instant shown,
use the relative acceleration method to graphically
determine the angular velocity and angular accelera-
tion of the wheel assembly.

At the instant shown, the 12-in. crank on the small
aircraft landing gear actuation in Figure P7.41
rotates counterclockwise at 15 rpm and accelerates
at 4 rad/s”. Use the relative acceleration method to
graphically determine the angular velocity and
angular acceleration of the wheel assembly.

At the instant shown, the 12-in. crank on the small
aircraft landing gear actuation in Figure P7.41
rotates counterclockwise at 18 rpm and decelerates
at 3.5 rad/s”. Use the relative acceleration method to
graphically determine the angular velocity and
angular acceleration of the wheel assembly.

Relative Acceleration Method—Analytical

7-44.

7-45.

7-46.

7-47.

For the compressor linkage in Figure P7.26, at the
instant shown, the crank is rotating clockwise at
1800 rpm and accelerating at 12,000 rad/s. Use the
relative acceleration method to analytically deter-
mine the linear velocity and linear acceleration of
the piston.

For the sewing machine linkage in Figure P7.29, at
the instant when 6 = 30°, the drive wheel is rotating
clockwise at 250 rpm and accelerating at 6000
rad/s>. Use the relative acceleration method to
graphically determine the linear velocity and linear
acceleration of the needle.

For the power hacksaw in Figure P7.32, at the instant
shown, the 1.75-in. crank rotates clockwise at 55 rpm
and decelerates at 35 rad/s. Use the relative accelera-
tion method to graphically determine the linear
velocity and linear acceleration of the saw blade.

At the instant when 6 = 45°, the motor on the coin-
operated horse in Figure P7.35 rotates clockwise at
45 rpm and accelerates at 25 rad/s%. Use the relative
acceleration method to graphically determine the
angular velocity and angular acceleration of the
horse.
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7-48.

7-49.

At the instant when 8 = 90°, the motor on the car
wash sprayer in Figure P7.38 rotates counterclock-
wise at 130 rpm and decelerates at 180 rad/s>. Use
the relative acceleration method to graphically
determine the angular velocity and angular acceler-
ation of the nozzle arm.

At the instant shown, the 12-in. crank on the small
aircraft landing gear actuation in Figure P7.41
rotates counterclockwise at 12 rpm and accelerates
at 3 rad/s”. Use the relative acceleration method to
graphically determine the angular velocity and
angular acceleration of the wheel assembly.

Acceleration of Points on a Floating
Link—Graphical

7-50.

7-51.

7-52.

7-53.

7-54.

The 3.25-in. link on the stamp mechanism in
Figure P7.50 rotates clockwise at a constant rate of
20 rpm. At the instant when § = 60°, graphically
determine the linear acceleration of point X on the
stamp.

11.25"

a4

-~ 6.0" —

FIGURE P7.50 Problems 50-53, 58.

The 3.25-in. link on the stamp mechanism in Figure
P7.50 rotates clockwise at a constant rate of 20 rpm.
At the instant when 6 = 120°, graphically deter-
mine the linear acceleration of point X on the
stamp.

The 3.25-in. link on the stamp mechanism in Figure
P7.50 rotates clockwise at 30 rpm and is accelerating
at 6 rad/s”. At the instant when 6 = 90°, graphically
determine the linear acceleration of point X on the
stamp.

The 3.25-in. link on the stamp mechanism in Figure
P7.50 rotates clockwise at 30 rpm and is decele-
rating at 6 rad/s>. At the instant when 6 = 90°,
graphically determine the linear acceleration of
point X on the stamp.

The 0.5-m link on the lift mechanism in Figure P7.54
rotates counterclockwise at a constant rate of
12 rpm. At the instant when § = 20°, graphically
determine the linear acceleration of point X.

7-55.

7-56.

7-57.

FIGURE P7.54 Problems 54-57, 59.

The 0.5-m link on the lift mechanism in Figure
P7.54 rotates clockwise at a constant rate of 20 rpm.
At the instant when 6 = 30°, graphically determine
the linear acceleration of point X.

The 0.5-m link on the lift mechanism in Figure
P7.54 rotates clockwise at 30 rpm and accelerates at
5 rad/s. At the instant when § = 20°, graphically
determine the linear acceleration of point X.

The 0.5-m link on the lift mechanism in Figure
P7.54 rotates counterclockwise at 18 rpm and
decelerates at 5 rad/s>. At the instant when 6 = 0°,
graphically determine the linear acceleration of
point X.

Acceleration of P